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PKEFACE 

The principal steps in the progress of the Calculus of 
Variations during the last thirty j'ears may be characterized 
as follows: 

1. A critical revision of the foundations and demonstra- 
tions of the older theory of the first and second variation 
according to the modern requirements of rigor, by Weiee- 
STEASS, Eedmann, Du Bois-Keymond, Scheefpee, Schwaez, 
and others. The result of this revision was: a sharper for- 
mulation of the problems, rigorous proofs for the first three 
necessary conditions, and a rigorous proof of the sufficiency 
of these conditions for what is now called a "weak" extre- 
mum. 

2. Weieesteass's extension of the theory of the first and 
second variation to the case where the curves under consid- 
eration are given in parameter-representation. This was an 
advance of great importance for all geometrical applications 
of the Calculus of Variations; for the older method implied 
— for geometrical problems — a rather artificial restriction. 

3. Weieesteass's discovery of the fourth necessary con- 
dition and his sufficiency proof for a so-called "strong" 
extremum, which gave for the first time a complete solution, 
at least for the simplest type of problems, by means of an 
entirely new method based upon what is now known as 
" Weieesteass's construction." 

These discoveries mark a turning-point in the history of 
the Calculus of Variations. Unfortunately they were given 
by Weieesteass only in his lectures, and thus became 
known only very slowly to the general mathematical public. 
Chiefly under the influence of Weieesteass's theory a 
vigorous activity in the Calculus of Variations has set in 
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during the last few years, which has led — apart from exten- 
sions and simplifications of Weieesteass's theory — to the 
following two essentially new developments : 

4. Knesee's theory, which is based upon an extension of 
certain theorems on geodesies to extremals in general. This 
new method furnishes likewise a complete system of suffi- 
cient conditions and goes beyond Weieesteass's theory, 
inasmuch as it covers also the case of variable end-points. 

5. Hilbeet's a priori existence proof for an extremum 
of a definite integral — a discovery of far-reaching impor- 
tance, not only for the Calculus of Variations, but also for the 
theory of differential equations and the theory of functions. 

To give a detailed account of this development was the 
object of a series of lectures which I delivered at the Collo- 
quium held in connection with the summer meeting of the 
American Mathematical Society at Ithaca, N. Y., in August, 
1901. And the present volume is, in substance, a reproduc- 
tion of these lectures, with such additions and modifications 
as seemed to me desirable in order that the book could serve 
as a treatise on that part of the Calculus of Variations to 
which the discussion is here confined, viz., the case in which 
the function under the integral sign depends upon a plane 
curve and involves no higher derivatives than the first. 

With this view I have throughout supplied the detail argu- 
mentation and introduced examples in illustration of the gen- 
eral principles. The emphasis lies entirely on the theoretical 
side: I have endeavored to give clear definitions of the fun- 
damental concepts, sharp formulations of the problems, and 
rigorous demonstrations. Difficult points, such as the proof 
of the existence of a "field," the details in Hilbeet's exist- 
ence proof, etc., have received special attention. 

For a rigorous treatment of the Calculus of Variations 
the principal theorems of the modern theory of functions of 
a real variable are indispensable; these I had therefore to 
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presuppose, the more so as I deviate from Weiersteass and 
Kneser in not assuming tlie function under the integral sign to 
be analytic. In order, however, to make the book accessible 
to a larger circle of readers, I have systematically given ref- 
erences to the following standard works: Enryclopdcdir cler 
mathematischen Wissenschafteii (abbreviated E.), especially 
the articles on "AUgemeine Functionslehre " (Pringsheim) 
and "Differential- und Integralrechnung" (Voss); Jordan, 
Cours (V Analyse, second edition (abbreviated J.) ; Genocohi- 
Peano, Differentialrechnung und Grundzuge do- Integral- 
rechnung, translated by Bohlmann and Schepp (abbreviated 
P.); occasionally also to DiNi, Theorie der Finictionen einer 
verdnderlichen reellen Grosse, translated by Luroth and 
Schepp; Stolz, Grundzuge der Differential- u.nd Integral- 
rechnung. The references are given for each theorem where 
it occurs for the first time ; they may also be found by means 
of the index at the end of the book. 

Certain developments have been given in smaller print in 
order to indicate, not that they are of minor importance, but 
that they may be passed over at a first reading and taken up 
only when referred to later on. 

A few remarks are necessary concerning my attitude 
toward Weieesteass's lectures. Weierstrass's results and 
methods may at present be considered as generally known, 
partly through dissertations and other publications of his 
pupils, partly through Kneser's Lehrhuch der Variations- 
rechnung (Braunschweig, 1900), partly through sets of notes 
("Ausarbeitungen") of which a great number are in circula- 
tion and copies of which are accessible to everyone in the 
library of the Mathematische Verein at Berlin, and in the 
Mathematische Lesezimmer at Gottingen. 

Under these circumstances I have not hesitated to make 
use of Weierstrass's lectures just as if they had been pub- 
lished in print. 
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My principal source of information concerning Weiee- 
STEASS's theory has been the course of lectures on the Cal- 
culus of Variations of the Summer Semester, 1879, which 
J had the good fortune to attend as a student in the Uni- 
versity of Berlin. Besides, I have had at my disposal sets 
of notes of the courses of 1877 (by Me. G. Schulz) and of 
1882 (a copy of the set of notes in the "Lesezimmer" at 
Gottingen for which I am indebted to Peofessoe Tannee), a 
copy of a few pages of the course of 1872 (from notes taken 
by Me. Ott), and finally a set of notes (for which I am 
indebted to De. J. C. Fields) of a course of lectures on the 
Calculus of Variations by Peofessoe H. A. Schwaez 
(1898-99). 

I regret very much that I have not been able to make 
use of the articles on the Calculus of Variations in the 
Encyclopaedie der mathematischen Wissenschaften by 
Knesee, Zeemelo, and Hahn. When these articles ap- 
peared, the printing of this volume was practically com- 
pleted. For the same reason no reference could be made to 
Hancock's Lectures on the Calculus of Varicdiuns. 

In concluding, I wish to express my thanks to Peofessoe 
G. A. Bliss for valuable suggestions and criticisms, and to 
De. H. E. Joedan for his assistance in the revision of the 
proof-sheets. 

OSKAE BOLZA. 
Thb University op Chicago^ 
August 28, 1904. 
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CHAPTEE I 

THE FIRST VARIATION 
§1. INTEODUCTION 

The Calculus of Variations deals with problems of in((.rima 
and niinuna. But while in the ordinary theory of maxima 
and minima the problem is to determine those values of the 
independent variables for which a given function of these 
variables takes a maximum or minimum value, in the Cal- 
culus of Variations definite infcr/rals^ involving one or more 
unknown functions are considered, and it is required so to 
determine these unknown functions that the definite inte- 
grals shall take maximum or minimum values. 

The following example will serve to illustrate the char- 
acter of the problems with which we are here concerned, and 
its discussion will at the same time bring out certain points 
which are important for an exact formulation of the general 
problem : 

Example I : In a plane there are gicen two ^joints A, B 
and a straiglit line 2. It is required to determine, among all 
curves wtiich can be drawn in this plane between A and B, 
the one wliicJi,'if revolved around, tJie line £, generates the 
surface of minimum area. 

We choose the line £ for the j"-axis of a rectangular 
system of co-ordinates, and denote the co-ordinates of the 
points A and Bhj Xq, y^ and a-j, iji respectively. Then for 
a curve 

y =/(■'■) 

1 The problem of the Calculus of Variations has, however, been extended beyond 
the domain of definite integrals (viz., to functions defined by differential equations) 
by A. Mayer, Leipziger Berichte, 1878 and 1893. Compare Knesek, Lehrbuch, chap. vii. 

1 
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joining the two points A and B, the area in question is given 
by the definite integral ' 

•^1 






where ij' stands for the derivative f'(jr). For different 
curves the integral will take, in general, different values ; 
and our problem is then analytically : among all functions 
f[.r) which take for x^^ Xq and x = Xi the prescribed values 
7/0 and yi respectively, to determine the one which furnishes 
the smallest value for the integral J. 

This formulation of the problem implies, however, a 
number of tacit assumptions, which it is important to state 
explicitly : 

a) In the first place, we must add some restrictions con- 
cerning the nature of the functions f{x) which we admit to 
consideration. For, since the definite integral contains the 
derivative y' ,it is tacitly supposed that /(.r) has a deriva- 
tive ; the function / (j") and its derivative must, moreover, 
be such that the definite integral has a determinate finite 
value. Indeed, the problem becomes definite only if we 
confine ourselves to curves of a certain class, characterized 
by a well-defined system of conditions concerning continuity, 
existence of derivative, etc. 

For instance, we might admit to consideration only func- 
tions / [x) with a continuous first derivative ; or functions 
with continuous first and second derivatives ; or analytic 
functions, etc. 

b) Secondly, by assuming the curves representable in tlie 
form y =f[x), where f {x) is a single-valued function of x, 
we have tacitly introduced an important restriction, viz., that 
we consider only those curves which are met by every ordi- 
nate between Xq and x^ at but one point. 

la being a real positive quantity, j^awill always be understood to represent 
the positive value of the square root. 
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We can free ourselves from this restriction by assuming 
the curve in parameter-representation : ' 

.r = <t>{t) , !J^^{t) . 

The integral which we have to minimize becomes then 

J-«'i 
'o 

where x' = </> ' (0 1 // ' "= '^ ' (0 ' ^^^ where /q ^nd /j are the 
values of t which correspond to the two end-points. 

c) It is further to be observed that our definite integral 
represents the area in question only when ij ^ throughout 
the interval of integration. The problem implies, there- 
fore, the condition that the curves shall lie in a certain 
region'^ of the jr, ^-plane (viz., the upper half-plane). 

d) Our formulation of the problem tacitly assumes that 
there exists a curve which furnishes a minimum for the area. 
But the existence of such a curve is by no means self- 
evident. We can only be sure that there exists a lower 
limit '^ for the values of the area ; and the decision whether 
this lower limit is actually reached or not forms part of the 
solution of the problem. 

The problem may be modified in various ways. For 
instance, instead of assuming both end-points fixed, we may 
assume one or both of them movable on given curves. 

An essentially different class of problems is represented 
by the following example : 

1 Compare chap. iv. Even in this generalized form the analytic problem is not 
quite so general as the original geometrical problem. For the area in question may 
exist and be finite, and yet not be represeutable by the above definite integral. This 
suggests an extension of the problem of the Calculus of Variations, first considered 
by Weieesteass. Compare §§ 31 and U. 

2 A restriction of the same nature, but from other reasons, occurs in the problems 
of the brachistochrone and of the geodesic ; compare § 26. 

3 Compare E. I A, p. 72, and II A, p. 9; J. I, No. 25; and P., No. 20. 
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Example II: Among all closed plane curves of given 
perimefer to determine the one ivhich contains the maxim nm 
area. 

If we use parameter-representation, the problem is to 
determine among all curves for which the definite integral 



f 



V x''^+ y'-dt 
has a given vcdue, the one which maximizes the integral 

J = i I (•^'2/'— •e'y)dt . 



Here the curves out of which the maximizing curve is to be 
selected are subject — apart from restrictions of the kind 
which we have mentioned before — to the new condition of 
furnishing a given value for a certain definite integral. 
Problems of this kind are called "isoperimetric problems;" 
they will be treated in chap. vi. 

The preceding examples are representatives of the simplest 
— and, at the same time, most important — type of problems 
of the Calculus of Variations, in which are considered defi- 
nite integrals depending upon a plane curve and containing 
no higher derivatives than the first. To this type we shall 
almost exclusively confine ourselves. 

The problem may be generalized in various directions : 

1. Higher derivatives may occur under the integral. 

2. The integral may depend upon a system of unknown 
functions, either independent or connected by finite or 
differential relations. 

3. Extension to multiple integrals. 

For these generalizations we refer the reader to C. Jordan, 
Cours d' Analyse, 2«6d., Vol. Ill, chap, iv ; Pascal- (Schepp), 
Die Variationsrechnung (Leipzig, 1899) ; and Knesee, Lelir- 
huch der Varied ionsrechnung (Braunschweig, 1900), Ab- 
schnitt VI, VII, VIII. 
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§2. agreements' oonceening notation and terminology 

a) We consider exclusively real variables. The "inter- 
val (a 6)" of a variable x — where the notation always 
implies a<6 — is the totality of values x satisfying the 
inequality a^x^b. The "vieinity (8) of a point a'i=ni, 
X2 = a'i, • • • , Xn=a,^" is the totality of points Xi, x.,, • • • , .r„ 
satisfying the inequalities: 

I aJi — «! 1 < 8 , I a-2 — ttj I < 8 , • • • , | j-,,— a„ | < 8 . 

The word '■^domciin^'' will be used in the same sense as 
the German Bereich, i. e., synonymous with "set of points" 
(compare E. II A, p. 44). The word ''region" will be used : 
(a) for a "continuum," i. e., a set of points which is "con- 
nected" and made up exclusively of "inner" points ; in this 
case the boundary does not belong to the region ("open" 
region) ; (b) for a continuum together with its boundary 
("closed" region) ; (c) for a continuum together with part 
of its boundary. The region may be finite or infinite ; it 
may also comprise the whole 7i-dimensional space. 

When we say : a curve lies "ta" a region, we mean : each 
one of its points is a point of the region, not necessarily an 
inner point. 

For the definition of "inner" point, "boundary point" 
(fronti^re), and "connected" {(run seul tenant) we refer to 
E. II A, p. 44 ; J. I, Nos. 22, 31 ; and Hurwitz, Verhand- 
lungen des erstcn internationaleii MathematiJ^er congresses 
in ZiiricJi, p. 94. 

b) By a "function" is always meant a real single-valued 

function. 

The substitution of a particular value a;=£Co in a function 
(t>{x) will be denoted by 

<^(a')| =</.(a-„) ; 

iThe reader is advised to proceed directly to §3 and to use §2 only for reference. 
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similarly 

also 






</>(,(■, y)\ =<^ (.(•„, 2/0) 



[*<4 



Instead we shall also use the simpler notation 

<^(x)j", <t>{x,y)\\ [<l>{x)l 

where it can be done without ambiguity, compare e). 

We shall say: a function has a certain property in' a 
domain ^ of the independent variables, if it has the property 
in question at all points of the domain §, no matter whether 
they are interior or boundary points. 

A function of Xi, .r-,, • ■ •, j:„ has a certain property in the 
vicinity of apoint Xi^ai. x-2 = cu, ■ ■ ■ , x^^o^, if there exists 
a positive quantity B such that the function has the property 
in question in the vicinity (S) of the point Oj, a^,---, a„. 

If L<f>(h) = 0, we shall say: d>(h) is an ^'■iniinitesimaV 

(1 = 

(for Z. /; = 0) ; such an infinitesimal will in a general way 
be denoted by {h). Also an independent variable h which 
in the course of the investigation is made to approach zero, 
will be called an '"infinitesimal." 

c) Derivatives of functions of one variable will be denoted 
by accents, in the usual manner : 

,, , df{x) d?f{x) 

For brevity we shall use the following terminology^ for 
various classes of functions which will frequently occur in 
the sequel. We shall say that a function /(;») which is 
defined in an interval (xoSCi) is 

1 Or, with more emphasis, " throughout." 

2 The letters C, D are to suggest " continuous," " discontinuous ; " the accents 
the order of the derivative involved. 
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of class C if / {x) is continuous 

of class C' iif{x) and /'(cc) are continuous 



- in (x„x,) , 



ofclassC""'if /(x),/'(a;),- • ■ and/"" (.r) are continuous 

with the understanding concerning the extremities of the 
interval that the definition of f{x) can be so extended 
beyond {x(fCi) that the above properties still hold at 
Xq and Xi. 

If f{x) itself is continuous, and if the interval {x(yJCi) can 
be divided into a finite number of subintervals 

such that in each subinterval / (j?) is of class C (C"), whereas 
f'(x} [f"(x)) is discontinuous at Cj, c-i,- ■ ■, ('n-i, we shall say 
that/(£c) is of class D' (D"). We consider class C {C") as 
contained in D' [D"), viz., for ii = l. 

From these definitions it follows that, for a function of 

+ 

class i)', the progressive^ and regressive derivatives /'(c^), 
/'(c^) exist, are finite and equal to the limiting values^ 
/' (c. + 0), /' (c, - 0) respectively. 

d) Partial dcyimfires of functions of several variables 
will be denoted by literal subscripts (Kneser): 

F^{x,y,-p) = -^ , / 

9 /dF(x, y,p)\ 



also 



dF(x,y,p) 

F„{x„ f/o, ih) = — ^ — 



y=vo 

P=PO 



Also of a function of several variables we shall say that 
it is of class C") in a domain g- if all its partial derivatives 

IE. II A, p. 61; Dim, Oi-undlagen, etc., §68: and Stolz, Grundznge, etc., Vol. 
I, p. 31. 

^E. II A, p. 13. 
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up to the ?i"^ order inclusive exist and are continuous in' 
the domain ^. 

e) The letters x, y will always be used for rectangular 
co-ordinates with the usual orientation of the positive axes, 
i. e., the positive ^/-axis to the left of the positive a;-axis. It 
will frequently be convenient to designate points by num- 
bers : 0, 1, 2, • • • ; the co-ordinates of these points will then 
always be denoted by a^o, 2/o ; ^^"11 2/i ; ^'-i^ ilz'i ' " " respectively; 
their parameters, if they lie on a curve given in parameter- 
representation, by /o> ^ij ^2) ■ ' ■• 

A curve' (arc of curve) 

y=f{x) , X„^X^Xi , 

will be said to be of class C, C , etc., if the function /(a;) 
is of class C, C", etc., in {X(yri). In particular, a curve of 
class D' is continuous and made up of a finite number of 
arcs with continuously turning tangents, not parallel to the 
y-a.xis. The points of the curve whose abscissae are the points 

of discontinuity Ci, C2, ■ ■ ■ , 
C„_i oif'(x), ■ ■ will be called 
its corners. At a corner the 
curve has a progressive and a 
regressive tangent, and. 




^IL 



+ + 

tana =/'(c) 



tant 



-f'ic) . 



FIG. 1 



(See Pig. 1.) 



/) The integral 

J=JF{x, y, y')dx 
taken along the curve 

6: y=f{x).. 



OCn .<:- CC I 



iWhen S contains boundary points, an agreement similar to that in the case 
of one variable is necessary with respect to these points. 

2 The corresponding definitions for curves in parameter-representation will be 
given in §24. 
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from the point A{xo, yo) to the point -B(ji, y^), i. e., the 
integral 

r 'f.(x, f{x), f{x))dx 

will be denoted by J^ [AB) (more briefly Jg or J {AB)y, or 
by J^^, if the end-points are designated by numbers: fi, v. 
g) The disUtncc between the two points P and Q will be 
denoted by | P^ |, the ciyclc with center O and radius r by 
(O, 7-) (Harkness and Morley). The angle which a vector 
makes with the positive cr-axis will be called its amplitude. 

§3. GENERAL FORMULATION OF THE PROBLEM' 

a) After these preliminary explanations, the simplest 
problem of the Calculus of Variations may be formulated in 
the most general way, as follows : 

There is given : j^ 

1. A well-defined infinitude M of curves, representable 
in the form 

the end-points and their abscissae a"o, -I'l may vary from curve to 
curve. We shall refer to these curves as "admissible curves." 

2. A function F(:r, y, p) of three independent variables 
such that for every admissible curve 6, the definite integral 

J^= f ' F{x,y,y')dx (1) 

has a determinate finite value. 

1 Until rather recently a certain vagueness has prevailed with respect to the 
fundamental concepts of the Calculus of Variations. The most important contribu- 
tions toward clear definitions and sharp formulations of the problems are due to 
Dd Bois-Retmond, " Erlauterungen zu den Anfangsgrlinden der Variationsrech- 
nung," Mathematische Annalen, Vol. XV (1879), p. 283; ScHEEFPEK, " Ueber die 
Bedeutung der Begriffe ' Maximum und Minimum ' in der Variationsrechnung," 
ibid.. Vol. XXVI (1886), p. 197; Weiersteass, Lectures on the Calculus of Variation, 
especially those since 1879. Compare also Zeemelo, Untersuckungen zur Varia- 
tionsrechnung, Dissertation (Berlin, l.'-941, p. 24; Kneser, Lehrbuch,%n, and Osgood, 
"Sufficient Conditions in the Calculus of Variations," Annals of Mathematics (2), 
Vol. II (1901), p. 105. 



10 Calculus op Vaeiations [Chap, i 

The set' of values J^g thus defined has always a lower 
limit, K, and an upper limit, G (finite or infinite^). If the 
lower (upper) limit is finite, and if there exists an admissible 
curve S such that 

Jf,=K, {Ji^ = G) , 

the curve 6 is said to furnish the absolute minimum (^ina,ri- 
muni) for the integral J (with respect to M). For every 
other admissible curve 6 we have then 

J^"^ Jii > yJ'Q. < Jii) • (2) 

The word "extremum" ^ will be used for maximum and mini- 
mum alike, when it is not necessary to distinguish between 
them. 

Hence the problem arises: to determine all admissible 
curves which, in this sense, minimize or maximize the inte- 
gral J. 

b) As in the theory of ordinary maxima and minima, the 
problem of the absolute extremum, which is the ultimate 
aim of the Calculus of Variations, is reducible to another 
problem which can be more easily attacked, viz. , the problem 
of the relative extremum: 

An admissible curve S is said to furnish a relative mini- 
mum* {maximum) if there exists a "neighborhood 31 of the 
curve 6," however small, such that the curve 6 furnishes an 
absolute minimum with respect to the totality Mi of those 
curves of M which lie in this neighborhood ; and by a 
neighborhood II of the curve S we understand any region^ 
which contains 6 in its interior. 

iBy "set" we translate the German Punktmenge, the French ensemble J I 
No. 20. ' ■ > 

2 The upper limit is +00, if for every preassigned positive quantity A there 
exist curves E for which J^> A; see E. II A, p. 9. 

3 Du Bois-Eetmond, Mathematische Annalen, Vol. XV, p. 564. 

4Inthe use of tl-e words "absolute" and "relative" I foUow Voss in E. II A, 
p. 80. Many authors call the isoperimetric problems " problems of relative maxima 
and minima." 

"For the definition of the term " region," see p. 5. 
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According to Stolz, the relative minimum (maximum) 
will be called 'proper, if there exists a neighborhood ISL such 
that in (2) the sign > (<) holds for all curves 6 different 
from 6 ; improper if, however the neighborhood 31 may be 
chosen, there exists some curve (S different from 6 for which 
the equality sign has to be taken. 

A curve which furnishes an absolute extremum evidently 
furnishes a fortiori also a relative extremum. Hence the 
original problem is reducible' to the problem: to determine 
all tliose curves which furnish a relative minimum; and in 
this form we shall consider the problem in the sequel. 

We shall henceforth always use the words "minimum," 
"maximiim" in the sense of relative minimum, maximum; 
and we shall confine ourselves to the case of a minimum, 
since every curve which minimizes J, at the same time maxi- 
mizes — J, and vice versa. 

c) In the abstract formulation given above, the problem 
would hardly be accessible to the methods of analysis; to 
make it so, it is necessary to specify some concrete assump- 
tions concerning the admissible curves and the function F. 

For the present, we shall make the following assumptions: 

A. The infinitude M of admissible curves shall be the 
totality of all curves satisfying the following conditions: 

1. They pass through two given points A {xq, y^) and 
B{.rx, yi). 

2. They are representable in the form 

f{,r) being a single-valued function of x. 

3. They are continuous and cambist of a finite number of 

1 After the relative problem has been solved, it merely remains to pick out amonff 
its solutions those which furnish the smallest or largest value for J. Only if the 
relative problem should have an infinitude of solutions, new diflSculties vpould arise. 
For a direct treatment of the problem of the absolute extremum compare Hilbeet's 
existence proof (chap, vii) ; Daeboux, TMorie des surf aces. Vol. Ill, p. 89; and Zee- 
MELO, Jahresbericht der Deutschen Mathematiker-Vereinigung, Vol. XI (1902), p. 184 
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arcs with continuously turning tangents, not parallel to the 
y-axisj i. e., in the terminology of §2, c),f{x) is of class D' . 

4. They lie in a given region' S of the x, ^/-plane. 

B. The function F{jc,y,p) shall be continuous^ and 
admit continuous partial derivatives of the first, second, and 
third orders in a domain'' ® which consists of all points* 
(a;, y, j;) for which {x, y) is a point of iS, andp has a finite value. 

Under these assumptions the definite integral J^ taken 
along any admissible curve S is always finite and determi- 
nate,^ provided we define, in the case of a curve with corners, 
the integral as the sum of integrals taken between two suc- 
cessive corners. Since we suppose the end-points A and B 
fixed and the curves representable in the form y^f{x), the 
curves S all lie between the two lines x = Xq and x=^Xi, 
with the exception of the end-points, which lie on these 
lines. 

Hence it follows that we may, in the present case, give 
the following simpler definition of a minimum : An admis- 
sible curve &.y^=f{x) minimizes the integral J", if* there 

1 Compare §2, a). 

21 follow here the example of Pascal, loc, cit., p. 21, and Osgood, loc. cit., p. 105. 
Weieesteass, Jordan, and Kneser suppose the function if (x, y, p) to be analytic. 

3 If we interpret p as a third co-ordinate perpendicular to the x, y-plane, iS is the 
cylinder, infinite in both directions, whose base is the region JR. 

4 "Point" in the sense of the theory of "point-sets." Compare B. II A, p. 44 
and J. I, No. 20. 

5 If the curve has no corners, this follows at once from elementary theorems on 
continuous functions (J. I, Nos. 60, 66). If the curve has corners, the integral J„ has 
no immediate meaning. But the two integrals 

F(x,f{x),fix))dx and I F (x, f (x) , f (x)) dx 

are finite and determinate and equal to each other, and at the same time equal to the 
sum of integrals mentioned in the text. Compare Dini, loc. cit., §62; §187, 2; §190 9- . 
and §190, 2. ' ' 

6 In admitting the equality sign in the inequality (2), I deviate from the conven- 
tions generally adopted in the Calculus of Variations and follow Stolz (OrundzUge 
der Differenzialrechnung, Vol. I, p. 199), whose definition is more consistent with 
the usual definition of absolute minimum. If the equality sign were omitted, it 
could not be said that every curve which furnishes an absolute minimum furnishes 
afoHiori also a relative minimum. 
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exists a positive jjuantity p such that J-^ ^ J^ for ^very 
admissible curve 6 : T) =^f{.r) which satisfies the inequality 

\y — y\<P for Xo ^ 03 ^ Xi (3) 

This means geometrically that the curve 6 lies in the interior' 
of the strip of the ;r, ?/-plane between the two curves 

y=f{x)+P , y=f{x)~p 

on the one hand, and the two 
lines ;r=XQ, x^-j(\ on the 
other hand. This strip we 
shall call "the neighborhood^ 
[p) of the curve G," the points 
A and B being included, the 
rest of the boundary excluded. 




FIG. 2 



§4. VANISHING OP THE FIRST VARIATION 

We now suppose we have found a curve 6 : y =/(a^) which 
minimizes the integral 



F{x, y, y')dx 



in the sense explained in the last section. We further sup- 
pose, for the present,' that /'{jf) is continuous in (xoXi) and 
that S lies entirely in the interior of the region JJ. 

From the last assumption it follows that we can construct* 
a neighborhood {p) of 6 which lies entirely in the interior 
of 5R. 

1 Except, of course, the points A and B. 

2 Compare Osgood, loc. cit., p. 107. 

3 These restrictions will be dropped in §§9 and 10. 

* About any point P of S we can construct a circle (P, r) which lies entirely in 
fi, since F is an inner point of ffi. Let pp be the upper limit of the values of r for 
which this takes place. Then pp varies continuously as F describes the curve e 
(WeieesteASS, Werke, Vol. II, p. 204) and reaches therefore a positive minimum 
value Pq (compare B. II A, p. 19 and J. I, No. 64, Cor.). If we choose p < Pq the neigh- 
borhood (p) of E will lie in the interior of S. 
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We then replace' the curve S by another admissible curve 

lying entirely in the neighborhood (p). 
The increment 

\y=ilj — y=f{x)-f{x) , 

which we shall denote by (o, is called the total variation of y. 
Since 6 and 6 pass through A and B, we have 

o,(a"„) = 0, o,(.r,) = 0, (4) 

and since 6 lies in {p), 

\(o{x)\< p in (j»o"fi) • (4a) 

The corresponding increment of the integral, 

is called the total variation of the integralJ; it may be written: 

\f{x, y + o>, !j' + oi')-F{x, y, y')\dx . 
Since 6 is supposed to minimize J, we shall have 

provided that p has been chosen sufficiently small. 

For the next step in the discussion of this inequality two 
different methods have been proposed: 

a) Application of Taylor s formula: If we apply Tay- 
lor's^ formula to the integrand of A J, we obtain, in the nota- 
tion of §2, d\ 

1 The process of replacing E by 6 is called " a variation of the curve (5 ; ■' the same 
term is frequently applied to the curve (? itself, which is sometimes also called "the 
varied curve," or *'a neighboring curve." 

2 The conditions for the applicability of Taylor's formula are fulfilled, com- 
pare E. II A, p. 77, and J. I, No. 253. J^^i.Fj^j^,, etc., are synonymous with J' ,ir ,etc. 

The method here used was first given by Lageangb. See Oeuvres, Vol.'ixfp. 297. 
Compare also Du Bois-Eetmond, Mathematische Annalen, Vol. XV (1879), p. 292, and 
Pascal-Schepp, Die Variationsrechnung^ p. 22. 

Instead of Taylor's formula with the remainder-term, Weieestkass {Lee 
tures), Knesee (.Lehrbuch der Varialionsrechnung, §8), and C. Joedan (Cours 
(i'^reai2/se,Vol.III,No.350),whosuppose J'(a;, 2/, p) to be ana lytic, use Taylor's 
eipaubiou into an infinite series. Here, however, the question of integration by 
terms should be considered. 
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==0 

where the arguments of Fy and Fy- are x, y, y' , those of 

Fyy, Fyy, Fyy : X, y + dto, y' -\-0(o', e being a quantity 

between and 1. 

We now consider, with Lagrange,' speciaP variations of 

the form 

<D = crj , (5) 

where ?? is a function of x of class D' which vanishes for 
a; = a-Q and x^=Xi, and e a constant whose absolute value is 
taken so small that (4a) is satisfied. 
Then A J" takes the form' 



^J=^\j'\F'v^ + F.'V')dx+{.)\ , 



(6) 



where (e) denotes an infinitesimal for Z.€ = 0. 
Hence we infer that we must have 

f'^\F,r, + F,.r,')dx = (7) 

for all functions t] of class D' which vanish at Xg and Xi; 

1 Oeuvres, Vol. IX, p. 298. 

2For the purpose of dermng necessary conditions, we may specialize the 
variations as much as convenient. It will be different when we come to sufficient 
conditions (compare §1.7). 

s Proof : We supjiose first that v' (x) is continuous in (X(|X,) and denote by ii and 
m' the maxima of \v(x) I and UCx) I in (Xo^j), and by g a quantity greater than the 
maximum of \f(.x) | in (x„!i;,). Having once chosen the function ij (x), we can then 
determine a positive quantity S such that the point (x, y) lies in the neighborhood (p) 
of e and that — g < 5' < 8 for every x in (x^x,), provided that I e |< 4. On the other 
hand, the three functions l^„„l. \^„yl' i^Vi/l remain, in this domain, below a 
finite fixed quantity G. Hence, by the mean-value theorem, 
•xi 



f 



(F^j^' + S J^^.^'^-' + '^K V'^'^jdx 5 .^ G i^'+2H. H--+l^^) (x, - x„) . 



If I)' (x) is not continuous in (XgX,),^ apply the same reasoning to the integrals 
taken between two successive corners of 8. • 
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for otherwise we could make A J negative as well as positive 
by giving e once negative and once positive sufficiently small 
values. 

6) Differoiiiation with respect to e: The same result (7) 
as well as formula (6) can be obtained by the remark, due 
to Lagrange,' that by the substitution of ei] for w, the inte- 
gral J becomes a function of e, say J{e), which must have a 
minimum for e = 0. Hence we must have^ J^'(0) = 0. If 
vix) is of class C" in {x(fiCi), it follows from our assumptions 
concerning the function F and the curve 6 that 

dF{x,y{a:) + er,{x),y'{x)+er,'{x)) 

is a continuous function of x and e in the domain, 

Xq^x^Xi, |e|^eo, cq being a sufficiently small positive 
quantity, and therefore the ordinary rule'' for the diflferen- 
tiation of a definite integral with respect to a parameter may 
be applied. Hence we obtain 

ae. I •^xo 
This proves (7) and at the same time (6), since by the defi- 
nition of the derivative, 

A J = J(c) - J (0) = c (J' (0) + (.) ) 

If r]{x) is of class D', decompose the integral J in fhe 
manner described in §3, c), and then proceed as above. 

c) The symbol B: We now make use of the following 
permanent notation introduced by Lagkange* (17G0). 

Let ^(x, y, y', y", • • •) be a function of x, y and' some of 
the derivatives of y, whose partial derivatives with respect 

1 Ocu.vres, Vol. X, p. 400. This method has been adopted by LraDELOF-MoiGNO, 
DiENGER, and Osgood. 

2 Moreover J"(0) must be ^ 0. This condition will be discussed in chap. ii. 

3 Compare E. II A, p. 102 ; J. I, No. 83. 

* Oeuvres, Vol. I, p. 336. Compare also J. Ill, No. 348. 
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to 11, ij' , !l" . ■ ■ ■ lip to the «"> order exist and are continuous 
in a certain domain. Then if we replace ij hj ]j = ij -\- e»; , 
and accordingly //' liy ^ '--,?/' +«';', etc., we can expand the 
function 

4> = <t}iX. !J + erj, Ij'+cri',--) 

according to powers of e and obtain an expansion of the form 

where (e) denotes as usual an infinitesimal, and 

^1= 't'uV + 'I'u'V' + <l'trV"+ ■■■ 

<t>2= <l>„„V^+4>,,;jV''+ ■■■ +2<^„„77»;'+ ••• 



The quantities e(f)i, e^cf).,, • • ■ are called fJie .first, second, 
■ ■ ■ rnriation of (f> and are denoted by Bcj), S-^, • ■ • respect- 
ively. 

It is easily seen that 

8'</> = 8 (8^^-'<^) . 
Again, if 4> does not contain e, B''<f) may be defined by 

Similarly, B''J is defined as the term of order A-, multiplied 
by />■/, in the expansion of 



I (l.r 



according to powers of e, the possibility of this expansion tip to 
terms of order k being, of course, presupposed. Accordingly 






€ = 
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It follows immediately' that 

S^Fdx . 
In particular 

8j^cC^\F,r, + F,.v')dr . (8) 

We may therefore formulate the result reached above as 
follows: For an ejctrcniuni it is iica'ssarij that the first 
rariation of the integral J shall vanish for all admissible 
variations of the function y. 

d) More general type of variations : For many investigations 
it is necessary to extend the important formula (6) to variations of 
the following more general type : - 

(0 — o) (x , e) , (5a) 

where u (j- , e) is a function of oc and e which vanishes identically 
for e = 0. We suppose that "(•<', e) together with the partial deriva- 
tives Wj- , We , w^e are continuous in the domain 



% being a sufficiently small positive quantity. 

Moreover, in the case when both end-points are fixed 

<a{Xf), e) =0 and t» ( J"i , e) = 

for every \e\ ^%. If we denote "e(a;, 0) by n{x), formula (6) holds 
also for variations of type (5a). This can be most easily proved by 
the method explained under b). 
For the function 

Jtxi 
Fix, ij{x)-\-o>{x, e), y'{x)-\-o>^{x, e)) dx 
Xo ' 

must have a minimum for f = 0, and therefore J" (0) = 0. From the 
above assumptions concerning w (« , e) it follows that differentiation 
ander the sign is allowed and that a^x exists and is equal ^ to wj-e . 

1 Provided always that the limits are fixed and that the ordinary rules for the 
differentiation of a definite integral with respect to a parameter are applicable. 

2 Such variations were already considered by L.^geange, Oeum-^s, Vol. X, p. 400. 

3 Compare E. 11 A, p. 73. 
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Hence we obtain' also in the present case 

J'{0)= C \F^y^ + i\r,')dx , 

which leads immediately to (6). 

For variations of type (5a) the definition of the symbol S must 
be modified. In order to cover also the case of variable end-points, 
we suppose that X'o and x, are functions of e which reduce to .»„ and 
Xi respectively, for e = 0. Putting then as before 



^ = 2/(a;) + (o(.r, e) , .(/' = 2/'(x) + a)^(,r, e) , 

dJ' r^i _ _ f 

8''-J'=— ^. I F{x,^j,y')dx\., 



wedefine^ „, d" T'^' „, ^ T"'" 



and similarly if is a function oi x,y,y' ,■■■ and .ro, Xi, 

Xf , _ d''<t>{x,y,y' , •■■ , x„x,) ''^ 
" <P - 9jA ■ • 

The definition of the symbol S given under 6) is a special case 
of this general definition. 

The method of differentiation with respect to e, especially when 
combined with the consideration of variations of type (5a), seems 
to reduce the problem of the Calculus of Variations to a problem of 
the theory of ordinary maxima and minima ; only apparently, how- 
ever ; for, as will be seen later, the method furnishes only necessary 

1 For variations of the special type (5) equation (6) may also be written 



Xn 



AJ= I iF,,<^ + F„.<a')dx + ^M . C6a) 

This formula remains true for variations of the more general type (.5a). For from 
the properties of "(«,«) it follows that the quotients 

(ii)(a;, e)-u{a;, 0))/e and (a.^(a-, e) -<o^(a-, 0))/e 

approach for i e = their respective limits o^ ( j- , 0) and lu^^ (x , 0) uniformly for all 
values of x in the interval (XoX,) (compare E. II A, pp. 18, 49, 52, 65 ; J. I, Nos. 62, 78 
and P., Nos. 45, 100). Hence it follows that 

J-txi r>xi 

(.Fy<» + Fy,-o')dX=€ I (ii'„1 + Fj,,r|')dx-l-e(e) , 

Xf, ^Xq 

which proves the above statement. 

2 Always under the assumption that all the derivatives occurring in the process 
exist and are continuous. 
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conditions, but is inadequate for the discussion of sufficient condi- 
tions, whereas the method based upon Taylor's formula, though less 
eleo-ant, furnishes not only necessary but also sufficient conditions, 
at least for a so-called weak minimum (compare §17, b). 

<■) Transformation of the first variation by integration 

by jHuis: 

For the further discussion of equation (7) it is customary 
to integrate the second term of 8 J" by parts: 

Since r] vanishes at Xq and j\, this leads to the result that 
for an extremum it is necessary that 

for all functions v of class D ' which vanish at x\ and x^ . 

The integration by parts presupposes, however, that not 
only y' but also y" exists and is continuous in (ojo-Tx), and 
for the present we shall make this further restricting assump- 
tion' concerning the minimizing curve. 

i^5. THE FUNDAMENTAL LEMMA AND EULER's EQUATION 

To derive further conclusions from the last equation we 
need the following theorem, which is known as the Funda- 
mental Lemma of the Calculus of Variations : 

If M is a function of .r wliich -is continuous in (x^fCi), 
and if i^yi 

r \Mdx = (11) 

1 The necessity of this assumption was first emphasized by Du Bois-Reymond in 
the paper referred to on p. 9). If y" does not exist, the existence of -r- ^y' becomes 
doubtful. The restriction will be dropped in §6. Discontinuities of rj' of the kind 
here admitted do not interfere with the above results (9) and (10), since ij itself is 
continuous. For the principles involved in the integration by parts, compare E. II A, 
p. 99, and J. I, Nos. 81, 84. 
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for all functions rj which vanish at Xq and x^ and ivhich 
admit a continuous derivative in (a-o^ri), then 

in{x^,). ^ = (12) 

For suppose M{x')^0, say >0, at a point x' of the 
interval (a"oa;i); then we can, on account' of the continuity 
of M, assign a subinterval (fofi) of (.XoiCi) containing :/■' and 
sach that M>0 throughout (^o^i). Now choose ?? = out- 
side of (fo^i) and v = ix~ ^oYi^ — tif in (loli) ; this function 
admits a continuous derivative in (x^pci), vanishes at Tq and x^. 
and nevertheless makes 



/ 



1 

rjMdx > , 

^0 



contrary to the hypothesis (11); therefore M{x')^0 is 

impossible.^ 

The conditions of this lemma are fulfilled for equation 

(10); for, since we suppose y" to exist and to be continuous 

in (xqXi), the function , d 

M ={Fy F, >\ 

is continuous^ in {x^fc^. ^'^ 

1 Compare P., No. 17. 

2 This proof is due to Du Bois-Reymond (Mathematische Annalen, Vol. XV 
(1879), pp. 297, 300). In the same paper he proves that the conclusion M = remains 
valid even ii the equation (11 ) is known to hold only : 

1. For all functions r; having continuous derivatives up to the n'h order, inclusive : 
proceed as above and choose, for (fyfi), 

'! = (^-fo)"+' «,-^)"+' ; 

2. For all functions having all their derivatives continuous. 

H. A. ScHWARZ goes still farther and proves the conclusion valid if the tj's are 
supposed regular in {x^x-^)^ i. e., developable into ordinary power series T^ (x — x') in 
the vicinity of every point x' of the interval (xqX^) Lectures on the Calculus of Varia- 
tions^ Berlin, 1898-99, unpublished.) 

On the other hand, the proof given in most text-books, in which 
7]= (x ~ Xq) (xi — x)M 

is used, assumes that (11) holds for all continuous functions 17 vanishing at j-„ , x^ , 
or else, if the assumptions of the lemma concerning 77 are not changed, that M' exists 
and is continuous. This last assumption would, in our case, imply that y'" exists 
and is continuous. 

Also Heine's proof (Mathematische Annalen^ Vol. II (1870), p. 189) could be 
applied to our case only after further restricting assumptions concerning y. 

3 Compare J. I, No. 60, and P., No. 99. 
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Hence we obtain the fist iicccssai'i/ coiidifioit for an 
extremum: 

FuxDAMEXTAL Theoeem I:' Everij fuHction fj which min- 
imizes or maximizes the iniegral 

.1] 



F{.v. y, y')dx 



must satisfy the differential, equation 

F,-^F,r = 0. (11 

This differential equation was first discovered by Eulee" 
in 1744, and will be referred to as Eulers {differentiaJ) 
equation.^ 

^(i. DU bois-eeymond"s and hilbebt's proofs of eulee's 

EQUATION 

The preceding method, which was based upon the integration 
by parts of S 4, furnishes only those solutions of our problem which 
admit a continuous second derivative. The question arises: Do 
there exist any other solutions and if so, how can we 
find them? 

In order to answer this question, we return to the equation 
SJ-0 in the original form (7) and, with Dc Bois-Eetmond and 
HiLBEET, integrcde the first, instead of the second, term by parts. 
Since -n vanishes at both end-points, we get : 

r\'{F^.- r F^ dx) dx = . (13) 

1 We have prored this theorem only for functions y having a continuous second 
derivative. The extension to functions having- only a continuous first derivative 
follows in 36, to functions of class D\ in §9. 

-EuLEE, MethodtLS inveniendi tineas cui^vas viaxinii minimive proprletate 
gaudentes, chap, ii, art. 21; in Stackel's translation in Ostwald's KJussiker der 
exakten Wiasenschaften^ No. 46, p. 54. 

3 Knesee, Hilbert, and others call it " Lagrange's Equation.' ' Lagrange him- 
self attributes it to Eulee. See Oeui^res de Lagrange, Tol. X, p. 397 : " cette Equation 
est celle qu'EuLEK a trouv6e le premier." 
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This integration by parts is legitimate, even if y" should not exist, 
since it presupposes only the continuity' ofi''^ and i? . 

We are thus led to the problem : 
If N{x) he continuoHfs iu (.tvr,), and if 



X 



■q'Nd.ic = Q (14) 

■To 

for all faiicfioiis -n of class C" irliirlr raii.isli at .r„(tii(l x^, what 
follows with respect to N f 

The answer is that N mnst be coiifttaiit i)i. {x^,i\). 

a) Du Bois-Eeymond- reaches this result l)y the following 
device : 

Let f be any function which is continuous iu (.r,i.ri) and satisfies 
the condition 

'"'^_te^o ; (ir.) 






then the function 






is of class C in {x„x^ and vanislies for .v = .r„ and .r^.r,, and 
therefore, according to our hj-potliesis, satisfies (14), that is, 



X 



\Ndx^Q . (16) 

Thus it follows from our hypothesis that every continuous func- 
tion which satisfies (15) necessarily satisfies (16) also. 

Now let ii be any continuous function of .r ,• and c the following 
constant ; 



•^1 f^a ^Xn 



_i dx 

then the function 

^ = ^, - c 

is continuous and satisfies (15), hence it must satisfy also (16), 
therefore 

1 The continuity of F follows from the continuity (compare the beginning of §4) 
of y' and from our assumption (iJ) concerning F; and -q' may be supposed continuous, 
since (9) must hold for all functions rj of class D' which vanish at x^ and .i-, , and 
therrfore a fortiori for all functions ij of class C which vanish at .r^, and ..■, . 

^Loc. cit., p. 313. 
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C 'tNdx= f Ui{N-X)dx = , (17) 



i,Ndx= \ 
if we denote by X the constant 



N dx/(x^ — Xj) 



But from (17) it follows by the Fundamental Lemma that' 

N^X , 
i. e., constant, Q. E. D. 

b) Another, more direct, proof has been given by Hilbert - in 
his lectures (summer 1899). He selects arbitrarily four values, 
a, /3, a' , p' satisfying the inequalities 

Xo<a<fi<a'<0'<x, , 

and then builds up a function^ v of class C which is equal to zero 

in (xoo-) ; increases from to a posi- 
tive value A; as a; increases from a 
'. to /3 ; remains constant, = A; in (/3a ' ) ; 
decreases from A; to as a; increases 

from a' to /3', and finally is equal to zero in (/S'aJi): 

Substituting this function in (14), we obtain 

J-.I3 ^^' 

ri'Ndx+ r,'Ndx = ; 

a ^ a' 

v' being positive in the first, and negative in the second, integral. 
we can apply to both the first mean- value theorem* which, furnishes 

fc| N{a + e{P-a))-N{a' + 0'{l3' -a'))l =0 , 

where 0< e< 1 and 0<e' < 1. 

Finally, let ft and /3' approach <i and a' respectively; then it 
follows, since N is continuous, that 

1 This result is a special case of the isoperimetric modification of the Funda- 
mental Lemma, see below chap. vi. 

2 See Whittemoee, Annals of Mathematics (2), Vol. II (1901), p. 132. 
^Nothing more than the ea;isf ence of such a function — which is ap7'io»"iclear — is 

needed for the proof : Hilbeet gives a simple example, see Whittemoee's presenta- 
tion. 

4 Compare E. II A, p. 97; J. I, No. 49; and P., No. 191, IV. 
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N{a)=N{a'), 

i. e., N is constant in {x^i)} 

c) Applying this lemma to (13) we get 



J-» X 
F 
Xn 



i^„.- F„dx = \ , 



a constant ; or 



i^„, = A+ C^Fydx . (18) 

The right-hand side of this equation is diflferentiable and its 
derivative is Fy,- hence the same must be true of the left-hand 
side, ». e., the function 

Fy{x,y{x),y'{x)) = F„,lx] 
is diflerentiable in (iCoSCi) and 

^F. = F 
dx " " 

Thus we find the important corollary to Theorem I that every 
solution of our problem loith continuous first derivative — not 
only those admitting a second derivative — niust satisfy Euler's 
equation. 

Prom the fact that F,y is diflerentiable follows the existence- 
of the second derivative y" for all values of x for ivhich 

F„,.{x,y{x),y'{x))^() . (19) 

For, if we put 

y(x + h)-y{x) = k , y' {x + h) - y' (x) = I , 

then, since the theorem on total differentials'* is applicable under 
our assumptions, and since y' is continuous, we have 

1 Hilbeet's proof can easily be extended to the case where N, while finite in 
(.Cjj-i), has a finite number of discontinuities. For, if a and o' are points of con- 
tinuity, we can always choose ^ and ^' so near to a. and a respectively that JV is 
continuous in (a^) and(iiP'); it follows then as above that iV(a) =iV (a'), i. e., MJider 
the present assumptions N has the same constant value in all points of continuity. 
Hence it follows further that in a point of discontinuity, c .• 

N(c-0) = N(c + 0) . 

2 First pointed out and emphasized by Eilbeet in his lectures ; see Whitte- 

MOEE, loc. cit. 

3 Compare E. II A, pp. 71, 73; J. I, Nos. 86, 127; and P., No. 105. 
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i^.[^+/^]-i-VM ^ (^^,^ + ,) + ^^ (^^,^ + ^) + ^ (^^,„, + ,) , 

where a, ^, 7 approach zero as ft. approaches zero. Hence it follows 
that if (19) is satisfied, 

L Y , I. e.,y 

11=0 II 

exists, and that 

y"^ ^,i^^if^^y'^r« . (20) 

moreover, (20) shows that 1/" is conimiioMS ill (./VjXi). ! ; ■'- 

§7. MISCELLANEOUS EEMAEKS CONCEENING THE INTEGEATION 
OF EULEE'S EQUATION 

a) Euler's differential equation (I) is of the second 
order, ^ as can be seen from the developed form 

F^-F^.,-v'F„^-v"Fy.,. = ; (21) 

its general solution contains, therefore, two arbitrary con- 
stants, 

tj^f{x,.,/3) . (22) 

The constants a, yS have to be determined^ by the condition 
that the curve is to pass through the two points A and ^; 

Every solution of Euler's equation (curve as well as 

lUnless F" . . {x, y^y) should be identically zero. In this case Euler's differ- 
ential equation degenerates either into a finite equation or into the identity : = 
but never into a differential equation of the first order. For if jP . . = 0, F must be of 
the form : Lix^y)-\- M{x ,y) y' and (21) reduces to :Ly~M'^ = Q. See also below, 
under d). ■ 

If Euler's differential equation degenerates into a finite equation, it is in 
general impossible to satisfy the initial conditions when the end-points are fixed. 

Also in the general case when F contains higher derivatives, Euler's differ- 
ential equation can never degenerate into a differential equation of odd order; 
compare Frobenius, JoitJ-nai/itr Jtfa//iemaiiA:,Vol. LXXXV (1878), p. 206, and Hirsch, 
Mafhematische Annalen^ Vol. XLIX (1897), p. 50. 

2 This determination may be impossible ; in this case there exists no solution of 
the problem which is of class C aud lies in the interior of jR. 
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ftinction) is called, according to Knesee, an extremal; there 
is then a double infinitude of extremals in the plane. 

In the special case ichen F does not contain x e.rplicitly, 
a first integral of (I) can be found immediately.' For, if F 
du/ 3 not contain ./■ explicitly, we have 

and therefore every solution of (I) also satisfies 

F-y'Fii. = const. (24) 

Vice versa, every solution of (24), except ?/ = const., also 
satisfies (I). 

6) Example I (see p. 1): 

F = yVl + ^' . 
Hence 

and Euler's equation becomes : 

d yy' 



Vl + y"- ^ "" =0 . (I) 

or, after performing the differentiation, 

By putting -j^ = p, the integration of this differential equation 

is reduced to two successive quadratures, and the general integral 
is easily found to be 

2/ = a cosh . 

u 

The extremals are therefore catenaries with the x-axis for directrix. 
Since F does hot contain x, a first integral could have been 
obtained directly by the corollary (24); 

F — v' F ■ = — ^ —a . 

I Noticed already by EnLEU, loc. cit, p. 56, in Stackel's translation. 
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If a :j= 0, this leads to the same result as above; for a = we obtain 
y = 0, which, however, though a solution of (24), is not a solution 
of Euler's equation. 

The general solution of (I) being found, the next step would be 
so to determine the two constants of integration that the catenary 
passes through the two given points." 

c) Through a given point a, h in the interior of the 
region^ S one and hut one extremal of class C can hedraicn 

in a given direction of amplitude^ £»(=!= ±9)) provided that 

F^.,Aa,b,b')^0 , (25) 

where h' ^tan a . 

For, if we solve (I) with respect to^", we obtain for y" a 

function of x, y, y' which, according to our assumptions (B). 

is continuous and has continuous partial derivatives with 

respect to y, y' at all points of the domain" (F which satisfy 

(25). Hence the statement follows from Cauchy's genei-al 

existence theorem* for diiferential equations. 

'For this interesting problem we refer to: LixdelOf-Moigno, loc. rit., Xo. 103; 
DiENGER, loc. cit., pp. 15-19; TODHUNTEK, Besearches in the Cak-ulus of Variation.':. 
pp. 55-58 ; Carll, A Treatise on the Calculus of Variations, Xos. 60, 61. For Sch^aez's 
solution see Hancock, "On the Number o( Catenaries through Two Fixed Points." 
Annals of Mathematics (1), Vol. X (1896), pp. 159-174. 

2See§.3, c). ■iSee§2, 9). 

4"Suppose the functions/; (j-, y,, j/^, . • -^y^^) and their first partial derivatives 
with respect to ?/j , 2/2 r ' • - !/„^^ be continuous in the domain 

[x-o|5p, I !/i-6i I 5i- , • •-, ly„-6„|5r; 

let J/ be the maximum of the absolute values of the functions f^ in this domain, and 
let I denote the smaller of the two quantities p and r, M . 

Then there exists one, and but one, system of functions y, (x), i/,(x),- ■ ■ ,y {x) 
which in the interval \ x — a\ <! are continuous and differentiable, satisfy the differ- 
ential equations 

dj/; 

-^ =/, (J- . !/l , !/2 ^ ■■'Vn') ■ (' = 1.2, - , nl 

and the inequalities \ Vi^x) — b.\ "^r, and take for a; = a the values 

Compare E. II A, pp. 193 and 199, and J. Ill, Nos. 77-80; also Picakd, Traiii 
d^Analyse, Vol. II, chap. xi. 

In order to apply the theorem in the present case, replace (21) by the equivalent 
system. 

^ = !/•, '^^(F -F . -VF . )/F . . 
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If, therefore, 

for every finite value of p, one extremal can be drawn from 
[(I, b) in every direction, except the direction of the y-axis. 
A problem for which 

at every point (.r, >j) of the region ffi for every finite value of 
p, is called, according to Hilbert, a rcyulav prohlem. 

d) We consider next the exceptional case in wltieli Eider's 
differential eipiation degenercdes into an, identiti/. 

Suppose the left-hand side of (21) vanishes for every system of 
values J' ,//,(/',//' '. Then, since y" does not occur in the three first 
terms, it follows that the coefficient of u" must vanish identically, 
so that we must have separately 

for every .c, jj, u . From the first identity it follows that i<^ must 
be an integral linear function oi y , say 

F{.r,y,u')=M{x,y)+N(x,y)u' . 
Substituting this value in the second identity, we get 

M, = A-., , 
the well-known integrability condition for the differential expression 

Mdjc + Ndy . 

Hence we infer : If M and N and their first partial derivatives are 
single-valued and continuous in a simply-connected region B of 
the .«■, //-plane, then there exists' a function F(.r, v/), single-raliied 
and of class C in & and such that 

T:, = .¥ , V„ = N , 

and therefore 

F{x,y,y')=\\+\\y' =^^V{oc, !,) 

Hence if 6 : y=f{x) be any ciurve of class C drawn in » between 
the points A{Xo, 2/0) and B{.x\, y,) our integral J« has the value 

1 See PlCAKD, TratU d: Analyse, 2d ed., Vol. I, p. 93. 
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and is therefore independent of the path of integration (5 and 
depends only upon the position of the two end-points. 

On account of the continuity of V {x, y), the result remains 
true for curves S with a finite number of corners, as is at once seen 
by decomposing the integral J in the usual manner.' 

Vice versa : If the value of the integral Jz is independent of 
the path of integration S as long as S remains in the interior of a 
region S contained in iS, then the function F must be of the form 
M{x, y)-\-N{x, y)y', where M„ = Nx, for every point {x, y) in the 
interior of * for which Xd^x^x^. 

For let (X2 , 2/2) be any inner point of g- whose abscissa x^ lies 
between ,r„ and Xi and yi, yi' two arbitrarily prescribed values; 
then we can always draw in&acurveS : y = f{x),ot class C which 
passes through (.r„, y„), (x,, y^), (,r.,, 2/2), and for which /' (.Cg) = 2/2' , 
f"{x2)^yi. 

According to our hypothesis, A J must vanish for every admis- 
sible variation of 6, whence we infer by the method of §§ 4, 5 that 
y—f{x) must satisfy Euler's diflFerential equation. The left- 
hand side of the latter must therefore vanish for the arbitrary 
system of values x= Xi, y = y2, y' — yi , y" = yi' , which proves the 
above statement. 

We thus reach the result : ^ 

In order that the value of the integral 

J-,Xi 
F{x, y,y')dx 

may he independent of the path of integration it is necessary and 
sufficient^ that Euler's differential equation degenerate into an 
identity. 

It is clear that in this case there exists no proper* extremum of 
the integral J. 

e) We conclude these remarks by considering briefly the inverse 
problem : Given a doubly infinite system of curves {functions) 
y=fix,a, /?) , 

1 Compare p. 12, 

2 Compare J. Ill, Nos. 362, 363, and Knesee, Lehrbuch, §51. 

3 SuiEcicnt only if the region B is simply-connected. 
'Compare §3, 6). 
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to (h'tcniiiiic a finxiioii Fix, tj , y') so that the (jiri'ti system of 
cnrrcs shall be the ciireiiials for the integral 



J-lXi 
F{x, y, y')dx . 



This problem has always au infinitude of solutions which can 
be obtaiued by quadratures.^ 
For if 

y"^G{x,y,y') (26) 

is the differential equation of the second order- whose general 
solution is the given function y=f(.r, '^, P,) (with a, ^ as constants 
of integration), then we must so determine the function F{x, y, y') 
that (26) becomes identical with Euler's differential equation for 
F, i. e., according to (21) 

F„-F^.,-F,^.^y'=GF^.,^. . (27) 

If we differentiate (27) with respect to y' , we get for M = Fyi,' 
a linear partial differential equation of the first order, viz., 

If 

a = <l>{x,y,y') , ^ = xp{x,y,y') 

is the solution of the two equations 

y=f{x,a,/3) , 2/'=/.(.r,^,/3) 

with respect to a and /3, and if further 

^(.,a,^)=.v«"■(-^'■••-^^'^^^■■■-«)''^ 

and 

x(a,2/, t/') = ^(j'. <i>(:x,y,ii'),<P{x,y,y')) , 

1 Dakboux, TMoriedes surfaces, Vol. TIT, Nos. 604, 603. For the aQalogous problem 
in the more general case when F contains higher derivatives, compare Hiesch, Mathe- 
matische Annalen, Vol. XLIX (1897), p. 49. 

2 Obtained by eliminating n, (3 between the three equations 

2,=/(.i;,,x,/3) , 2,'=/^(j-,c.,« , 2/"=/^^(a;,»,« i 
compare, for inst., J. I, No. 166. 
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the general integral of (28) is found to be, according to the general 
theory-' of linear partial differential equations of the first order, 

j/x = *(<^(.«-, u, >j'),i'{->', u, y')) , 

where * is an arbitrary function of <l> and f. 

After the function M has been found, F is obtained by two 
successive quadi'atures from the differential equation 

^. = -V{-r.y,l/ ) 

Finally the two constants of integration X , fi. (which are functions 
of .r and y), introduced by the latter process, must be so determined 
that F satisfies the original partial differential equation (27) from 
which (28) was derived by differentiation. 

Example:^ To determine all functions F for /which the ex- 
tremals are straight lines 

y — ax -\- 13 

The differential equation (26) becomes, in this case, 

^' = 
Accordingly, we obtain 

4> — lj', ^ = U — ^u' , X — const. 
Hence 

M = <P(y',y-.iy') , 
and therefore 

F= C" {y'-t)<P{t,y-xt)dt+y'\{x, y)+iJ,{x,tj) . 

The condition for X and /* becomes in this case 

The most general expression for X and ii is therefore 
dv dv 

where " is an arbitrary function of a' and y. 

1 Compare, for inst., J. Ill, No. 2i2. 

2 Compare Daeboux, loc. cit., Xo. 606. 
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§8. WEIERSTRASS'S LEMMA AND THE E-FINCTION 

Before proceeding to the consideration of so-called 
discontinuous solutions, we must derive a lemma, due to 
Weiekstrass,' which is of fundamental importance for many 
investigations in the Calculus of Variations. 

Suppose there are given, in the region 5S, an extremal G 
of class' C" : ij =/{.)■), and a curve S of class C ; 5/=^^/(.r), 
meeting (2 at a point' 2 : {.r., y-i). Besides there is given a 
point 0: (.ro, ^o) on G, before 2, that is, iro<./o. Let 3 be 
that point of (S whose abscissa is Xn^h, h being a positive 
intinitesimal, and select arbitrarily a function rj of class C" 
satisfying the conditions 

'70 ^ ■^ (^o) ^0,V2 = V (J"2) =t= 0. 
Then we can so deter- 
mine e that the curve 




S : y = y + iv, 



PIG. 4 



which necessarily passes through the point 0, also passes 
through the point 8. For this purpose we have to solve the 
equation 

fix, + h) + er, (.V, + h) = f{x, + h) 

with respect to e. Since /(jo) ^fi;"'-!), we have 

7(.r, + h) - /(,r, + h) = (?/; - y^ ) h+ h (li) , 

where ij.^ =f' {x^}, Jl-i^^f {x-^) and (/;) is an infinitesimal for 
Lh=0. Hence we obtain 



-''[^+")]- 



It is proposed to compidc the difference 

A t7 := t/o3 ("02 ~r "23) > 

iThe lemma here given is a modiiication of the corresponding lemma given by 
Weiekstrass in his lectures (1879) for the case of parameter-representation; sen §2y. 

2 This assumption must be made on account of the integration by parts which 
occurs below; compare §4. 

SFor the notation compare §2, e). 
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the integrals J", J, J being taken along the curves t', 6, 6 
respectively, from the point represented by the first index to 
the point represented by the second. 
A./ may be written 

~ {F — F)dx+ I (F — F)dx , 

where 7^, F, F or i^[.r] , F[.r], F [x] stand for F{.r,ij{.r),i/{.r)), 
F{x, y(.r), »/'(.<■)), F(.r, y{x), ]j'{x)) respectively. 

The first integral, treated by the method of §4, becomes, 
since G is an extremal, 

jJ(F-F) d.r = cr), F^. [..r,J + e (c) 

= h[{7i:-y;)F^.[x,]+(h)] . 

To the second integral we apply the first mean-value 
theorem and obtain, on account of the continuity of -?"[•>■] 
andi^[.r], 

£ " (F-F) dx = h [f [.cJ - F [^ J + (/i)] . 

Collecting the terms, we reach the result 
Jo3 - ( -/,. + J,.) ^h\{Tj:- I/: ) F,j. [a- J + F Qr J - F [a- J + (h) ] 

Similarly let i be that point of 6 whose abscissa is 
x-2 — h, and determine e' so that the curve 

passes through 4. Then we obtain by the same process 
■ Ju + J42 - J02 = - /* I (1/2 - 2/2 ) Fy. [a- J + F [x,] - F [x,] + (h) I . 
If we put for brevity 
F{x, y,p)-F{x, tJ,p)-(p-l3)F,j,(x, y , p) 

= E(x, 2/; p,p) , (29) 

X, y,p, p being considered as four independent variables, 
the preceding results may be written : 
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)1 (30) 



J«i — {Jm + </2a) = — /i I E {x., , y, ; y.i , yi) + Qi) i - ! 
J»4 + {J a - Joi) = + /i I E (x, , 2/2 ; 2/2' , J}.; ) + (ft) ^ . 

We shall refer to these two formulae as Wt'icrstixiss's 
Lciiniui. The function E(.r, //; ji, p) defined by (29) will 
play a most important part in the sequel ; it is called Weicr- 
strass't< E-fuiiction.^ 

The same results (30) hold if the curves 03 and 04 are of 
the more general type (5a): 

y=f{x)-\-m{.r, e) , 

where the function co(x, e) vanishes identically for € = 0, has 
the continuity properties enumerated on p. 18, and satisfies 
besides the conditions: 

<u {x^| , e) = for every e , and w^ {x2 , 0) =t= .0 . 
For the determination of e we have, in this case, the equation : 

f{x, + h) + o>{x, + h, e) -f(jc, + h) = . 

The resulting value of e is of the same form as above. 
This follows from the theorem^ on implicit functions; for if 

1 Compare Zeruelo, Dissertation, p. 66. 
-"If f[-r, y) is of class C in the vicinity of (j',,, j/q) and 
fU\,,V«)='0 , /„(a-o,!/o)=l=0 , 

then a positive quantity k being chosen arbitrarily but sufficiently small, another 
positive quantity hj^ can be determined such that for every x in the interval {xq— /t^., 
.ry+/i^.) the equation/(j;, y) =0 has one and but one solution y between y^— k and 

2/0+^' ■ 

The single-valued function y = 'l'U'> thus implicitly defined by the equation: 
/(.r, y) = 0, is of class C" in the interval (j'q— /i^. , -tQ-^-hj^) and 

dy _ _fx 
dx /„ • 
Hinici^ 



2/ - 2/o = (* " 






where L a = 0." 

(Compare E. II .V, p. 72; J. I, No. 91; P.*Jo. 110). 

It fix, y) is regular in the vicinity of(xM2/u), also the function y^-'li(x) is regu- 
lar in the vicinity of x^. (Compare E. II 191 p. 103, and Haeknbss and Morley, 
Introduction to the Theory of Analytic Functions, No. 156.) For the extension of the 
theorem to a system of m equations between m + n unknown quantities, see the ref- 
erences just given. 
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we denote the left-hand side of the preceding equation by 
F{li, e), this function is of class C" in the vicinity of /i=^0, 
e = 0; further: -P(0, 0) = and finally F,{0, 0)=^0. 
Incidentally we notice here the formula 

{F-F)dx+ Fdx 

= h \{Th - yi ) F,. [xj + F [a-J + (/i)] , 

which holds for negative as well as for positive values of /(. 
Hence it follows that if the arc 02 of the extremal @ mini- 
mizes the integral J, the end-point being fixed while the 
end-point 2 is movable on "the curve S, then the co-ordinates 
of the point 2 must satisfy the condition 

F + {J,'-y)F^.\=^ 

{''Condition of transversa] if y," compare the detailed treat- 
ment of the problem with variable end-points in §23.) 

§9. DISCOXTIXUOUS SOLUTIONS 

We must now free ourselves from the restriction' imposed 
upon the minimizing curve at the beginning of §4, viz., that 
y' should be continuous in [x^Xi), and we propose to deter- 
mine in this section all those solutions of our problem which 
present corners — so-called ^^discontinuous solutio)is.'^ 

a) In the first place, the theorem holds that also discon- 
tinuous solutions must satisfy Eulei-''s differential eqncdion. 

Suppose for simplicity^ that the minimizing curve 6 has 
only one corner C{,ro, y^) between A and B. According to 
§3, c) the integral t/g is then defined by 



F{x,y,y')dx+ \ F{:j, y, y') dx , 



(31) 



iThe assumption that the curve shall lie entirely in the interior of the re:jion 
S will still be retained in this section. 

2 The results can be extended at once to the case of several corners. 
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the notation indicating that i/'{.r.>) is defined in the first 
integral by y'(.r-2 — 0), in the second by .'/'(ro + O). 

The theorem in question is most easily proved by the 
method of partial variation, which is very useful in 
many investigations of the Cal- 
culus of Variations: 

We consider first stich spe- 
cial' variations ADC of type 
(-■)) as leave the arc C B un- 
changed and varj' only A C. 
To such variations all the con- 
clusions of i^i^-4-t'i can be applied, and it follows as before 
that for the interval (.ly, .r-. — 0) Euler's equation must 
hold. The sam^ result follows for (.r2-i-0, .Vi) from the 
consideration of variations which leave A C unchanged; 
hence it is true for the whole interval (XqXi).'' 

h) A discontinuous solution with one corner is therefore 
composed of two extremals involving in general diiTerent 
constants of integration: 

y=f{x,u.,, p,) ill (.(•„, ,r, - 0) , 
y =f{x,a,, /3,) in (j'o + O, .r,) . 
For the determination of x-, and of the constants of integra- 
tion we have in the first place the initial conditions 

y,=fU\, "-2. A) ; 
further the condition that y is continuous at x.,: 

/(,r.,,a,, A) = /(■'•.. -^i. A.) ; 
and finally two further conditions which are furnished by the 
following theorem due to "Weierstrass and Eedmann:' 

> Compare the remark on p. 15. footnote 21. 

2 With the same understanding as in (31) concerning the meaning of j/' at the 
corner. 

■i Weiehstkass, iec^ures at least as early as 1S77 ; Eedmanx, Journal fUr Matlie- 
matik, Vol. LXXXII (1S771, p. 21. Another demonstration has been deduced by 
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Theorem: At rverij corner of a minimizing curve ihe 
two limiting values of Fy are eqiial:^ 

fA=fA; (32) 

and likewise l'^-" 1^2+" 

To prove (32) consider a variation AGB of type (5) for 
which the function -q is of class C" in (xtfc^ and -q {x-^^O. 
The integral A J" breaks up into two integrals taken between 
the limits (tq, a?2 — 0) and {xo-{-0, x^ respectively. Apply- 
ing to each of these the methods of §4 we find that also in 
this case SJ"^0, and further we obtain^ from (9), since (I) 
is satisfied: 

8 J = «, (,r,) {F,. [,r., - 0] - F^. [x, + 0]) , 

where Fy■\_x^^ stands again for Fy(x, f(x), f (x)\ Since 
aj=0, (32) is proved. 

The proof of (33) follows from Weierstrass's Lemma 
(30) if we identify the arcs A C and CB of Fig. 5 with the 
arcs 02 and 21 of Fig. 4, respectively, and consider suc- 
cessively the variations 031 and 04231 of the arc 021. The 
corresponding values of the total variations A J" are given by 
the two equations (30), the values of i/o, y.^ being in the 
present case 

yi = y'{x2 — 0) = y2 ; 1/2 = y'{x2 + 0) = (/.; . 

Hence it follows that for an extremum it is necessary that 

Whittemore, loc. cit.^ from Hilbert's proof of Euler's equation: By means of 
the extension of the lemma of §6 to discontinuous functions (see p. 25, footnote 1), it 
can be shown that equation (18) holds with the same value of the constant A for both 
segments (Xq,X2 — 0) and (j-j + OiXj). Hence follows Euler's equation as well as 
equation (32). This method can be applied to discontinuities of a much more com- 
plex character and even to the case of an infinitude of points of discontinuity ; see 
Whittemoee, loc. cit. 

iFor the notation compare §2, b). 

2 The integration by parts is legitimate since by the method of § 6 the existence of 
— Fy. is established for each of the two segments (xp, Xg — 0) and (rrg-t-O, x^) . 
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and on account of (32) this is equivalent to (33). 
c) Example' III: To minimize the integral 

J= ( \y'+lfird.i- 
Here 

F-y'F„.= --iy''-iy'-'-y'^ . 
Hence a first integral of Euler's differential equation is 

iy" + <iy"+2y' = const. ; 
therefore 

y = ax + P, 

i. e., the extremals are straight lines, and the line AB joining the 
two given points is a possible continuovis solution. 

In order to obtain all discontinuous solutions with one 
corner, we have to find all solutions pi, jh of the two equations 

4p; + 6p? + 2p, = ipl + 6pl + 2p, , 

- 3p} - 4p? -p? = - 3p* - 4p5 -i-5 , 
where 

Pi=2/'(c — 0) and 2h — y'(<'+0) and Pi^Ti 

Dividing out hy p^ — pi and putting 

Pi + P2 = « . i'f + Pilh + Pl = «• 

we get 

2k- + 3(« + 1 = 

-3u' + 6»ir + 4R' + u = . 

These equations have one real solution, » = — 1 , «• = + ], from 
which we obtain 

Pi = , jj, = - 1 , 
or 

Pi = — 1 . Pi=0 . 

1 A special case of the example given by Eedmann, loc. cit, p. 24. 
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Every discontinuous solution must therefore be composed of 
straight Hues making the angles or 3^/4: withthe positive x-axis. 
If the slope m = {yi — y^/{xi— Xo) of the line AB lies between and 
- 1, there are indeed two such solutions, AdB and AC^B with one 
_ _ _ _ _^ corner and an infinity with w ^ 2 

\'~~~..,^^ \' corners. 

\ ^"^^^.^ \ Since F=y'^ (y' + Vf, these 

\ ^~"~^^^^\ discontinuous solutions furnish 

^ ^^ ^ f o"^ ^ ^^^ value zero and there- 
fore the absolute minimum} 

■ 1; d) In many cases the impos- 

■^^'^' ® sibility of discontinuous solu- 

tions can be inferred from the following 

CoroUari/r If (x2, Ui) is a corner of a minimizing curve, 
then the function 

mnsf vanish for some finite vcdiic of p. 
For the function 

^{p) = Fy.{x^, y^,p) 

is a continuous function of p admitting a finite derivative 
for all finite values of j3 ; further, if we put 

y'{x2—0) =pi, y'{jCi+0)=p2 , 
we have j5i=t=j)2i snd, according to (32), 

<!> (Pi) = 4> {Pi) ■ 
Hence by Rolle's Theorem the derivative 
<^'(p) =F^.,,.{x2, y^,p) 

must vanish for some value of p between p^ and pi. 

If therefore the problem is a "regular problem," /. c, if 
Fyy{^-, 2/,p)4=0 
for every point in the interior of S and for all finite values 

iThe minimum is, however, "improper" (compare §.3, 5)), because in every 
neighborhood ot AO^B (or AO^B) broken lines can be drawn, joining A and 8, whose 
segments have alternately the slopes and —1. For such a curve A J" = 0. 

2 Compare also Whittemoke, loc. cit., p. 136. 
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of J), we infer that no discontinuous solutions are possible" in 
the interior of S. 

Example I (see p. 1): F = y Vl + y'\ 38 is the upper halt-plane 
(//^O).' Here 

y 



F . . 

V I.I 



(i i + ^'O' 



is 4=0 in the interior of K, and consequently no discontinuous 
solutions are possible in the interior- of 38. 

§10. BOUXDAEY CONDITIONS 

In all the preceding developments it was assumed^ that the 
minimizing curve should lie entirely in the interior of the region 
S. But there may also exist solutions of the problem as formulated 
in §:? which have points in common with the boundary of 38. To 
determine these solutions is the object of the present section. 

For this investigation it is convenient to make use of the idea of 
a }ioini bt/ point rariatioti of a curve which played an important 
part in the earlier history of the Calculus of Variations. 

Between the points of the two curves 

and g; y = y^Xy 

we may establish a one-to-one correspondence by letting two points 
correspond which have the same abscissa .r. And we may think 
of the second curve as being derived from the first by a continuous 
deformation in which each individual point moves along its ordinate 
according to some law, for instance, if in 

y + f'-^tj 

we let a increase from to 1. 

A point of (S whose abscissa is .>', is called a point of free 
variation if \y{x') may take any sufficiently small value : other- 
wise, a point of unfree variation. 

For a curve 6 which lies entirely in the interior of 38 all 
points except the end-points are points of free variation,* and this 
freedom was essential in the conclusions of §§4 and 5. 

1 Compare §1, c). 3 See the beeinning of §4. 

-Compare the next section. *In our formulation of the problem, §3. 
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This is not true for a curve which has points in common with 
the boundary. For simplicity let us suppose that the laoundary of 
58 contains an arc 6 representable in the form 

f{x) being of class C" . In order to fix the ideas suppose that S 
lies above g. Then if 6 has a point P in common with (?, the 
variation of P is unfree and restricted by the condition 

;0 . 



A?/: 



(34) 




Suppose the minimizing cm-ve 0231 has the segment 23 in com- 
mon with the boundary. 

Then the method of partial varia- 
,tion applied to 02 and to 31 shows that 
these two arcs must be extremals. 

Consider next a variation of type (5) 
which leaves 02 and 31 unchanged and 
varies only 23. Since Ay=eTi must be 
go, 17 cannot change sign and if we 
choose v^O then e must be taken posi- 
tive ; hence we can no longer infer from 
(6) that 5J" = 0, but only that 

SJ^-Q . (35) 

After the integration by parts of § 4 we obtain therefore 

for all functions v of class D ' which vanish at X2 and Xa and satisfy 
besides the condition 

V^O . 

The lemma of § 5, slightly modified, leads in the present case 
to the 

I Moreover at the end-points 2 and 3 the following condition must be satisfied : 

E(X2,2/2; 2/2'. 2'2')=<'; E(X3,1/3J 2/3', S3')=0. 

The proof foUows easily from Weierstrass's Lemma (see Fig. 7). Compare also 
the treatment of the problem in parameter-representation, §29. The question of 
sufficient conditions for one-sided variations has recently been considered by Bliss in 
a paper read before the Chicago section of the American Mathematical Society. He 
finds that for a so-called regular problem (§7, c) the arc 23 of the curve ^ furnishes a 



§10] FiKST Variation 43 

Theorem:^ If the minimizing curve has a segment^ 23 in 
common, with the boundary of 38, then along this segment the 
following condition must he satisfied : 

Fy--^ F,r ^ , if 5R lies above 23 , (36a) 

(too 

Fy--^Fy.^O , if a lies below 23 . (36b) 

smaller value for the integral J than any other curve of class D' joining the two 
points 2 and 3, lying in a certain neighborhood of the arc 23 and satisfying the i-omli- 
tion A 2/ s , provided that the condition 

V dx y 
is fulfilled along the arc 23. 

The proof is based upon the construction of a " field " {see §8 19, 20, 21 ) of extrem- 
als each one of which is tangent to the curve s and lies entirely on one side of s. 

1 Of the properties specified above. 



CHAPTER II 

THE SECOND VARIATION 
§11. legendke's condition 

The integration of Euler's diiJerential equation and the 
subsequent determination of the constants of integration' 
yield in general a certain number^ of curves S as the only 
possible solutions of our problem; that is, if there exist at 
all curves which minimize the integral J, they must be con- 
tained among these curves. 

We have now to examine each one of these curves sepa- 
rately and to decide whether it actually furnishes a minimum 
or not. 

We confine ourselves in this investigation to curves which 
lie entirely in the interior of the region U and have no 
corners. 

a) Gciu'i-dlifics conceruiuji the second variation. 

We suppose then we have found an extremal 

(So: y=fi>{x), x^^x^x, (1) 

of class C which passes through the two points A and B, 
and which lies entirely in the interior of the region 5S. 

Th en we replace, as in § 4, the curve @o by a neighboring curve 

y — y -\-ui 

and apply to the increment AJ" Taylor's formula,' stopping, 

iBy the initial conditions (23), the corner conditions (32) and (33), and the 
boundary conditions. 

2 The number may be infinite (see Example III, p. 40) ; but it may also be impos- 
sible so to determine the constants as to satisfy the conditions imposed upon them ; 
this happens, for instance, in Example I for certain positions of the two given points ; 
see the references given on p. 28. 

3If _F is an analytic function, regular in the domain 3, expansion into an infinite 
series may be used instead. 

44 
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however, at the terms of the third order. If we put for 
brevity 

Pyy{->C,M^),fo{x))=P' 

Fyy{x,f,{x),fl{x)) = Q ■ (2) 

Fy.y.[x,f,{x),f^{x))=R 

and remember that Sj=0, since ©q is an extremal, we obtain 

^'^ = \£\P'^' + '^Q<^'-''+R'^")dx-^j^^\u>,<^'),dx , (3) 

(o), tB')3 being a homogeneous function of dimension three 

of CB, <o' . 

Considering again special variations of the type (o = erj and 
reasoning as in §4, we obtain 

^ "^ = "' H- Xr (^^' + ^Qvv'+ Rnl dx + (e)] , (4) 

where (e) is again an infinitesimal. 

Hence we infer the theorem: 

For a muiininm {inaximum) it is necessary that the 
second variation he positive (negative) or zero: 

SV^O (^0) (5) 

for all functions -q of class D' irliich vanish at Xq and x^. 
For according to the definition given in §4, c), 

8V = e' f ' (Prf + 2Qrjr,' + Rr,") dx (5a) 

The same result can also be obtained by the method of differ- 
entiation with respect to e, explained in §4, h); see p. 16, 
footnote 2. 

From our assumptions concerning the functions F{,ic , y , p) 
and fo{x) it follows' that the three functions P, Q, Ji are 
continuous in the interval (X(fCi). We suppose in the sequel 
that they are not all three identically zero in (xqXi). 

. 1 Compare J. I, No. 60, and P., No. 99. 



46 Calculus of Variations fChap. 11 

h) Legcndre's condition. 

For the discussion of the sign of the second variation, 
Legendee' uses the following artifice: He adds to the second 
variation the integral 



I {2ri-q'w-\-r]'w')dx , 






where ir is an arbitrary function of .r of class C" in (j^oTj). 
This integral is equal to zero;'' for it is equal to 






and r) vanishes at Xq and .rj. 

He thus obtains ^J in the form 

8V = r T' \{P + II-') rt+2{Q + iv) rir,' + -R'/"] dx . 

And now he determines the arbitrary function ic b}' the con- 
dition that the discriminant of the quadratic form in 77, t;' 
under the integral shall vanish, i. e., 

ig + uf-R(P + u-') = . (6) 

This reduces S'V to the form 

from which he infers that i? must not change sign in (.roirj) 
and that B-J has then always the same sign as i?. 

These conclusions are, however, open to objections. For, 
as Lageange^ had already remarked, Legendre's trans- 
formation tacitly presupposes that the differential equation 

iLegendre: "M6moire siir la manifere de distinguer les maxima des minima 
dans le calcul des variations," MSmoires de VAcad^mie des Sciences, 1786; in 
Stacker's translation in Ostwald's Klassilcer der exacieti Wissenschaften, No. 47. 
p. 59. 

2 This holds true also when ij has discontinuities of the kind which we have 
admitted (§3, c)) ; compare p. 12, footnote 5), and remember that tj and w are con- 
tinuous in {XfyA\). 

3 In 1797 ; see Oeuvres, Vol. IX, p. 303. 
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(6) lias an integral which is finite and continuous in the 
interval (jo-'i)) and that E does not vanish in {^(^i). 

Nevertheless, by a slight modification' of the reasoning, 
the first part of L/egendre's conclusion can be rigorously 
proved, /. c., the 

FuKDAMENTAL THEOREM II: For CI ■minimum (maximum) 
it is ncccssarij tliai 

R (oc) = i^„,„. (x , /„ (x) , n {x)) ^ (^ 0) in, (x„.r,) . (II) 

For, suppose .E (c) < for some value c in [x^Xi ) ; then we 
can assign a subinterval (fo?i) of {xific-^ for which the follow- 
ing two conditions are simultaneously fulfilled: 

1. R[x) < throughout (^o^i) ; 

2. There exists a particular integral w of (6) which is of 
class C" in (lo^i). 

For, since R{x) is coiitinuous in [x^-^ and i?(c)<0, we 
can determine a vicinitj- (r — 8, r -f ^) of c in which -R(^r) < 0. 
Hence it follows that if we write the differential equation (0) 
in the form 

the right-hand side, considered as a function of x and a\ is 
continuous and has a continuous partial derivative with 
respect to lo in the vicinity of the point x c, ir==i(\), Wq 
being an arbitrary initial value for tr. 

Hence there exists, according to Cauchy's existence 
theorem,^ an integral of (6) which takes for x = c the value 
tc>=WQ, and which is of class C" in a certain vicinity (c~8', 
c + 8') of c. The interval (|o?i) in question is the smaller 
of the two intervals (c — S, c + B) and (c — 8 ' , c + 8 ' ). 

This point being established, we choose for if a function 
which is identically zero outside of (fofi); and equal to 

1 The proof in the text follows Weiekstkass's exposition, Lectures, 1879. 

2 Compare p. 28, footnote i. 
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(.r — lo) (-C — li) in (lo^i). The function ?? thus defined fur- 
nishes an admissible variation of the curve @o> since it is of 

class D' in (.r(,i\), and vanishes 

^ .^ at j-Q and x^. 

* '■ '■ For this particular function 

FIG. 8 s;i r u 

V, o'J becomes 

To this integral Legendres transformation is applicable. 
Accordingly 



The function 17 'H — — 17 is certainly not identically zero 

throughout (^0^1) ; for it is different from zero for .r ^= ^q and 
■r = ^^. 

Hence if M {c) were negative, a variation of @o could be 
found for which 6^J"< 0, which is impossible if (Sq minimizes 
the integral J. Therefore i?(j")^0 in {jCffCi), Q. E. D. 

Leaving aside the exceptional case' in which i?(j) has 
zeros in the interval (j"(>ri), we assume in the sequel that for 
the extremal ®o ^^e condition 

i?>0 in {x„x,) (II') 

is fulfilled. 

A consequence of this assumption is that not only /q (./■ ) 

but also/o'(-^) is continuous in (iPoa:;i), as follows immediatelv 

from equation (20) at the end of §6. Hence we infer that 

not only the functions P, Q, R themselves but also their 

first derivatives are continuous in {oc^-^. 



Example^ I (see p. 27): F=-y 1 1 + i/^; hence 

1 An example of this exceptional case is considered by Eedmann, Zeitsch liftfilr 
Mathematik und Physik, Vol. XXIII (1878), p. 369, viz., 

ir = y'' cos^x and .i',, < !^ < .''i . 

2 All the square roots are to be taken positive, see p. 2, footnote 1. 
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I'll " ' -^ l/ir — :r~ 7-, ■ ^ lla 



-^0 



Further 

(i'„ : y = tt„ cosh 

hence 

P = , Q= tanh '^^^^ , i? = a„ /cosh^ ''^^ . 

Since we suppose Z/>0, it follows that o„>0 and therefore E>0 
for every .r. 

c) JdcohTs form of Leg end re's differciiflal ('<iiiafioii. 

We have novsr to examine the second part of Legendre 's 
conclusion, viz., that, if J? > throughout (ro^i), then S^Jg 
for all admissible functions ?;. 

The conclusion is correct, as follows immediately from 
the preceding developments, whenever there exists an in- 
tegral of the differential equation (6) which is finite and 
continuous' throughout {x^fc-^; it is wrong, as will be seen 
in §16, if no such integral exists. 

It is therefore necessary to enter into a discussion of the 
differential equation (6). For this purpose Jacobi^ reduces 
the differential equation (6) to a homogeneous linear differ- 
ential equation of the second order by the substitution^ 

w=-Q-R~ , (8) 



which transforms (6) into 

(I 
d.r 



{P-Q')u---(Ru')^0 . (9) 



We shall refer to this differential equation as Jdcohl's 
differential equation and shall denote its left-hand side 
by ^(h): 

1 Since i? + , the continuity of m) implies the continuity of w\ compare (6a). 

2 " Zur Theorie der Variations- Rechnung und der DifEerentialgleichungen," Jour- 
ntilfurMathematik,Yol. XVII (1837), p. 68; also Ostwald's Klassiker, etc., No. 47, p. ST. 

3 Notice that also the derivatives of Q, B exist and are continuous, as shown 
above. 
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If we write (1>) in the form 

d-ii R' du Q' — P Q . 

the coefficients are continuous in {x(fic\). Hence it follows, 
according to the general existence theorem' on linear dif- 
ferential equations, that every integral of (10) is con- 
tinuous and admits continuous first and second derivatives 
in (.Co-'))- 

Hence we can infer that if the condition: J?>0 //( ("CVi) 
is siifiHpc'il and if till' differential equation (9) has an 
integral u ichicli is different from zero tliroughoid {jCffjCi), 
then S-,/>0 for ever// admissible function -q not identically 
zero. 

For if u is such an integral, then (8) furnishes an inte- 
gral a- of (6) of class C in (iTo^j), and therefore B-J^O. In 
order to show that the equality sign must be excluded, we 
introduce u instead of u- in (7), and obtain 

^.fJ^hjL^jnr,,^, ,11) 

•^x^ u ' 

This shows that S-J" can be equal to zero only when 
T!]' n — T]u'=0 throughout (.ro./i), i. e., when t?^ Const, u, 
which is impossible since 77 vanishes at Xq and a-j, and u 
does not. 

If, on the contrary, every integral of (9) vanishes at least 
at one point of (.'o./!), Legendre's tranformation is not 
applicable to the whole interval. We shall see (in §16) 
that in this case B-J can, in general, be made negative. 

I Compare E. II A, p. 19i, and Picaed, TraiU d' Analyse, Vol. Ill, pp. 91, 92. If 
F and conseiiuently also P, Q, R are analytic functions, the existence theorems 
(or analytic differential equations may be used instead. For linear differential 
equations in particular, see Schlesingee, Handbuch der Theorie der linearen Differ- 
entialgleichnngen. Vol. I, p. 21. 
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i^l2. JACOBI'S TRANSFORMATION OP THE SECOND VARIATION 

The proof of the statement made at the end of the pre- 
ceding section is based upon a second transformation of 
S-,/ due to Jacobi.' 

") Let (^oli) be either the interval (.ro-r, ) itself or a sub- 
interval of (.roa'i). a"d. let v be identically zero outside of 
(^ofi). and in (^ofi) equal to some function of class C" which 
vanishes at ^q and ^j. 

Then if we denote by 211 the quadratic form of ?;, t?' : 

2Q = Pr,''+2Qr,ri' + Rr,'\ 

and apply Euler"s theorem on homogeneous functions, we 
mav write S-J in the form 






V •'?" \ "t; ' Or) I 

The second term can be integrated by parts since ??" is con- 
tinuous, and we obtain 

-=-i[4"]::+.C'(^"-^??)"' 

1 Journal fill- Malhematik, Vol. XVII (1837), p. lis. Jacobi derives (8) as well as 
the iutegratiou of (10) from the remark that i'^J = S (SJ), hence 



lV=€ - [vSF . I ' + j vSMdx [ 
L ■'Ja-,, .'.,■„ 



( L. -lj-|, . ..■„ ) 

whore 

But 

«J/=*(6(/1 = e*(^) . 

Jacob i's paper, which is not confined to the simple case which we are here 
considering, but which also treats the case in which the function F contains higher 
derivatives of y of any order, marks a turning point in the history of the Calculus of 
Variations. It gives, however, onJy very short indications concerning the proofs: 
the details of the proofs have been supplied in a series of articles by Deladnay, 
Spitzer, Hesse and others (see the list given by Pascal, loc, cit., p. 63). Among 
these commentaries on Jacobi's paper, the most complete is that by Hesse 
(Journal filr Mathematik, Vol. LIV (1837), p. 2.")5), whose presentation we follow in 
this section. 

Jacobi's results have been extended to the most general problem involving 
simple definite integrals by Clebsch and A. Mayer (see the references given in 
Pasc.vl, loc. cit., pp. 64, 65, and C. Jordan, C<iurs d'Analj/se, Vol. Ill, Nos. 373-94). 
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But 7] vanishes at fo ^^^^ ?ii ^^d. 

an d da ,„ ^, f/ .„ , 

Hence we obtain Jacobi's crpressioii for the second 
roriation: 



?J = c I r)^{ri)(lr , 



S'J = C I r,^iri}(I.r , (12) 

which leads at once to the following result: 

// iltere exists an integral ». of tlie differential eqnatioii. 
{!)) which vanisJies at tico points fo f""^ ^i of (xty-ri), n'e can 
niake^ S^J^^O, viz., by choosing 

( a in (4^,) , 

{ outside of (44) • 

b) In the sequel we shall need an e.rtension of form nJ a 
{12) to the ease when r) is of class D" . Let Ci, r,, • • •, c,, be 
the points of discontinuity of 77' or rj" . Then the integral 
for S^J" must be broken up into a sum of integrals from fg to 
Ci, from Cx to Co, etc., before the integration by parts is 
applied. Hence we obtain in this case 

'■•'=-'ii;['??I+r'*'""-i 

ao 

or, if we substitute for ^— ^ its value and remember that n. 

Or; ' 

Q, R are continuous at Cj, co, • , r,, : 



+ f\^(r,)dA . (12a) 



SV = €-• j 2^ -n (c.) i?(c.) \ri'{c,.- 0) - ,'(c.+ ())] 

c) From (12) a second proofs of {11) can be derived; this 
proof is based upon the following property of the differen- 

1 It will be seen later on that it follows from this result that, in general, there can 
be no extremum in this case, see §§14 and 16. 

2Due to Jacobi, see the references on p. 51, footnote 1, in particular to Hesse, 
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tial operator '"I'': If u and r are any two functions of class 
C", then 

» * (y) - r * (» ) = - '- ; -R ("I- ' - " ' r) • (13) 

Hence if u satisfies the differential equation 

we get 

«*((■) = '--R{hv' — u'v) , 

(/.(■ 

and if we put 

I- =p(( , 

p being any function of class C" , and multiply by p, we 
obtain 

{pu)'i!{pu) = ~p^^^{Rp'a-) 

^-^1 tRljp'tr}+R{p'<,f. (14) 

But since 

Pr' + 2Qrr-+ Re" = v * {v) + ^ c [Qr + Rv') 

we obtain from (14): 

.d{pu) , „/d(j'")V 

= R{p'uf + ^-^^{p'n{<^u+Ru')) . (ir.) 

Now suppose luorcorrr that ii is different from zero 
fhroinjhoiif (^oli)- Then we may substitute in (15) for the 
arbitrary function p the quotient 

V . 

and since v vanishes at ?„ auc^ fi' ^l^o P ^"^^ ''^^^^^ ^^ 
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^0 and ^1, Hence, on integrating (15) between the limits 
^0 and ^1, and substituting for j) its value, we obtain^ 

:^/' W^i^d. . (Ua) 






§13. JACOBl's THEOEEM 

By the developments of the last two sections, the decision 
regarding the sign of the second variation is reduced to 
the discussion of Jacobi's differential equation (9). It is 
therefore a theorem of fundamental importance, discovered 
by Jacobi^ in 1837, that the general solution of the differ, 
ential equation '^{n)=0 can be obtained by mere processes 
of differentiation, as soon as the general solution of Euler's 
differential equation is known. 

a) Assumptions" concerning iJie (jcncral solution f(.i\ a, /3) 
of Elder's dijfcrcidial equation: 

We suppose for this investigation that the extremal ©q is 
derived from the general solution by giving the constants 
a, /S the special values a^, /3q, so that 

fiiU) —fi-r, "o, /3u) ■ 

Further, we suppose that the function /(x, a, y8), its first 

1 Xotice that in the present proof we have to suppose ij to be of class C" in (J„f ,). 
It can, however, be easily proved that the result is true also for functions i) of class 
C and even D\ in accordance with the results of §11, c). This follows from the fact 
that p" does not occur in the identity (15) and that p^uiQu + Bu') is continuous even 
at the points of discontinuity of tj' or tj". 

2 See the reference on p. 51, footnote. 

3If the interval {Xf{c{) is sufficiently small, these assumptions are a conse- 
quence of our previous assumptions concerning the function JP (p. 12) , the 
extremal % (p. 14) and the function B (p. 48). This follows from the theorems con- 
cerning the dependence of the general solution of a system of differential equations 
upon the constants of integration ; compare Painlev^ in E. II A, pp. 19.5 and 200, 
and the references there given to Pic.ved, Bendixson, Peano, Nicoletti, and 
V. EscHEEICH ; also Nicoletti, Attl deUa R. Ace. dei Lincei Bendiconti, 1895, p. 816. 

For the case when F is an analytic function, compare E. II A, p. 202, and 
Kneser, Lehrbu'jh, §27. 

For certain special investigations concerning the "conjugate points," the addi- 
tional assumption is necessary that also/aa,/„j3,/|3j3 exist and are continuous in A; 
compare p. 59, footnote 1, and p. 62, footnote 4. 
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partial derivatives and the cross-derivatives f\^, f^^ are con- 
tinuous, and that /^;c exists in a certain domain 

A: A'o^x^A'i , |a — a„|^f/', |y8 — (8„|^(/, 

where A''o< :t'o, X^i>,i\ and d is a positive quantity. 

From these assumptions, together with our previous 
assumptions concerning the function F, the assumption that 
G'o lies in the interior of the region il and the assumption 
that i2(.r)>0 in (.'Vy/'i) it follows: 

1. That^ also the partial derivatives /„.,/^5 exist, are con- 
tinuous and equal to f^.^, f,.^ respectively, throughout A; 

2. That if we replace in the first and second partial deriva- 
tives of F the arguments //, ij' by /(.r, a, /8), /,.(.(•. a, ^), 
these partial derivatives are changed into functions of ,-■, a, /3 
which are continuous and have continuous first partial deriva- 
tives with respect to a and ^ ; 

3. That' 

i7-„.„,(,r,/(.r, a, /3), A(a', ., /?))>0 , (16) 

the last two statements being true throughout the domain 
A provided that the quantity d and the differ- 
ences Xq — Xq, A'l — .ri be taken sufficiently small: 
i. The quantities </, d"o — ^o^ X^ — Xi being so selected. 
it follows further from equation (20) in §6 that also the 
partial derivatives /,.,,, /,.,., /.^^ exist and are continuous 

in A. 

J)) The general integral of Jacob Ts differential equa- 
tion. (9) can now be obtained according to Jacobi (loc. cit.) 

as follows : 

If we substitute in Euler's difPerential equation for y 
the general integral f{.r, a. ^) we obtain 

1 Compare E. II A, p. 73, and Stolz, GrundzUge dcr Differential- ^md TnternaU 
rechnung, Vol. I, p. 150. 

2 Since E(x) has a positive minimum value in CVi) and J'j,,„. (x,/(,i-, -, «, 
f (.^•,a,^•|) is uniformly continuous in A. 
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F„(x,fU-,a,l3),fJx,a,ft)) 

-~F^.[x,f{x,a,p),M.r,a,l3)) = , 

an identity which is satisfied for all values of j-, a, /3 in the 
domain A and which may therefore be differentiated with 
respect to a or /3. On account of the preceding assumptions, 
the order of differentiation with respect to x and a (or /3) 
may be reversed' and we obtain 






(17) 



where the accents denote again differentiation with respect 
to ,r. 

If we give in (17) to a, /3 the particular values a:=ttQ, 
/3 = /3o and remember the definition oi P, Q, B in ^11 
equation (2), we obtain 

Jacobi's Theorem: If 

ij^f{x,a, /3) 

/.s tlic (jeneral solution of JEuler''s differential equation, then 
the (liffcj-ential equation 

^{n) = {P-Q')u-^^{Ru') = Q 

admits the two j^articiilar integrals 
ri=fa{x,a„, p„) 
r2=fy{-x-, ao, /?„) . 

Corollarij:'' TJie tico particular integrals 7\ and r-, are, 
ill general, linearly ijidependent. 

For, in order that r^ and r, may be linearly independent, 

iFrom the existence and continuity of ^ (Fyyfa.^) and ^F^^y follows the 
existence and continuity of f^^^ on account of (16) . 
3 See Pascal, /oc. ceJ., p. 75. 
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it is necessary and sufficient that their "Wronskian deter- 
minant"' 

7)(,.,= "(-'-^ ''^ '■'■'! 

be not identically zero. 

On the other hand, since /(.;■, a, /3) is supposed t(, Ije the 
general solution of Euler's differential equation, it must 
be possible so to determine a and /3 that // and // take 
arbitrarily prescribed values ij., and y^ for a given non- 
singular value of .r , say :r-> . 

The two functions /(a-2, a, ^) and /,,{.,-., a, ^Sj of a, /3 must 
therefore be independent, and consequently' their Jacobian 



9 a/. 



fa U 

La u 



cannot be identically zero for all values of a, /S. But for 
"" ag, ^ = ^Q, this Jacobian is identical with the determi- 
nant D{.r), since /<«=/,.„, /^.^ =/,p , and therefore r, and r. 
are linearly independent, except, possibly, for singular sys- 
tems of values a^, ^„, /. ,-., for singular positions of the two 
given points A and B. 

We exclude in the sequel such exceptional cases and 
assume that 1\ and Vo are linearly independent. Then the 
geiicml integral of JacobPs differential equation is 

u = C,r, + C\r, , (19) 

Ci, C'-2 being two arbitrary constants. 

§14. JACOBI'S CRITEEION 

By Jacobi's theorem the further discussion of the sign 
of B'J is reduced to the question : Under what conditions is 
it possible so to determine the two constants Ci, Co that the 
function n = CiV^ + Cor-, shall not vanish in (JVi) ? 

1 Compare E. II A, p. 261, and J. Ill, No. 122. 

2 Compare P., No. 122, IV and J. I, No. 94. 



ns Calculus of Variations [Chap. II 

In order to answer this question, we construct the expres- 
sion ' 

A (.(• , .»•„) = j-i (a') r, {.(■„) - r, (x) 1\ (.<■„) ; ( 20) 

it is a particular integral of (9) and vanishes for x = Xq ; if 
it vanishes at all for values of x > xq, let Xq be the zero next* 
greater than a"o, so that 

A (xo , x„) ~0 , 

A (x , J'o) =1= for ,r„ < x < x^ , (21) 

A (.*■„', ^•„) = 

Then it follows from a well-known theoreua on homogene- 
ous linear differential equations of the second order due to 
Stuem" that every integral of ('.*) independent of A (x . .ro) 
vanishes at one and but one point between .r'o and Xq . 

We have now to distinguish two cases : 
Ciise I: Xq^.i-^. 

Then every integral of ('.)) vanishes at some point of {Xfyr^) 
and we obtain according to §12, a) the 

Theorem: I/xq^Xi, if is possible to make S''J'=0 hij a 
proper choice of ihe function -q. 

1 Compare Hesse, loc. cif., p. 258, and A. Mayek, Journal fiir Mafhemadk. Vol. 
LXIX (1868), p. -ira. 

2 " If Up tig ^^^ ^'^^ linearly independent integrals of 

d^u , du 

where p and q are functions of j, then between two consecutive zeros of u^ there is 
contained one and but one zero of ia.2 , provided that these zeros are comprised in an 
interval in which p and q are continuous." See Stuem, " M6moire sur les Equations 
diiI6rentielles du second ordre" {Journal de Liouville^ Vol. I (1836), p. 131); also 
Stuhm, Cours d' Analyse, 12th ed., Vol. II, No. 609. The theorem follows easily from 
the well-known formula 

du, CIU^_ fp^. y.^ 

^'^ dx "^dx"^*" ' ^^-' 

where C is a constant ^ . From the same formula it follows that Uj and u^ cannot 

vanish at the same point, and that u^ and -t— cannot vanish at the same point. 

Compare also Daeboux, Th&orie des Surfaces, Vol. Ill, No. 628, and Bochek, 
Transactions of the American Mathematical Society, Vol. II (1901), pp. 150, 428. 

It seems that Weierstrass was the first who used Sturm's theorem in this 
connection. Hesse (loc. cit., p. 257) reaches the same results in a less elegant way 
by making use of the relation (22). 

3 Compare Addenda at end of book. 
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For instance, by taking ^ == A (,r, Xo) in (.■,.„') and identi- 
cally zero in (.Co'''i)- 

^ ^ence Jacobi inferred that an extremum is impossible if 
.rj < Xi ; for, Sj and B-J being zero, the sign of A./ depends 
upon tlie sign of 8V which can be made negative as well as 
positive by choosing the sign of e properly. This conclusion 
is, however, legitimate only after it has been ascertained" 
that the particular variation which causes B-J to vanish does 
not at the same time make B^J= . 
Case II: .ro>.r\ or else x^ iioii-r.n'yttenf. 
In this case the particular integral 

A(.r, .r,) = r,(,r)r,(.r,)-r,(,r)r,(,r,) 

of (9) is linearly independent of A(,r, ,ro) since A{xo, .To) = 0, 
whereas 

Hence it follows from Sturm's theorem that A (x, .r,)=|=0 
for Xo^x<ixi, and therefore also (on account of the con- 
tinuity of A(j', j'l) ) for Xo~B^x<:xi, B being a sufficiently 
small positive quantity. Now choose .r" between xq~ B and 
Xo and so near to Xq that' X()<:x°<Xq. Then we can apply 
Sturm's theorem to the two particular integrals A (.c, .rj) 
and A [x , x") = r^ (x) r-, {x°) 
— ''-'W i'i{x'^) and obtain 
the result that ^""^ ■. '\ \ 

ifj-.j-,) A(ic,r') A(j:,j-J 

A (x, x") ^0 in {x„x,} . pjg 9 

iThe value of 6' J for this particular function tj has been computed by Ekdmanx 
{.ZeiUchrift fUr Uathematik und Pliysik, Vol. X.XII (1877), p. 327). He finds, in the 
notation of g 1j 

dV=-e^i;'(.r„-)'^^(-i\,', yo)*T,yU-o'- v„) ; (23) 

iJ(.r„')andi^Y('''o 'Vo) are always different from zero ; and (^^^ (.r,,', 7,1) is also different 
from zero except when the envelope of the set (28) has a cusp at .4' or (ieffonurates 
into a point. With the exception of these two cases then, Jacobi's result is correct. 
Compare also §16. 

-See §13, a). On account of (16), R{.r)'>0 and, therefore, )-,(.r) and I'jix) are 
continuous not only in (.ivi'i I but also in the larger interval ( A'uA'i). 



GO Calculus of Variations [Chap. II 

We obtain, therefore, according to §11 c), the 

Theorem: If B^O throughout {X(fiCi), and either Xi<.x'q 
or j'o non-existent, then B^J is positive for all admissible 
functions rj. 

Hence Jacobi inferred that in this case a minimum 
actually exists, and this was generally believed until Weiek- 
STEASS showed the fallacy of the conclusion (1879) (see §17). 

The above two theorems constitute " Jacobi's Ckitbeion." 
The value Xq is called the conjugate of the value Xqs and the 
point A' of the extremal @o whose abscissa is Xq, the con- 
jugate of the 2)oint A whose abscissa is Tq. 

§15. GEOMETEICAL INTEEPEETATION OF THE CONJUGATE 

POINTS 

Jacobi' has given a very elegant geometrical interpreta- 
tion of the conjugate points, which is based upon the con- 
sideration of the set of extremals through the point A. 

a) This set is defined by the two equations 

y=f(x,^,l3) , (24) 

y«=f{Xo, a, /3) . (25) 

The second equation is satisfied by a = aQ, /3 = y8g; and 
at least one of the two partial derivatives 

fa {xa,-M„ A) = ri (Xo) and /^ (a^o , "o , A) = ^2 (^o) 

is =1= since r^ {x) and r^ {x) are two independent integrals of 
(9) and R[x^^Q (see p. 58, footnote 2). According to the 
theorem^ on implicit functions we can therefore solve (25) 
either with respect to a or with respect to /3. But we 
obtain a more symmetrical result if we express a and /8 in 
terms of a third parameter 7. 
If we choose, for instance, 

Jioc. cit.y and Vorlesungen iiber Dynamik, p. 46; also Hesse, loc. cit., p. 258. 
2 Compare p. 35, footnote 2. 
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and denote by 7o the vahie 

Vo = /.r(-*'o , o-a , /3o) , 

we can solve' the two equations (25) and (26) witli respeet 
to a and /3, and obtain a unique solution 

a = a(y), ^ = P (y) , 

which is continuous in the vicinity of the point 7 = 7,, and 
satisfies the condition 

Moreover the functions a (7), ^{y) admit, in the vicinity of 
of 7o, continuous first derivatives. 
Hence it follows that if we put 

/(.V,a(y),;8(y))=<^(,r.y) , 

the function (f>{.v, 7), its first partial derivatives and the 
derivatives" <^,.^., 4'.vy ^^^^ be continuous in the domain 

A'„ 5 .>■ ^ A", , I 7 — 7o I ^ '^h ■ 

(Ji being a sufiiciently small positive quantity. Further- 
more, the equation 

lj„ — ^(.v,:,y) (27) 

is satisfied for all sufficiently small values of [7 — 70 | . 
The equation 

u^ <!>(■'•, y) C^^) 

represents, therefore, the set of extremals through A in a 
certain vicinity of the extremal (S;,, the latter itself being 
represented by 

(5-„: y = 4,t.c.y,) (2i)) 

Bv differentiation with respect to 7 we get 

1 All the conditions of the theorem on implicit functions are fulfilled at the 
point a = (i„, /3 = (3d, v = vo. In particular, the Jacobian of the two functions 

its value being I>(..-„1 = i-,{a-o) I'j' (.lo) - ro (.r„) ;■,■ (.r„), which is different from zero, 
since r, , r^ are linearly independent and .V;, is a non-singular point of the differential 
equation (9). 

-' Also <t>yy will be continuous if /„» . fa§ > ffia. »'<^ continuous in A. 
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't>yi-f, y) ^fa{jc, a, /3);^,+/^Cf, «, ^); 



and therefore, on putting 7^7o, 

_ — fa (a^o) n (a^) + r, (xq) r^ (x) 
<Py{->,y«) r,(Xo)r^{xo}-r,{x,)r;{Xo) ' 

The functions (fiyi-^'r 7o) ^md A(,r, a"o) differ, therefore, only 
by a constant factor:' 

^y U-, y„) = CA (J', X,) , C + (30) 

and consequently the conjugate raJne Xq may also be 
dcjiiied" as the root next greater than x^of tlte equation 

<^,(x,7,;) = 0. (30a) 

From (30) and the properties" of A(,t, x^) it follows further 
that 

<^y. (■'■» , 7o) + ct>y, (,r„' , y„) =^0 (31) 

?)) According to the preceding results, the co-ordinates 
Xq, Hq of the conjugate point A' satisfy the two equations 
^ {x^ , 2/o' , y„) = <^ {x,' , yo) — 2/o' = , 
*v ( ■'■« , >Ji', Vo) = <^v {x,' , yo) = , 

and the determinant 

is different from zero for x^^Xq, y = yo, 7 = 7oi its value 
being 4'yx{-'''Q^ 7o)- Hence we obtain, according to the theory 
of envelopes,'' the following geometrical interpretation: 

1 The same results ooucerning (a; , 7) hold if, instead of the particular parame- 
tor y chosen above, we introduce another parameter y' connected with v by a relation 
of the form 

7 = x(t') , 

where x(y) and its first derivative are continuous in the vicinity of vq , andx'(To)+0, 

2 Compare Eedmann, Zeitschrift fUr Mathematik und Physik, Vol. XXII (1877) , 
p. 323. 

3 Compare p. 58, footnote 2. 

■•Compare E. Ill D, p. 47. The proof presupposes the continuity of 
*a;i*i;'*v'*Yx' *Yi/' *YY '° *'''' vicinity of the point a- = .r'^, 1/ = ?/■(,, 7 = 7,). These 
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Consider the extremal 

and a neighboring extremal of the set (28) : 
G": U = <t>Cr,yo + k) . 

Then if |/.| be chosen safEciently small, the curve (S will 
meet @o at one and but one point P in the vicinity' oi A'. 
And as /,■ approaches zero, the 
point P approaches A' as lim- 
iting position. Hence we have 
the 

TJteorem : The conjugate A' 
of tlie -point A is the point wttere * 
tl((' crtrciiial Qq lueets for the 
frst time the enrelopje of tJie set of extremals throi((/]t A. 

d) Example IV: F=g{y'), a function of y' alone. 

The extremals are straight Hues ; the set of extremals (28) is the 
pencil of straight lines through A ; hence there exists no conjugate 
point. 

The same result follows analytically: The general solution of 
Euler's equation is 

y = ax + ^ , 
hence 

;•, = .r , r, = 1 , 




FIG. 10 



conditions are satisfied in our case provided that x^' lies in the interval (X(|X,), 
and provided that wc suppose that not only the derivatives mentioned on p. 55, but 
also faa t faS i /ss ^''^ continuous in A (compare p. 54, footnote 3). 

1 This means : If we choose a positive quantity S arbitrarily but sufficiently 
small, and denote by J/, and jl/j the points of (Sq whose abscissae are .)„ - S and 
.(■ +S then another positive quantity o- can be determined such that every extremal 
(i^ for which I A- 1< <r meets Sq at one and but one point P between M^ and M2 . 
Compare p. 33, footnote 2. 

If, on the contrary, .c.^ be any value in the interval (A'„.\',) for which 

then two positive quantities 8' and ff'can be determined such that no extremal E for 
which I A- |<<r' meets So between the points whose abscissae are j-j - S' and Xj + S'. 
For in this case the difference 

<(« (.1-2 + '» . Vo + ^) - * (-''2 + '' ' '>'o' = '^ *? ^-''z + '' ' ■>'o + '^"^ ' 
where < 9 < 1 is different from zero for all sufficiently small values of 1 M and | k I 
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and 



A(.x, oco) =x — oc„ 



ExAMPT.E I (seep. 27): From the general solution of Euler's 
equation 

y = a cosh 

we get 

A (x, ,»■„) =: sinh c cosh r„ — sinh v„ cosh r + iv — i\^ sinh. t; sinh Vo , 
where ^ _ ^„ *■„ - ^, 

Hence we obtain (if v^ =|= 0) for the determination of xi the tran- 
scendental equation 

coth f — I' = coth I'o — I'o . (32) 

Since the function coth r — v decreases from + oo to — oo as v 
increases from -co to , and from + oo to — oo as t? increases from 
to + 00 , the equation (32) has, besides the trivial solution v = Vo , 
one other solution r„' , and Vo and f,,' have opposite signs. 

Hence if i'„ > , /. e., if A lies on the ascending branch of the 
catenary, there exists no conjugate point : A(x, Xo) =|= for every 
a- > Xo . The same result follows for t'o = . 

If, on the contrary, v^ < , /. e., if A lies on the descending 
branch of the catenary, there always exists a conjugate point A ' 
situated on the ascending branch. It can be determined geomet- 
rically by the following property, discovered by Lindelof:^ The 
tangents to the catenary at A and at A' meet on the x-axis. 

For the abscissae of the points of intersection of these two 

tangents with the cc-axis are 

: .ro — tto coth — , 



= Xu — a„ coth 




and they are equal on account 
of (32). 



iLindelOf-Moigno, loc. cit., p. 209, and LindelOf, Mathematische Annalen, 
Vol. 11 (1870), p. 160. Compare also the references given on p. 28, footnote 1. 
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§H>- NECESSITY OF JACOBl's CONDITION 

It has already been pointed out that the two theorems 
of §14 whirh constitute Jacobi's Criterion, though giving 
important information concerning the sign of the second 
variation, contain neither a necessary nor a sufficient condi- 
tion for a minimum or maximum. 

But at least a necessary condition can be derived from 
the first of the two theorems by a slight modification of the 
reasoning: If irj < .rj, then B'J can be made not only zero 
but even negative. 

This was first proved by Weieesteass in his lectures : 
the first published proof is due to Eedmann.' The fol- 
lowing is essentially Erdmann's proof : 

1 Zeitschrift fUr Muthematik und Phyaik, Vol. XSIII (187S) , p. 367. Scheeffee's 
proof {ilatheiiiatische Amialen, Vol. XXV (1885), p. 51.S), is not e.sseutially different 
from Erdmann's. 

Weierstrass writes the second variation in the form 



6V = e- 



■] I [(P + k)ri-i + -ZQ,,ri+Rr^]dx-k lW., 



k being a small positive constant, and applies to the first integral Jacob i 
formation : 



J'..r, _ ^x 

X., Jx,, 



'=r 



i'j = e--] I r,-Hr,)d.f-k ] n^dx 

/x„ 

where _ " tl 

•i'M = {(.P + k)-Q)ri--^^(Eri') . 

Then he shows that there exist admissible functions tj which satisfy the differ- 
ential equation * (ij) = . For such a function tj , 6 J is evidently negative. 
H. A. SCHWARZ (Lectures, 1898-99) uses the following function >| : 
^U-,Xfi) + ku> in C-i-ii-i'o') > 
km in {Xq'x^) , 

where A- is a small constant and u) is a function of class C which vanishes at x„ and j-, 
but not at x„'. The corresponding value of 4^ J is of the form : 

S^J = .-' { ■IkBiXol A(.ro' , ..•„) a, (.r„'1 -I- k- r ] , 

which can be made negative by a proper choice of k. (Compare Sommerfeld, 
Jahresbericht der Deutschen Mathemaiiker-Vertinigung, Vol. VIII (19(XI), p. 189.) 

All these proofs presuppose .i-o'<-''i : f""" ^^^ case .io'=.i-, , so far as it is not cov- 
ered by Erdmann's formula (23) for 6^ J, compare KNESEK,J/a»iema«sc7ie.iiiin/;oi, 
Vol. L (1897), p. 50, and Osgood, Transactions of the American ilathematical Societti, 
Vol. II (1901), p. 166. This case will be treated in purameter-representatiou in 
chap. V, §38. 
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Take .r-i so that 

x„' < a-2 < .r, and A (a'a , ar„) ={= , 
and put 

tt = A (a- , J"„) , 

I- =p^{x, x/) , 

where /o = + 1 or — 1 ; ii and i' are particular integrals of 

(9j and linearly independent; hence the relation (22) holds 

and takes the following form for the differential equation (9) : 

Ii(,ir'-ii,'v)=K , (33) 

K being a constant different from zero. 

We choose p so that ^>0 ; this is always possible, for, 
if /• is replaced by — v, K is changed into — K. 

Fxirther, since also ii and u — v are linearly independent, 
it follows from Sturm's theorem (see p. 58, footnote 2) that 
II — r vanishes for one value of x, say a-^r, between a^oand 
j'u' ; hence 

u{c) = r(c) . 

Now define t? as follows: 

r u in (.r„ c ) , 

r/ = r in (c iTj ) , 

FI6. 12 ^ I in (a-;.r, ) . 

This function -q fulfils the conditions under which the 
formula (12a) for S-J holds, and since ■*'(77)=0 for each of 
the three segments, formula (12a) becomes: 

^J=^R{uu'-vv')W 

which iwny be written, since ii{c) = v{c): 

S'J= - ,'R {uv' - ii'v) \°=- c'K , 

and this is negative according to our agreements concerning 
the sign of r. 

Thus we have proved the 

Fundamental Theorem III: The third necessary con- 
dition for a miiutninn (maximum) is that 
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A(.i',.r„)=^0 (HI) 

for (ill ralucfi of r in the open iiifcrral j„<.c<.rj . 

Corolla rij: The same condition may also be written 

■'i^ ■'■(') or else .(„' uou-existent , (III) 

/. ('., '// the viid-poinf B lies hcijoii<l the roiijiigatc point A' . 
there is iio minniium or iii(i.ri)nu)ii. 

We shall refer to this condition as Jacobi's condition. 



CHAPTEK III 
SUFFICIENT CONDITIONS 

§17. SUFFICIENT CONDITIONS FOE A "WEAK MINIMUM"' 

We suppose henceforth that for our extremal @o the 

conditions 

J? > (II') 

A (x, iCo) =1= for .r,, < .r ^ j"i ^ (HI') 

are fulfilled, and we ask: Are these conditions sufficient 
for a minimumf 

a) It seems so, and until rather recently it was gener- 
ally believed to be so: For the reasoning of §11 shows that 
after an admissible function 77 has been chosen, AJ" will be 
positive for all sufficiently small values of | e | ; hence within 
the set of curves with parameter e: 

'y = y + ^v (1) 

the curve @o does furnish a minimum. On the other hand, 
every curve 6 may be considered as an individual of such a 
set, and therefore it seems as if we must actually have a 
minimum. 

But a closer analysis shows that the conclusion is 
wrong. For all we have proved so far is this: After a 
function 7/ has been selected we can assign a positive 
quantity^ p,, such that A,/>0 for every |€|<jO^. And if 

1 Compare for this section Scheeffee, " Ueber die Bedeutung der Begriffe 
Maximum und Minimum in der Variationsrechnung," Mathematisclie Annalen, Vol. 
XXVI (1886), p. 197. Tiiis paper has been of the greatest importance in clearing up 
the fundamental conceptions in the Calculus of Variations. 

2 Notice the equality sign which distinguishes (III') from (III); for the ca.-o 
a'l = Xq', which we omit here, compare the references on p. 6a, footnote. 

3 The notation p^ indicates that p depends on the function ij; compare E. H. 
Moore, Transactions of the Amei-ican Mathematical Society^ \o\. I (1S(X>) p. 500. 
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we denote by m^ the maximum of * ?? | in {-r^yr^) and put 

! ^.'/ 1 < b, 

for all curves of the set (1) for which | e | < /)^ ; and rice 
versa, if we draw in the neighborhood (k^) of @o ^t-^J curve of 
this particular set, the corresponding e satisfies the inequality 
e I < p^ and therefore AJ"> 0. 

Now consider the totality of all admissible functions rj : 
the corresponding set of values /.•, has a lower limit Icq^ 0. 
If it could be proved that Aq > , then we could infer that 
AJ> for every admissible variation y for which | A^/ 1 < k^, 
and we would actually have a minimum. But it cannot be 
proved that ko > and therefore we cannot infer that ©q 
minimizes J. 

It is even a priori clear that the method which we 
have followed so far can never lead to a proof of 
the sufficiency' of this or any other set of con- 
ditions.' 

For, if we apply Taylor's expansion (either infinite or 
with the remainder term) to the difference 

\F = F{x, y + ^y, y'+ ^y') - F{x, y, y') 

and integrate, we can only draw conclusions concernig the 
sign of A J" from the sign of the first terms, if not only \ A.y | 
hilt also I At/' I remains sufficiently small, or geometrically: 
if for corresponding points of ©o and 1 not only the distance 
but also the difference of the directions of the tangents is 
sufficiently small. 

h) If there exists a positive quantity k such that A J ^ 
for all admissible variations for which 

\Ay\<k and \Ay'\<k , 

Knesee {Lehrhuch, §17) says that the curve @o furnishes a 
'^ Weak Minimum,'''' from which he distinguishes the mini- 

1 First emphasized by Weiersteass. 
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mum as we have defined' it according to Weieesteass, as 
"' Strong Miiiimiini." If a curve furnishes a strong minimum, 
it always furnishes a fortiori also a weak minimum, but not 
rice rcri^a. 

If we adopt temporarily this terminology, we can enun- 
ciate the following 

Theorem: An c.rtrciiial &ofor irJiicli tJie cowJitions 

R>0 (II') 

A {x , .(•„) =^ for .<■„ < X ^ .I'l (III') 

are fulfilled, furnishes at least a '' weaf' minimum" for tlie 
integral J. 

The first proof of this theorem was given by Weieesteass 
{Lectures, 1879), the first published proof by Scheeffee 
(loc. cit., 1886). The following proof is due to Knesee:' 

We return to eqiiation (3) of §11 which we write in the 
form: 

AJ = ^ C' {Pw^ + 2 Qo>o>' + R<o'') dx + J, C' (io)^ + Nm'-') dx , 

where (m = A?/, and L, X are infinitesimals in the following 
sense: corresponding to every positive quantity o- another 
positive quantity p^ can be assigned such that: 

\L\<(T , UV I < o- ill (.r,,r,) , 

provided that 

[<oi<p^ and |(.)'|<p, in (.r„.r,) . 

By Legend re's transformation,'' the first integral may 
be thrown into the form : 



*.C['^(-'+^"y+(-+'.--^^')-] 



(/.(■ 



1 Compare §3, b). 

' Jahresbericht der Deutschen Mathematilrer-Vereinigunfj, Vol. VI (1899) p. 95. 
The theorem can also be proved by means ol: Weierstr ass's Theorem (§20) ; com- 
pare Knesee, Lehrbuch, §§20-22. 

3 Compare §11, 6). 
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Siiu'e tlie conditions fll') and (III') are fulfilled, there 
exist' solutions of the differential equation 

da- R ' 

which are of class C in (,ro.ri) ; hence it follows' that, pro- 
vided the constant c be taken sufficiently small, there also 
exist integrals of the differential equation 

which are of class C in (.r,^ri); let w be such an integral, and 

introduce 

. , I Q + ir 
"^ R — *" 

instead of a' . Then A J" takes the form 

^J = -} £' [{c' + A) o,^ + 2/..«t + (i? + v) r] rf.r , 

where X, n, v are infinitesimals in the same sense as L and 
A'. But this may be written 

and since X, fi, v are infinitesimals, we can choose a positive 
quantity />■ so that Ii-\-v>0 and c- [-X — tJ?/{R H- i') > in 
(.roJ^i), and consequently A,7> 0, provided that ' <» | < />• and 
|a)'l<A-, Q. E. D. 

RoiKirk: We have given this theorem chiefly for its 
historical interest: It marks the farthest point which the 
Calculus of Variations had reached before "Weieesteass's 

• This follows from the connection between Leuendre's and Jacobi's differential 
equations; see equation (8) in §11, 6). 

2 According to a theorem due to PoiNCAEfi [Mfcanique I'flcste, Vol. I, p. "jS; 
compare also E. 11 A, p. 205, and Picakd, Traite, etc., Vol. Ill, p. 1.57). A similar 
theorem was given by Weieestrass in his lecture-; in connection with his proof of 
the necessity of Jacobi's condition, see p. 6.5, footnote. 
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epoch-making discoveries concerning the sufficient condi- 
tions for a "strong minimum." 

After these discoveries, only a secondarj' importance 
attaches itself to the ''weak minimum;" for the restriction 
imposed upon' the derivative in the "weak minimum" is 
indeed a very artificial' one, only suggested and justified by 
the former inability of the Calculus of Variations to dis- 
pense with it. 

c) The terms "weak"' and "strong" are sometimes also 
applied to the variations. A variation containing a param- 
eter e 

is called iceak if not only 

L ft) (.r , e) = but also Z. ft)^. (x , t) = 

uniformly in (j'^rj), strong if this condition is not satisfied. 
The variations of the form 

A 2/ = €^ , 

as well as the more general variations which we have meii- 
tioned in §4, d), are weak variations. 

Weiersteass gives the following example" of a strong 
variation : 



A ?/ = e sin 



(!2^^') 



?; a positive integer; here the condition 



1 Especially it we think of geometrical problems, for instance, the problem of the 
shortest curve on a given surface between two points. 

For the more general problem, however, where higher derivatives occur under 
the integral sign, such restrictions are of greater importance; compare Zeemelo, 
Dissertation, pp. 26-31. 

2 The following modification of Weieesteass's example has the advantage of 
vanishing at both end-points : 



1 . /(.r-..-„)m'V^ 
A 1/ = — sm ( 



m and n being positive integers. 



§1^1 Sufficient Coxditions 



73 



is satisfied, but not the condition 

LAu'=0 . 

Other examples of strong;- variations will occur in ij4>ls 
and '_'L^ 



i^ls. insufficiency of the pkeceding conditions for a 

STKOXU minimum, AND FOURTH NECESSARY CONDITION 

From the introductory remarks of the previous section, 
it follows that Ave have no reason to expect that the con- 
ditions (I), (II'), (III') are sufficient for a minimum in 
the sense in which we have defined it according to Weier- 
STRASS (a "strong minimum" in Knesee"s terminology). 

<i) As a matter of fact the three contUtions (J), (//') and 
{III') are NOT sufficient for a strong inuiimuni, and it is 
easy to construct examples' which prove this statement: 

Example III" (see p. 39): 

Here CSu is the straight line joining the two given points A and 
B, say 

(5'„ : .// = ;//,<■ -)- 11 . 

Further : 

i? = 2{Qm^-\-iS,n +1) , 

A(a;, .ft,) =x — .(■„ ; 

hence .co' non-existent. Let nii , ni^ be the two roots of the equation 
ivii' + Qm -f- 1 = , viz., 



'■=*(-'+ri) = -"--"' 



1 The first example of this kind was the problem of the solid of revolution of 
least resistance; already Legendre had shown that the resistance can be made a.s 
small as we please by a properly chosen zig-zag line ; see Legendee, loc. cit.y p. 73, in 
Stackel's translation, and Pascal, loc. cit.^ p. 113. 

•iCompare Bolza, " Some Instructive Examples in the Calculus of Variation:^," 
Bulletin of the Amei'ican Mathematical Society (2), Vol. IX. (1902), p. 3. 
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j(_l__L)=_„.,88, 



then 



R y if III > m, or iii < 1112 , 
i?<0 if III., < III < w, . 

In the former case, the first three necessary conditions for a mini- 
mum, in the latter for a maximum, are satisfied. Nevertheless, if 
- 1 < ;;/ < , 

neither a maximum nor a minimum takes place. For, in this case, 
if any neighborhood (/>) of & be given, however small, we can 

always join A and B by a broken 
line 6 made up of segments of 
straight lines of slope and 
— 1, and contained in f^). But 
for such a broken line J = 0, 
whereas for (go the integral J 
is positive. This proves that 
Gil cannot furnish a minimum. 
That it cannot furnish a maxi- 
mum will be seen later, in § 18, e). 
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Example Y: To minimize 

the given end-points having the co-ordinates {.i;,, ij„) = {0, 0). 
(..•,,(/,) = (1,0). 

The extremals are straight lines, and ©,, is the segment (0 1) of 
the .r-axis. Further, 

R = -2 , 

A (x , ,r„) = .r — Xo . 

Hence the conditions (I), (II), III) for a minimum are satisfied. 
Nevertheless A J can be made 
negative. For, if we choose for 
(S the broken lineAPB, the co- 
ordinates of P being (1 — p, q), 
where <p < 1, and q > 0, we 
obtain 
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"=.-(Vt.;('+r^-f) 
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Any neighborhood (p) of (So being given, choose ij <Cp; then j) can 
always be taken so small that A J < 0. 

b) The insufficiency of the preceding three conilitions 
being thus established, further conditions must be added 
before we can be certain that the curve G„ minimizes the 
integral J. 

A fourth necessarij condition was discovered by Weier- 
STKASS in 1879 and derived by him in the following 
manner : 

Through an arbitrary point 2 : {jr-^, y-,) oi (?„ we draw 
arbitrarily a curve 6 ; 7j=f{,r), 
of class C 

Denoting by St that point of 
6 whose abscissa is .r-, — // , h 
being a small positive quantity, 
we draw, as in §8, a curve 
6 : 7/ = ^ + e?j of class C from -5 
to 4: and replace the arc 02 of Sg by the curve 0-l:'2. 

By taking h sufficiently small we can make the curve 
042 lie in the neighborhood (p) of @o- 

For this variation of ©o we obtain in the notation of §S: 

\J = J,^ + J,,-J^ . (3) 

But according to §8, equation (30), this is equal to 

A J = /( E (,c, , /y, ; (/./ ,Tll)+l'{'i)< < ^ ' 

where (/;) denotes as usual an infinitesimnl, and the E- 

function is defined by 

E(j-,2/; iJ,p)=F{jc,y,p)-F{,v, ij,p)-(v -v)F„{.r. ij . p) . 

Hence follows the 

Fundamental Theoeem 1\: The fourth urccssarij con- 
dition for a minimum {maximum) /s that 
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E{x,y; y',P)^0{^0) (IV) 

along^ the cii.rve ®ofor ever ij finite value of p. 

We shall refer to this condition as Weieesteass's 
condiiion. 

c) Applying Taylor's formula to the difference 

-?'(«'. y>p) - F(ac, y,p) , 

we obtain the following important relation' between the E- 
f unction and Fyy: 

^{x,y;p,p) = ^^~^^' p\.,.{.v,y,p*) (5) 

where 

p*=p + Hp-p) , o<e<i . 

This proves 

Corollary I: Condition (IV) is always satisfied if for 
every jioint (x, y) on % and for every finite value ofp 

Fyy{-r,y,p)^0 . (Ila) 

Furthermore, if we define the function'' Ei(.r, y; p, p) 
by the equation 

^.ix,y;p,~p)=^^^^^ (6) 

when j5 4;p , and by 

M^>y> P,p) = L-Ei(x,y; P,p) = \F,j.^.{x,y,p) (6a) 
p=p 

when j5=j;, we obtain 

Corollary II: Condition (IV) is equivalent to the 
condition 

'S.i(x,y; y',p)^Q (IVa) 

along ®o/or every finite p. 

d) Zeemelo' has given the following geometrical 

^I.e.,if(x,y) is any point of So and y' the slope ot Ho at (x , y). 

2 Due to Zekmelo, loc. cit., p. 67. 

3 Compare ZeemeIjO, Zoc. cij., p. 60. *Loc.cit. p. 67 
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interpretation of the relation between the E-function 
and Fyy.-. 

Let F{p) denote the function F{pc, y, p) considered as a 
function of p alone, .r, y being regarded as constant, and 
consider the curve 

u^F{p) . (7) 

Draw the tangent PqT at 
the point Pg whose abscissa is 
p^y' -^ and let P and Q be the 
points of intersection with the 
line p=p of the curve and of 
the tangent PqT respectively. 

Then 

^{x,y; //', p) = F{p) - F{y') - (p - y') F' {y') 
is represented by the vector QP, and the condition 

^{x,y; y',p)^0 (IV) 

means therefore geometrically that the curve (7) lies eniirehj 
above — or at least not below — the tangent PqT. 

In order that (IV) may hold it is therefore: 

a) Necessary that the curve shall turn its convex side 
downward at p = y', ''• t'., that 

F"iy')^0 . 

This is our old condition (II), which is consequently con- 
tained in the new condition (IV). 

/3) Sufficient that the curve shall everywhere turn 
its convex side downward, i. e., that 

F"{p)^0 

for every p, which is the above condition (Ha). 

But neither is the first condition sufficient, nor the 
second necessary. 

e) Example I (see p. 49): 

F = yVl + y" ; 
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heuce y 

Since (/>0 along the ciitenary, condition (Ila), and therefore also 
(IV), is satisfied. 

Example III (see pp. 39, 73): 

hence 

Ei-r, y ; y',p) = (p - yj [jr + 2p(y-+l) + 3y" + -Ly-+ l] 

(J„ is the straight line joining the two points and 1, say : y = in x -\- n ; 
hence along Qu, y' = in . 
The quadratic in p 

P + 2p{m + 1) + 3'm' + 4;// + 1 

is always positive if H)(?n+1)>0; it can change sign if «i(jft + l)<0; 
and it reduces to a complete square if rn (m+1) = 0. 

Hence we obtain the result : 

If 111 ^0 or m ^ — 1, condition (IV) is satisfied; if — 1 <m<0. 
condition (IV) is not satisfied, and the line 01 furnishes no ex- 
tremum, in accordance with the results of § 18, a). 

Example V (see p. 74): 

hence along the cui've @o : ?/ = we have 

which can change sign at every point of @o. Condition (IV) is 
therefore not satisfied. 

§19. EXISTENCE ,OF A "FIELD OF EXTREMALS " 

Before we can take up the question of sufficient con- 
ditions, we must introduce the important concept of a "field 
of extremals." 

a) Definition of a ^^ field." 

Consider any one-parameter set of extremals' 

V = H^,y), (8) 

1 Horn the symbol ^ (.c, y) is used in a more general sen.-^r than in §15. 
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in which our extremal ®q is contained, say for 7 = 7o- '"Sup- 
pose ^(,r, 7), its first partial derivatives and the derivatives 
^A-.,-, 4>jy i'> be continuous functions of ./■ and 7 in the domain 

X, ^ a- ^ A', , I y — y„ j = d„ ^ 

''0 being a positive quantity and A'o, A'l having the same 
signification as in §11. Let /,■ denote a po&itive quantity less 
than do, and S>^. the set of points (.r, ij) furnished by (Sj as 
./• and 7 take all the values in the domain 

S>i. may also be defined as the strip of the .r, ?/-plane swept out 
by the extremals (S) as 7 increases from 7o— A- to 7oH A', 
x being restricted to the interval (•/'o.rt). 

Theng'fcis called' a '\firld of c.dremaJs about the (ux 
G;," if through e very point (.r, ij) of ^k there passes but one 
EXTREMAL of the Set {><) for lohich J 7 — 7o! ^ /c. 

This means analytically that there exists a single-valued 

function , / \ 1 

7 = >/'(■'■, 2/) / 

such that y = <l>{-r,^P{.r,y))\ ' ^^^ 

and |^(,,.^ ,^)_^^^j = ^. 

for every (.r, y) in S';^.. 

In addition to this principal property we shall include in 
the definition of a field the further conditions that the inverse 
function ^ (■r , y) shall be of class C in #j., and that it shall 
be possible to choose a positive quantity p so small that the 
domain ^j. contains the neighborhood (/)) of the extremal ©q. 

h) With respect to the existence of a field the following 
theorem holds: 

WheneiK'r 

<^v'-^'> Vo) =i= *-* throughout [Xific^ , (10) 

'According to Knesee, Lehrbuch, §14; the notion of a field is due, in a more 
special sense, to Weibesteass ; in its most general sense to H. A. Schwaez, Werke. 
Vol. I, p. 22.J. Compare also Osgood, loc. cit., p. 112. 
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/>• can be taken so smcdl flint tlic e.rtrciiKih {H) fiirnis/i ii field 
S>k about ®o. 

Proof :^ From (10) it follows that 4>y(-r, 7o) — being con- 
tinuous in (-rffVi) — cannot change sign in (-rfyfi}. In order 
to fix the ideas suppose that 

<)!>v(a:;, yo)>0 in (Xo^i) . 

Then it follows, according to well-known theorems" on con- 
tinuous functions, that A; can be taken t^o small that 

</.,(x, y)>0 in 1,. . (11) 

Hence if we give x any fixed value .r-, contained in {-iCffr.i) 
and let 7 increase from 70 — '^" to 7o--A'. 4>{-ro, 7) increases 
continually from ^(/■i, 7o — fc) io (f>(-r-,, 7o+/i') and therefore 
passes once and but once through every intermediate value. 
Hence if 72 be any value of 7 iu (70 — 7i', 7oi" A) and we put 
4' {^2 J 72) = U-i J then the equation 1/2,^=4' ('^'2 > 7) lis-S in 
(7o — k, 7o+A) no other solution but 7 = 72, which means 
geometrically that through the point {X2, i/2) — which is any 
point of ^j. — ^there passes but one extremal of the set (8) 
for which [7 — 7o | ^ A . 

The existence of the single-valued function 'y=^'^{r, y) 
being thus established, the existence and continuity of its 
first partial derivatives follows from the theorem^ on implicit 
functions, since 

<^v('f, y)=^0 in Is.. . 

J Another proof is given by Osgood, loc. cit.^ p. 113. 

2Viz., the theorems on ""uniform continuity" and on the existence of a mini- 
mum. Compare E. II A, pp. 18, 19, 49; J. I, Nos. 62, 63, 6-t, and P., Nos. 19 VI, VII, and 
100 VI, VII. 

3 See p. 35, footnote 2. 

The values of these partial derivatives are obtained from (9) by the ordinary 
rules for the differentiation of implicit functions : 

*x 1 

>. = -^' yy = ^- (12) 

Incase the function i<> (x , y) is regular inJBj., also the function i/> (x, y) will be regu- 
lar in gij.; compare E. II B, p. 103, and Haekness .\nd Moelet, Introduction, to the 
Theory of Analytic Functions^ No. 156. 
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At the same time \v(> see that the set of points gi^. is 
identical with the strip of the ./•, //-phme bounded liy the 
two non-interseetino; curves 

.'/ = <A (■*■ - y,i — /•■) and // = (j> (.1- , y„ 4- /,■) 

on the one hand, and the two lines .i- - .r,, and ,r ^.r^ on the 
other hand. 

Finally, a nei^-ldiorhood 
{p) of the are CS',, can be 
assigned which is wholly 
contained in ^^,. 

For each of Ihe two 
continuous functions 
<^(-J". 7oH ''•)— ^(■'■, 7o) f">'l 
<!>(•'■, 7o)—0('^ 7o — />') lias 
a positive minimum value in (.^Vi) ; hence if p be the smaller 
of these two minimum values, the neighborhood {p) of (J,, is 
entirely contained in ^fc. 

The region &^. has therefore the three charnclerisf ic prop- 
erties of a "field,'' and the above theorem is proved. 

CoroUari/ I: The slope (tf (i point (,r, //) of flic uinqtto 
c.itrciiKil of flic Jicid passing through (.c, ij) is likewise a 
single-valued function of ,r, //, which we denote by ji{.r, ij). 
It is defined analytically by the two ecjuations 

^, (.)■,(/) = <^,J.r, y) , y = i//(,r, /y) , (13) 

which show at the same time that ]>{■!', //) has continuoirs 
first partial derivatives in g^^.. 

In case (/)(.r, 7) is regular in iBjt , also 7) (.r , //)is regular in ^^.. 

Corollary II .• The slope p(.v, ij) sulisjii-s flic folloiring jxirfial 
ciifferciitial equation of tlie first ordei- :^ 

ip.+m,) K-,' +p^^«; + ^'V..- - n = " • (i-t' 

the arguments of t lie partial derirafin's of F bciin/ .r, !/,p{-i\ //). 



iThis corollary forms part of Hilbekt's proof of We i its t r ass's theorem; 
see below, S-1, and the refereuces there given. 
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Proof : From (13) we obtain bj- differentiation 

hence if we make use of (12) we get 

Px+PP,j=^^x ■ 

But since <P{x,y) satisfies Euier's equation for every value of y, 
we have, for every value of x and 7, 

the arguments of the partial derivatives of F being j-, 0(^,7), 
't'xi^ , 7). Hence, if we express 7 in terms oi x, y by means of (9), 
we obtain (14). 

<:•) Applicdfion fo the set of cdremals through the 
2winf A. 

We can now establish the following 

Tliebreni: If for the extremal @o the conditions 

R>0 , (II') 

A (x , .,•„) =1= for ,.r„ < .r ^ ,r, (III') 

(ire fulfilled, nnd if a point A he chosen on ttie continuation'^ 
of @o heyond A, but sufficienthj near to A, then the set of 
extremals through A furnishes afield about (Sq. 

It is only necessary to choose the point A {x^, y^) so near 
to A that 

1- -A'o < 'I's <*o ) 

2. A(,r,.r,)^0 in (x^x,) . 

The possibility of such a choice of x-^ has been established 
in §14. 

Under these circumstances, it follows by the method 
employed in §15 that there exists a set of extremals 
through A : 

y^<t>{x,y), (15) 

1 The intioduction of the set of extremals through A instead of the set through 
A, which considerably simplifies the proofs, is due to Zeemelo, Dissertation, pp. 87, 
88; compare also Knesee, Lehrbuch, §§14, 17 and Osgood, loc. ctt, p. 115. 

2 Compare the assumptions in §13 a). 
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where' 4>(-r, 7), its first partial derivatives and the derivatives 
(^,.,., 4>^.y are continuous in the domain 

Ao < as < Xi , \y — yo | < <*o > 

c/q lieing a sufSciently small positive quantity. 
Moreover 

<t>y(x, yo)=l=0 in {x^Xi) , 

sinre, corresponding to equation (30) of §15, we have in the 
present case 

^yi"^' yo) — C. A(a;, Xj) , 

where C is a constant different from zero. 

Hence the set of extremals through^ A satisfies the con- 
ditions of the lemma given under b) and furnishes therefore 
indeed a field about ©o. 

1 Notice that in §15 the symbol <f> <.r, y) was used with a slightly different 
meaning, viz., for the set of extremals through A. 

■-' To tlic set of extremals through the point A itself the lemma cannot be applied, 
since for this set <(>y (.To, ■yo) = ')- Nevertheless it can be proved that in this case 
through every point of *j.' except the point A itself a unique extremal of the set can 
bedrawu. For in the present case we have: ^{.r^,y) = y^ for every y and therefore 
<t, (j-„,v) = 0. Hence it follows that if we define 

._('l'y (■'■ . 7)/(-i^ -«o) • ^■li'"i a =t= «(, , 
^^''■'^'~ Uy:„(.>-o.T) , ■when x = .r, , 

the function x(*.y) is continuous in the domain: X„%r^Xi, Iv-VolSf'o' "'"' 
x(x 7„) + in (X„Xi), also for x = x„, since 4>y:^i.Xo,y„) 4=0 according to equation 
(.'il) of §1.",. We can therefore take k so smaU that xt-r, y)+0 in the domain: 
Y 5a;g Y Iv-Vols'--- Hence it foUows that <f>Y(^-. y) has the same sign through- 
out the domain : x„<.v^X„ l7-Yol^fc. The further reasoning proceeds then a. 

under fo). . . .^i i. • •\ 

It should also be noticed thit in the present case it is impossible to inscribo 
in &fc « neighborhood (p) of Co- since the width of »„ approaches zero as 

X approaches Xq. - - ^ w 

We shall say that the set of extremals through A forms an improper field 

about (S„. . , 1 .) 

The inverse function ^ (.r , y) and the slope p (x , y) are in this case single-valued 
and of class C in ». except at the point (a:„ , y,,) where thfy are indeterminate. But 
it the point (x,y) approaches the point {.x„,y^) along a curve (5 or class C lyuu, 
entirely in »^ , then both functions approach determinate finite limiting values. 1 he 
Umit of *Cr , y) is the parameter y of that extremal of the set which is tangent to 
s at (j-o . %) ; t'le l™i* of p (x , J/) is the slope of the curve 5 at (xj , %) • 
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§20. WEIEKSTBASS'S THEOREM 

We are now prepared to prove a fundamental theorem 
whose discovery by Weieestkass in 1879 marks a turning- 
point in the history of the Calculus of Variations. It gives 
an expression for the total variation of the integral J in 
terms of the E-function, from which sufhcient conditions for 
an extremum can be derived. 

a) The gist of Weierstr ass's method can be best under- 
stood from a simple example, in which the difSoulties con- 
cerning the existence of a field, which complicate the proof 
of Weierstrass's theorem in the general case, can be 
entirely avoided. 

Example VI: In order to prove that the straight line' 
01 actually minimizes the integral 






dx 




we draw from the point to the point 1 any curve @ : 

not coinciding with the straight line 01. We suppose for 

simplicity that S is of class C . 

Through an arbitrary point 

2 : (x^,, y-z) of 6 we can draw one 

and but one extremal of the set 

FIG. 18 of extremals through the point 

, viz., the straight line 02 . 

We now consider the integral J taken from along the 

straight line 02 to 2 and from 2 along the curve S to 1, that 

is, we form, in the notation of §2, /), 

"02 r "21 I 

the stroke always indicating' integration along the curve G. 

'For the notation compare §2, e). 

2 Notation according to Weieestrass ; Knbsek, on the contrary, uses the strolie 
to indicate integration along an extremal. 
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The value of this integral is a single-valued function of 
,r-,, which will be denoted by >S'(,ro"), As the point 2 describes 
the curve 6 from to 1, S^x-i) varies continuously' from the 

initial value _ _ 

>S (^-o) — Joi (along 6) 
to the end value 

S (asi) = Joi (along G„) . 

Hence the total variation 

A J" = i/q, — t/ji 
is expressible in terms of the function S{x) in the form 
AJ= -[S(.c,)-S (..■„)] ; 

and we shall have proved that^ AJ"^ if we can show that 
Si.t'o) always decreases or at least does not increase as .rj 
increases from Xq to Xi- 

For this purpose we form the derivative of S{xo). 

The integral Jgz is the length of the straight line 02: 

j„2 = 1 \.v, - x;f + ((/, - y„)'' ; 

hence dJ^ _ (jg - Xt,) + (t/2 — Vo)/' (J'2) 

dx2 " y (a-2 - x„f + {y^ - Vof 

since 2/2= /(-'"a) • 

If we denote the slopes of the straight line 02 and of the 
curve is at 2 respectively by p-. and Ji->, i. <'., 

the previous result may be written 

dJ02_ 1+^2^2 

dx2 ^'l+pl 
On the other hand, 

^See the explicit expressions for J^-i and Jji below. 
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and therefore 



dJ, 



dx. 



Hence we obtain the result 
dS{x,) 



1 + IhPi 



-yi+pi\i- 



from which we easily infer that 

dSfe)C<0 if p,=\pp^ , 

dx2 ( = if P2 =i'2 • 

The latter alternative cannot take place' all along the 
curve 6. Hence it follows that 

AJ->0 . 

The reasoning can easily be extended to the case in which 
the curve S has a finite number of corners. 

It is thus proved that the straight line 01 fiinii>:/ii'.o a 
proj)er^ absolute^ minimum for the integral J. 

The preceding constraction may be modified^ as follows: 
On the continuation of the line ®o beyond the point 

choose a point 5, and replace 
in the preceding construc- 
tion the line 02 by the line 
52. Accordingly the func- 
5 tion S(x2) is now defined by: 

and therefore 

S (ajo) = Jso + Jm , 
Hence we have again 

AJ=-[s(a;0-'S(a-„)] . 

' If P2 = P2 for every Xj in (x^^) it would follow that fix) satisfies the difEer- 
ential equation 

fix)-y^=(x-x„)f(x) , 

and therefore e must be a straight line through 0, which could be no other than the 
line <?Q , since e is to pass through 1. 

2 Compare §3, a) and 6). 3 Compare p. 82, footnote 1. 




S (X,) = Jsi = J50 + Joi • 
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For the derivative of Si-Co) we obtain the same expression 
as before, if we let, in the present case, 2>2 denote the slope 
of the extremal 52. 

b) We now proceed to the general case. We suppose 
that for the extremal ®o the conditions (II') and (III) aie 
fulfilled. Then we construct as in §19, d) a field §,. about 
@o by means of the set of extremals (15) through the point 
A, chosen as indicated in §19, d) on the continuation of @o 
beyond ^4. Since the extremal (Sg is supposed to lie in the 
interior' of the region Jl, we can take 7c so small that S'k i'^ 
entirely contained in 3&. 

For our present purpose it will be convenient to use the 
numbers 0, 1, 5 to denote the points A, B, A respectively. 
Let now S be any curve of class C joining the two points 
and 1 (see Fig. 19), and lying wholly in the field S>k, and 
let 2 be an arbitrary point of 6. Through the point 2 we 
can draw one and but one extremal of the field, ■!. c, one 
extremal of the set (15) for which |7 — 7ol^'^"; let it be 
denoted by 

We then consider the integral J taken from 5 to 2 along G-, 
and from 2 to 1 along 6, and denote its value by S (.r-,) : 

S(.r,) = J. + J. = /jVc/.r + Xri^dx , (16) 

the arguments of F being 

X, y = ci>{x,y,) , y' = 4>x{-v > y^) ' 

those of i^ : 

X , Tj=f(x) , y'^f'{x) . 

For x-2.=-^Xq and Xi = .r^ , S{x.^ takes the values' 

S (xo) = J50 + Joi . '^ (•'■>) = '^^ ' ' ^^ ' 

1 See §11. ^ „, ^ 

aProperly s„eaking, S{xi> is not defined for -2 = .r,. But in order that M^,) 

may be continuous also at a,-,= x,. we must define 5 lx,) = S(^,- 0); and SCx.-O) is 

easily seen to be equal to J51 . 
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so that ^ J ^ j^ _ _ j^^^ ^ _ [-^ (^^) _ ^ (^^) J . (J ,s, 

The fund ion 8{.r-^) is continuous and admits in (^'orj) a 
derirfdirc ichose value is 

S'ixi) = — E (xj, 2/2 ; 2h,Th) , (19) 

wliere p-, denotes the slope of S, jh that of 69, at the point 2. 
Weieesteass' reaches these results in the following way: 
Let 3 denote that point of 6 whose abscissa is Xo + /( , 

h being a small positive quantity ; and let 

g,: 2/ = <^(.r, y^ + e) 

be the unique extremal of the field which passes through the 

point 3. Then 

S (x, + h) - S U;) = {J, , + J,,) - {J:,, + J„) = J,, - (J,, + J,,) 

But this is precisely the difference which has been computed^ 
hi §8, equation (30), the curves @2i ®3! ^ corresponding to 
the curves there denoted by @, S, 6. Accordingly we 
obtain 

S (X2 +h)-S {x,) = -h[E{x„ y, ; p, , p,) + {h)\ , (20) 

(/() denoting an infinitesimal. 

Similarly, if 4 be that point of S whose abscissa is 
j-o — It , we obtain 

S{x2—h) — S (X2) = Jj, + J42 — J52 > 
which, according to the lemma of §8, is equal to 

S {.x; - h) - S{x,) =+h[-E{x„ y, ■ p, , p,) + (/i)] . (20a) 

Hence the derivative of S exists and its value is indeed 
given by (19). 

1 Lectures, 1879 ; the proof here given isWeierstrass's original proof with the 
necessary adaptations to the case where x is the independent variable, and with the 
substitution of the set of extremals through 5 for the set through 0. 

2 In applying the lemma of §8 to the present case, we have to make use of the 
remarks on p. 18 and p. 35. The variation 

Is indeed a variation of the type (5a) of §4, d). 
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As the point 2 describes the curve 6 from to 1, the 
function Ef.ro, y-i ; p.,, po) varies continuously. For, on the 
one hand the E-function is a continuous function of its four 
arguments, provided that the point {x, y) remains in the 
region S, and the field g>fc is contained in U ; on the other 
hand, ij2=f(i'2) and p2=f'{.r2) are continuous in {xoSCi} and 
the slope j>., of &-, at 2 is, according to §18, It), a continuous 
function of j'^, ij^- 

Integrating (19j between the limits Xq and a"i, and 
remembering (18), we obtain therefore for the total varin- 
tion A J the expfcssion^ 

X^i _ 

E(a"2, 2/2; ih,pi)d.x^ . (21) 

-0 

We shall refer to this important formula as "Weier- 
STRASs's tlieofeni."' 

The theorem remains true for curves S of class D' . For, 
suppose the curve (5 to have a corner at the point 2. Then 
( 20) and (20a) still hold if we understand by p^ ^^^ progres- 
sive and regressive derivatives of f{xz) respectively. The 
function S(pc) is therefore continuous at Xo, and admits a 
progressive and a regressive derivative. Hence it follows'' 
that (21) still holds when (S has a finite number of corners. 

c) Instead of first computing the increments S{x-i dz /() — 
Sixo^, Kneser {Lehrbuch, §20) and Osgood {loo. cit, p. 116) 
compute directly the derivative S'{xo) by applying the 
theorem on the differentiation of a definite integral with 
respect to a parameter. Supposing for simplicity that 6 is 
of class C, it follows from the properties of the function 
<^(.r, 7) that S{x-2) is continuous and differentiable in the 

1 The theorem remains true also for the " improper field " &j. formed by the set 
of extremals through the point 0, and for a curve 5 which lies entirely in this field &^ . 
For formula (19) holds also in this case at every point of E with the exception of the 
point 0. Integrating (19) from a;„ + 7i to a-,, and passing to the limit ft = 0, we 
obtain (21) since P2 approaches a determinate finite limit; compare footnote 2. p. 83. 

2 Compare E. II A, p. 100, and Dim, §194. 
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interval (cco^i) and that the derivative can be obtained by 
applying to the definite integrals JI52 ^^^ J-ii the ordinary 
rules' for the differentiation of a definite integral with 
respect to a parameter and with respect to the limits. 
Accordingly we obtain in the first place 

g=-i^(,r,,,,,pO. (22) 

In differentiating the integral 

^52 = ( f(x, <i>{x, y.,), <i>^{x, y^)) dx , 

we must remember that 72 is a function of .r.^ defined by the 
equation <^(a-„ y..)=/>,) , (23) 

which expresses the fact that the curves ©2 and 6 both pass 
through the point 2. 

Accordingly we obtain: 

dJj^ ^"^ 

dXn 



^f^=F(x,, y, , p,) + £' (F, ^,+ F^. <j>^,) g dx , 



the arguments of 4'yi 4'xy being x , y^. 

From our assumptions concerning <^(.r, 7) it follows that 

<l'xy{x, 72) = 'l>yx {'^ , 72) ■ 

Applying then to the second term under the integral sign 
the integration by parts of §4, and remembering that the 
function ij = ^(jc-, 72) is an integral of Euler's differential 
equation , 

F -— i^, = 

" dx " ' 

we obtain the result: 

— = F{x,, y,,p2) + ^ [f^. {x„ y^,p,) <^^ {x^, y,) 

- Fy (a-5 , 2/5 , Ps) ^v(«5 > y^)] > 

where jD3 = ^^(a;5, 72). 

1 Compare E. II A, p. 102, and J. I, No. 83. 
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But since the extremals of the set (15) all pass through 
the point 5 : (3-5 , t/g) , we have 

2/5=<^(a?5, y) 
for every 7 ; hence 

for every 7, and therefore in particular 

'kyioOs, 7-2) =0 . 

On the other hand, if we differentiate (23) with respect to 
^Z) ^6 get 



therefore 



dx. 



A I \ ^li — 



-F{x^,y^, P2) + (p2 - P2) Fy. {x^ , 2/2 , P2) . (24) 



Combining (22) and (24) we obtain again the fundamental 
formula (19). 

§21. hilbekt's proof of weieestkass's theorem 

Weierstrass's theorem can be extended' to any set of 
extremals constituting a field about the arc (Sq, ''■ c-, 

Whenever the extremal ®o cn« he surrounded by afield, 
the total variation A J=J^ — J%for any admissible curve S 
lying wholly in the field, is expressible by M^eieesteass's 
formula: 

E (cc , 2/ ; j),p)dx , 

where [x, y) is a point of 6, p the slope of S at {x, y), and 
p the slope at (x, y) of the xinique extremal of the field 
passing through (x, y). 

iThe extension seems to be due to H. A. Sohwakz, who has given the general- 
ized theorem in a course of lectures in 1898-99. 
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The following elegant proof of the generalized theorem 

is due to HiLBEET.' 

Suppose #j; is a field of extremals about our extremal (Sq. 
In gij, we draw any curve 6 of class D' : ij —f(x} , joining A 
and £. Now let p{r, y) be an arbitrary function oi x, y 
which is of class C" in S>k, and consider the integral 

[f{x, y,p{.r,y)) 

~0 

+ (ij'-J>(-'^,y))F,,.{x,y,p{x,y))'] dx ^ (25) 

taken along the curve C from ^4 to B. The value of J* will, 
in general, depend upon the choice of the curve S ; we ask : 
How must we choose the function X){x, y) in order that the 
value of J* may be independent of the choice of the curve 6 
and dependent only upon the jDosition of the two end-points 
A anAB? 

Our integral J* is of the form 






\m{x, y)+N{x, y)y''\ dx , 

and it has been seen in §7, d) that the necessary and suffi- 
cient" condition that such an integral should be independent 
of the path of integration is that 

In the present case we have 

il/(.r, y)=F{x, y,p)—pFy.{x,y,p) , 
N{x, y) = F^.(x, y,p) ; 
^®''°® M^ = F,-p (i^,,„ + py F^.^.) , 

N = F . A-n F ■ ■ 

iSee GSttinger Nachrichten, 1900, pp. 253-297, and Archiv der Mathematik und 
Physik (3), Vol. I (1901), p. 231; also the English translation by Mes. Newson, in the 
Bulletin of the American Mathematical Society (2), Vol. VIII (1902), p. 473; further, 
Osgood's presentation in the Annals of Mathematics (2), Vol. II (1901), p. 121, and 
Hedeick, Bulletin of the American Mathematical Society (2), Vol. IX (1902), p. 11. 

2 Notice that the region Sj,, to which Ihe curves is are confined, is simply con- 
nected. 
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Hence, in order ilud tlie rfthic of the intcuro] J* maij lie 
i)idc pendent of the path of infef/i-otion 6. // /.s necettxorij 
(171(1 sufficient that the function jj(.r, y) satisfy the 2>arti(d 
dijferential equcdion 

the arguments of the partial derivatives of F being 

But this differential equation is identical with the ditfer- 
ential equation (14) which is satisfied by the slope at (,r, //) of 
the extremal of the field passing through (,r, //). Hence tlie 
value of J* will be independent of the choice of the curve C, 
if we select for the function p the slope just defined. In 
the sequel p will have this special meaning. 

The invariance of the integral J* being established, we 
select for the curve 6 first the extremal ®o ; then we have all 
along @o: 

y' = p(.C ,/) , 

because ®o is the unique extremal of the field which passes 
through a point of Gq. Therefore (25) reduces to 

J*= f 'f{.v, y, (/')f?.r = J.,-, 

On the other hand, if we select for 6 any curve S of class 
D', different from (Sq, and joining A and B, we get 

where p^Y denotes the slope of 6 at the point (./-. y). Both 
values of J* being equal on account of the invariance of J*, 
we obtain an expression for J^^ in terms of a definite inte- 
gral taken along (E. This expression we use informing 

the total variation 

A J = t/t — i7(i„ • 

Then we obtain 
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-{p-p)F^.{x,y,p)\ dx , 

which is the desired extension of Wbieesteass's theorem, 
since the integrand is equal to E(a:), v/ ; p,p). 

§22. SUFFICIENT CONDITIONS FOR A STRONG MINIMUM' 

Weierstrass's theorem leads now immediately to suf- 
ficient conditions for a strong minimum: 

a) Suppose there exists a field ^^ about @o such that at 
every point of ^j,. 

E{x,y;p{x,y),p)^0 (27) 

for every finite value of p, p{.r, y) denoting again the slope 
at (.r, y) of the extremal of the field passing through (x, y). 
Then it follows from Weierstrass's theorem that 
A,7^0 for every curve S of class D' drawn in ^i^ from A to 
B, and moreover that AJ'>0 unless 

^{x,y-p{x,y),y')=Q (28) 

all along the curve S. 

From the definition of the E-function it follows that (28) 
holds at a point {pe, y) of 6 whenever 

y' = p{x, y) , 

i. e., whenever the extremal through (x, y) is tangent to 6 
at (.r, y). This can, however, not take place at every 
point of S, unless S completely coincides with ©q- ^ox^ the 
value of the parameter 7 of the extremal of the field passing 
through that point of 6 whose abscissa is x, is determined 
by the equation 

f{x)-^{x,y) , 

1 Compare for this section also Hbdeick, Bulletin of the American Mathematical 
Society, Vol. IX (1901), p. 11. 

2This proof is due to Knesee, Lehrbuch, §22 ; see also Osgood, loc. cit., p. 118. 
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from which we derive by differentiation 
or according to (13) 



f'{x) = ^^{x, y) + <^^ (a;, y) ^ , 



y'-p{x,ij) = <t>y{x, -y)^ . 

But according to (11), 'f>y{x, 7)=j=0 ; if therefore ^'=jj(a-, y) 
at every point of 6, we should have 

dy 

— = throughout {x,fl\) , 

or 7 = const., i. e., 6 would itself be an extremal of the field, 
which could be no other than (Sg, since S passes through the 
point {.i\, iji) and @o is the only extremal of the field which 
passes through (.rj, i/i). 

Hence, if instead of (27) the stronger condition' 

E,(x,y; p{x,'y),p)>0 (29) 

is satisfied at every point [x, y) of §j. and for every finite J^, it 
follows that AJ'>0 for every admissible curve 6 drawn in 
the field S^.. 

In the terminology of §3 we have therefore the result 
that whenever {27) is satisfied, (Bq furmshes a Diinimum for 
the integral J; if moreover (28) is satisfied^ the minimum is 
a "proper" miiiiiimm.''^ 

Example III (see pp. 73, 78): 

F = y'Hy'+iy . 

The set of straight lines 

y = vix + y 

parallel to the extremal AB furnishes evidently a field about ©>, 

and for this field 

p{x, y) — m . 
Therefore 

1 Compare (6) and (6a). 

a It is even sufficient that (27) and (29) be satisfied in a neighborhood (p) of 6,, 
inscribed in &^. ; the same remark applies later on to (lib')- 
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E (a;, 2/ ; p (x, y), p)={p- mf [p^ +2p{m + 1) 

+ Sm' + 4m + ij . 

When in>0 or m< — 1, condition (29) is fulfilled, and therefore 
the straight line AB actually minimizes the integral 

J= f'^'y^iv'+iydx 
iu these two cases. 

6) The sufficient conditions thus immediately following 
from Weierstrass's theorem are, however, in general 
inconvenient for applications, and it is therefore important 
to remark that they can be replaced, under certain addi- 
tional assumptions either concerning the curves 6 or con- 
cerning the function F, by simpler conditions. 

From the relation (5) between the E-f unction and Fyy, 
it follows that both conditions (27) and (29) are always 
satisfied when ^^^^ {■r,y,p)>0 (lib') 

at every point' (oc, y) of S>]c and for every finite value of /;. 

Hence if we remember the theorem concerning the exist- 
ence of a field (§19, &)), we can state the following theorem: 

Fundamental Theorem Vr If the extremal (Bq-.AB 
does not contain the conjugate 2^oint to A, and if fiirthei' 

FyyU-,y,p)>0 (lib') 

at ever]) point (a", y) of a ceiiaiii neighborhood of ®o foi' 

everij finite value of p, then. ®q actiiallij minimizes the 

integral /• ^i 

J— I F{x, y, y')dx . 

Corollary : The minimum is moreover a '^proper mini- 
mum,^'' i. e., AJ">0 for every admissible variation of the 
curve @o ™ a certain neighborhood of ©g- 

lit is even sufficient that (27) and (29) be satisfied in a neighborhood (p) of Cj, 
inscribed in &j, ; the same remark applies later on to (lib). 

2 See Osgood, loc. cit., p. 118; compare, however, below, the remark on p. 90, 
footnote 1. 
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For a so-caHi^djprf/H/fn- problem (compare i<7, /■)) it is 
therefore tsuffli((fenl for an extremum that the arc AB does 
not contaiit the:jpL«jggate to the point A . 

Example V|||^; 



</(.<•, [/) being a 
region iS . Here 




oiijCfk: and y alone, of class C 



in a certain 



Hence every extremal A aj^hteh Jfe^i in the interior of ffi and which 
does not contain the conjlBate^|j||ttt to A, furnishes a minimum 
provided that g(A-, ^) > alrfug TFji For y(,r , 2/), being continu- 
ous in a certain neighborhoodfjl^l.^^^ positive along AB, will 
also be positive in a certain neigBJOT^^mof AB, so that (lib) is 

This covers the case of Exam^fejJ, alj^KI, in which 

g{^r, y)^ ij , ^nf^Jj^. (1) 

respectively ; and also the case of the '^BpeWstPs^rone '' in which 

1 l/ — Uo+k 
All three functions are positive along the res^BIHBliBBsmals. 

On account of the extension of Weierstrass''s, theorem 
given in §21, Theorem Y may be replaced by the foB^'ing: 

If the extremal Sq can he siirruiiiHled hij a field fW^ if 
Condition {lib') is fulfilled, then Qq actnally m^tlfuiz^the 
integral J. 

Frequently the existence of some particular field about 
the arc (5"o is geometrically evident ; in such cases the second 
form of the theorem is more convenient. 

I Geometrical laterpretation (Eedmann) : Let a straight line move perpendicu- 
larly to the .1-, v-plane along the curve y=f{x) from A to B. The area ot that por- 
tion o( the cylindric surface thus generated which lies between the i- , y-plana and 
the surface : z — g(.x, y) is equal to 
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J 






+ 2/ 



y 



dx 




the admissible curves being confined to the gbperbalf-plane't|r> 0). 



Here the extremals are semi-circles hi 

X-axis. If 7 

y = ^ — (a- — ao 



is the particular semi-circle passing th: 
the set of concentric circles 



y — V —{x—a„ 

evidently furnishes a field abo^ (§„ 
throughout the upper half 
the two given points actu; 

RemarJc: Thoug^'tttfe* 
most important fojjA' 
it assumes muc 
dition [IIb'}M 
condition 




their 



on the 



the ;|i»3 given points, 



over (lib) is fulfilled 
e the semi-circle through 
^6 the integral J. 



theorem is the one which is 

s, it should be observed that 

oJe 'i^K is necessary. Indeed, the con- 

ha(Picwis necessary, not even the milder 

F,.y.{x,y,p)^0 (Ila) 

at evei^tpoifii' (,r,' y) of ®o and for every finite p. 

itrated by Example III (see pp. 73, 78, 95). For 
F,^.{x,y,p)^2{%p'^^p-^1) 



This is 
here 



[oantdpiiegative as well as positive values at every point {x, y), and 
ieless, as we have seen above, a minimum takes place when 
^0 or m < — 1 . 

c) Question of necessary and sufficient conditions. 

From Weieesteass's results concerning the sufficient 
conditions for the problem in parameter-representation (see 
§28), one is led to expect that the conditions^ (I), (III'), 

1 Griven by Osgood, loc. cit., pp. 109, 115, where also a geometrical interpretation 
will be found. 

2 The accent indicates the omission of the equality sign in conditions (III) and 
(IVa); compare pp. 68, 76. (II') may be omitted, since it is contained in (IVa') » 
compare §18, equation (6a). 
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(IVa') are sufficient for a minimum. Leaving aside the 
exceptional case when in one of the inequalities (III), (IVa) 
the equality sign takes place, we should then have reached 
a system of necessary and sufficient conditions. 

The analogy of the problem in parameter-representation 
is, however, misleading in this case. As a matter of fact 
the three conditions (J), {HI'), {IVa') are not' si(fficieiif 
for a minimum icitliout some additional assumptions, not 
eren if {IVa' ) be replaced bij tJie stronger condition 

FyA-^',y,l')>0 (Ila') 

(d everij point {x , y) of @o /o'* everij finite value of J). 

To prove this statement it suffices to construct a single 
example in which the conditions in question are fulfilled and 
in which, nevertheless, no minimum takes place. Such an 
example is the following : 

Example IX:'' To minimize the integral 

-^ = f [" i/ " - "^bijy" + -Ihrij"] d.v , 

■ 

a, b being two positive constants, with the initial conditions 
(/ = for .»■ = , and ij = for x = 1 . 

Here Euler's equation reduces to 

-y"F,r,- = , 
"^^^'^ F,,= 2a-2ibyy'+2^bxtr . 

The only extremal through the two given points ^1(0, 0) 
and B{1, 0) is the straight line : 

6V 2/=0. 

1 This statement seems to contradict directly the theorem given in Osgood's 
article, loc. clt, p. US. But it is to be rememberc-d that Osgood makes {p. msi the 
assumption that F,j. .(x, y, ?1 4=0 in a certain neighborhood of i=o- This assump- 
tion, together with (Ila'), is equivalent to (lib'). 

2 See BOLZA, "Some Instructive Examples in the Calculus of Variations," Bulle- 
tin of the American Mathematical Society (2), Vol. IX, p. 9. 
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The set of extremals through A is the pencil of straight 
lines through A; hence there exists no conjugate point, and 
condition (III') is fulfilled. 
Further 

Ei(^-, y; y', p) = {a — 8byy' + Qbxy"') 

-{-p (— iby + 4:bxy') + 2bxp^ ; 
hence along ©g '• 

El {x , /„ (x) ■ /„' (x), p} = a+ 2bxp' > . (I Va') 

The ilirce conditions (J), [III'), (IVa') are therefore satis- 
fied, even the stronger condition 

F„.^. (x, /„ (x), p) = 2a + 24bxp' > . (Ila') 

Nevertheless the line ®o does not minimize the inte- 
gral J. 

For, if we replace the line 
ABhj the broken line APB, 
the co-ordinates of P being 
y" = /i > and y = l', 




FIG. 20 

total variation of J is easily found to be 



the. 



AJ 



-[ 



bJ<? 



-^+^ + « + 36fc^] + (ft) , 



where (li) is an infinitesimal. 

Now let p > be given, as small as we please, then choose 
\k\<p and let h approach zero, keeping k fixed. Then since 
6>0 it follows that AJ<0 for all sufficiently small values 
of // , which proves that the line A B does not minimize the 
integral J. 

The complete solution of the general problem which we 
have considered in these three chapters would require the 
establishment of a system of necessary and sufficient condi- 
tions. The abote example shows that it will be necessary 
to add a fifth necessary condition before the complete solu- 
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tion of the problem is reached. Wo have therefore to con- 
clude this chapter with the statement of a gap in the theory 
so far as it has been already developed.' 

d) We add a table of the various conditions which have 
occurred in the problem to minimize the integral 



F{^^ y, y')dx , 



the end-points being fixed: 

1) The minimizing curve ®o- Z/=/o("') must satisfy the 
differential equation 

F — —F . = (I) 

{JEuler^s equation, p. 22 ; assumptions concerning its general 
solution, p. 54.) 

2) F„.^.{x,Ux),f^{x))^0 , in (a-ox,) . (II) 
{Legendre''s condition, p. 47) 

in {xqPCt) for every finite p (pp. 76 and 98). 

F,.,.{:x,y,r>)^0 , (lib) 

llf we modify the problem by the addition of a slope restriction, i. c, by sub- 
jecting the admissible curves to the further condition that their slope shall not 
exceed a finite fixed quantity, say 

then the three conditions (1), (III'), (IVa) are sufficient for a minimum. 
For the function 

Ei(j-,*(.r,y); *j,(.i-,t),p) 

is continuous in the domain 

S^: .r„m.r^.>\ , 1 Y - T„l s fc , IplSO. 

and positive tor V = Vo • j.- -^ 

Since the domain S^. is closed, it follows from the theorem on uniform continuity 

that we can take fc so small that 

El (x, .(>(», y); 'l>a:(x,y),p)>0 

throughout the domain Bj., which proves the above statement. 
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for eA'ery (x, y) in a certain neighborhood of (Sq and for every 
finite J) (p. 96). 

3j x,^x„' , (III) 

iTo being the conjugate of ocq. (JacobPs condition, pp. 58, 
59, 67.) 

4) E {.X , /o {x) ■ /; (x), p) ^ , (IV) 

in (j"o-^i) for every finite J). ( Wcierstrcifis's condition, p. 76.) 
B,{x,f,{x); /„'(.»■), i5)^0 , (IVa) 

in (j"ori) for every finite p (p. 76). 

The omission of the equality sign in (Il)-(IVa) is indi- 
cated by an accent. 

Conditions (I), (II), (III) are necessary, conditions (I), 
(II'), (III') are sufficient, for a weak minimum. 

Conditions (I), (II), (III), (IV) are necessary, conditions 
(I), (lib'), (III') are sufficient, for a strong minimum. 

§23. THE CASE OF YAEIABLE END-POINTS' 

We have so far always supposed that the two end-points 

1 Three essentially different methods have been proposed for the discussion of 
problems with variable end-points : 

1, The method of the Calculus of Variations proper: It consists in computing 
6 J and 6 J" either by means of Taylor's formula or by the method of differentia- 
tion with respect to e, explained in §4, h) and d), and discussing the conditions 
5J = 0, sVgO. The method was first used by Lagkaxge (1760) ; see Oeuvres, Vol. I, 
pp. 3.38, 34o. He gives the general expression for &J when the end-points are vari- 
able, viz. : 



SJ: 






and derives the conditions arising from 5^=0 , 

The second variation for the case of variable end-points was first developed by 
Erdmasn (Zeitschrift fur Uathematik und Physik, Vol. XXIII (187S), p. 364). He finds 

Ii(uSy'—u'Sy)'dx 

,,2 

where u is an integral of Jacobi's differential equation. By considering such spe- 
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of the required curve are fixed. lu this section we propose 
to consider the modification of the problem in which one of 
the end-points, say 0, is fixed, whilst the other, 1, is movable 
on a given curve 6. 
Suppose the curve 

— which we suppose to be of class C" and to lie in the inte- 
rior of the region IS — minimizes the integral J with these 

cial variations for which Sj/ = Cu , he makes the integral vanish and thus reduces the 
question to the discussion of the sign of the remaining function of the variations 
*•!■,■. ^y,-, * J-,-, S ij.. These variations are connected by relations which depend 
upon the special nature of the initial conditions. For instance, for the initial con- 
ditions considered in the text the expression for sV reduces to the expression (3S) 
for J"{x{) multiplied by &x\. 
For the general integral 






F (■'■■, y I, Vi, ■ ■ ,y„,y,\y.2, ■ ■ ■ ,j/„')t;a; 

where y^, y2- ■ • ■ .y„are connected by a number of finite or differential relations, 
the second variation in the case of variable end-points was studied by A. Mayek, 
Leipziger Berichte (1896), p. 43S; for the integral in parameter-representation 



T= I F{x,y,x\y 



')dt 



by Bliss, Transactions of the American Mathematical Society, Vol. Ill (1902), p. 132 
(compare §30). 

2. Themethod of Diffcrent/nl Culculus: This method is explained in a general 
way in DIenger's Grundriss der Variationsrechnung (1867). It deconipo-ics the 
problem into two problems by first considering- variations which leave the end- 
points fixed, and then variations which vary the end-points, the neighboring curves 
considered being themselves extremals. The second part of the problem reduces to 
a problem of the theory of ordinary maxima and minima. This method has been 
used by A. Mater in an earlier paper on the second variation in the case of variable 
end-points for the general type of integrals mentioned above {Leipziger Berichtv 
(1884), p. 99). It is superior to the first method not only on account of its greater 
simplicity and its more elementary character, but because — by utilizing the well- 
known sufiicient conditions for ordinary maxima and minima — it leads, in a certain 
sense, to sufficient conditions if combined with Weierstrass's sufficient conditions 
for the case of fixed end-points. For these reasons I have adopted this method in 
the text. 

3. Kncscr's method: This method, which has been developed by Kxeser in his 
Lehrbuch^ is based upon an extension of certain well-known theorems on geodesies. 
It leads in the simplest way to sufficient conditions, but must be supplemented by 
one of the two preceding methods for an exhaustive treatment of the necessary con- 
ditions. A detailed account of this method will be given in Chapter v. 
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initial conditions. Then we must have AJ^O for every 
curve 6 of class D' which begins at the point and ends at 
a point of the curve 6 and which lies moreover in a certain 
neighborhood' 31 of ©g- 

a) Among the totality of these 

'admissible curves" we consider in 

the first place those which end at the 

point 1. For these also the inequality 

FIG. 21 AJ^O must hold, and therefore all 

the conditions which we have found to be necessary in the 

case of fixed end-points must be fulfilled in the present 

case. 

The arc ®o must therefore be an extremal, Legendre^s 
condition 

Fy-r^^ (II) 

must he satisfied along (Sq, and the conjugate point 0' to 
must not lie between and 1. 

We suppose in the sequel that the arc @o is an extremal, 
that the condition 

F,.„.{x,y,p)>Q (lib') 

is fulfilled at every point {x, y) of a certain neighborhood of 
@o for every finite value of p and that the arc ©q does not 
contain the conjugate point 0' (Condition III'). 

h) Further necessary conditions are obtained by consid- 
ering variations which do vary the end-point 1. Various 
methods^ have been proposed for this purpose. The follow- 
ing elementary method reduces the further discussion to a 
problem of ordinary maxima and minima: 

If the extremal ®o minimizes the integral J in the sense 
explained above, then ©q must, in particular, furnish a smaller 

1 Compare §3, 6) ; we may for instance choose tor 11 the special neighborhood (p) 
used in the problem with fixed end-points (§3, c)), increased by a semi-circle of radius 
p with the point 1 tor center. 

2 Compare footnote 1, p. 102. 
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value than (or at most the same value as) every extremal 
which can be drawn from the point to the curve 6 and 
which lies in a certain neighborhood of @o- 

And since under the above assumptions (lib') and (III') 
each of these extremals — (when its end-points are consid- 
ered ac fixed) — minimizes the integral J, it seems' self- 
evident that also the converse is true. 

Let then 

2/ = </.(«, y) (30) 

represent the set of extremals through the point 0, and let 
7o denote again the value of 7 which corresponds to ©q- 
From the above assumptions (lib') and (III') it follows that 
this set furnishes for I7 — 7o|^^" an (improper) field'' ^j^ 
about the arc @o if A' is taken sufficiently small. 

Hence, if 2 : {oc-i, 2/2) be any point of the curve 6 in a 
certain vicinity of the point 1, then there passes one and 
but one extremal 

©2-. y = 4>{x,yi) 

of the field through the point 2. The parameter 72 is a 
single-valued function of Xo, yz of class C : lz^'^{ji-i, ll-i)- 
If 

y=f{x) 

is the equation of the given curve, which we suppose to be of 
class C" , then «/2 =/(a;2) and '^2^-^{xi,f{x^)- 

Hence the integral J taken along the extremal ®2 from the 
point to the point 2 is a single-valued function of j-o , say 

lit will be seen under e) how far this conclusion is correct. 

2 Compare p. 83, footnote 2. In the present case the field &j. consists of all 
points (x , y) furnished by (30), when j- , y are restricted to the domain 
XogxSXi, |7-Vo|^*^' 

where X, is some value greater than j-j ; A; is supposed to be taken so small that (lib) 
holds throughout »^ and that 't>y(,x,y)^0 throughout the domain 



106 Calculus of Variations [Chap. Ill 



^(a;,) = I Fix, <t>{x, y^), 4>x{^, 72)) dx . 

And this function J{x^ must have a minimum for a:;2 = a:;i. 
Therefore we must have 

j'(xi) = , J""(*-i)^0 . (31) 

c) The derivative of the integral J^2) ^^s already been 
computed' in §20, c) (equation (24)). Accordingly 

J' (Xi) = i^ (xj , 2/2 , P2) + (P2 — P2) Fy. (.Xj , 2/2 , P2) , (32) 

where Pz = 4'x{^2j 72) is the slope of the extremal @2i ^nd 
jjo^/'l-ro) the slope of the curve 6, at the point 2. 

Hence we obtain the result : 

The co-ordinates x, y of the movable end-point must 
satisfy the condition^ 

F{x„y,,yi) + {yi-y[)Fy.{x„yuy[) = Q , (33) 

where yl and yl refer to the extremal @o ^^^ to the curve S 
respectively. 

If this condition is satisfied we shall say that the curve @ 
IS TEANSVEESE'' to the extremal @o (il tl^& point 1. 

Equation (33) together with the two equations 
/(xo, «, /?) = 2/0 , f{Xi, a, |8) =f{xi) , 

determine in general the two constants of integration a , /S in 
the general solution of Euler's differential equation, as well 
as the abscissa Xi of the point 1. 

We suppose in the sequel that condition (33) is fulfilled. 

d) We next proceed to the computation of J' ' (xz) . From 
(32) we obtain 

iWe suppose that the co-ordinates of the movable end-point do not occur 
explicitly in the function J('(x, i/, j/') ; if they do occur, another term must be added 
to the expression of J'ix^)- Compare for this case Knesee, Lehrbuch, §12. An 
example of this exceptional case is the brachistochrone ; compare LindelOf- 
MoiGNO, Calcul des variations, No. 113, and the references given in Pascai,, Varia- 
tionsrechnung, §31. 

2 In accordance with §8, end. 

3In the use of the word "transverse" I follow Osgood, loc. cit., p. 112. 
Knesee, who first introduced the term {Lehrbuch, §10), used it with a slightly differ- 
ent meaning ; he says : the extremal (Sq is transverse to the curve s if (33) is satisfied. 
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J ijc,) _ F, + i^„ — + F,, — + F,, \^~ - ^ j 



But 



hence 



2/2 =/(■<■-•) = '^(•^■•2. ya) , 
P=nr.), f^ =/"(-), (34) 



dX: 

Substituting these values for 



and -7-^ is determined by 



/'(,.%) = <^.(j"2,y-2) + </>vU-,,y.)^ 



dj/2 dp2 dft 

dj"2 ' ria-2 ' rf.fj ' 

and remembering that on account of Euler's equation 
F,.,= F,-F,j.,^,-F,y^.4>,, , 

we obtain for v=Xi the following result:' 
Let Ai and B^ denote the expressions: 

A, = F,+ {2ri,- yl ) F, + Tjl ' F„. + {~y[ - yl f F,., , (35) 

B, = {yl-u(yF,„. , 

the arguments of the derivatives of F being x^, ij^, yi ; then 

For the further discussion of the inequality J'"(.ri)>0, we 
leave aside the exceptional case where //i'j=2/i', ''• ''■• ""'' s"P- 
pose that the extremal @o «'"' ^''^ ewer*- 6 are not tangent to 
each other at the point 1. Then -Bi>0, since we have 
moreover already supposed that Fj^y'^O. 

1 Given, in a slightly different form, by Bliss, Mathematische Annalen, Vol. 
LVIII (1903), p. 77. 
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According to equation (30) of §15, we have in the nota- 
tion of §§13 and U: 

<i>y (iCi , Vo) = CA (x, , a-o) 
and therefore 

8A(.r,,g-o) 
<^vr.(-*i. 7o) = C ^ . 

Now let HfiTi, x) denote the function 

H(*„x)=:A,A(^,,x)+5,^^^^ , (37) 

then the expression for J"(x^ may be written 

^ ''' A (aj, , a-„) 
The function 

A (xi , x) = ri (*i) r^ (x) — rj (a-j) r^ {oc) 

is an integral of Jacobi's differential equation and van- 
ishes for .X = Xi . The function H {xi , .r) is likewise an inte- 
gral of Jacobi's differential equation, since it is linearly 
expressible in terms of ri{.r) and r-^(.r). Since B^'p-Q and 

r, (xO rl (x,) - r, (x,) r/ (a-,) 4= (38) 

(see pp. 57, 58), 

H (x, , rrO =t= . (39) 

Hence if we denote by ,r{ the root of the equation 

A (o", , a-) = 

next smaller than Xi and by x[ ' the root next smaller than x^ , 
of the equation 

H (a-, , «) = , 

it follows from Sturm's theorem' that 

a*! j> a'l 

At a;^.Ti", H(a;i, x) changes sign. 

1 Compare p. 58, footnote 2. This remark is due to Bliss, Transactions, etc. 
p. 138. 
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Again 


from (38) it follows that 








L (a;, — x) 


'^h 


(.fi, x) 


= 1 


and therefore 












'-yA(., 


, -)) = 


+ 00 . 


Hence 


we infer that 










r>o 


when a"/ 


' < aJo < «] , 




J"{.^\)\ =0 


when a-j 








(<o 


when .(,' 


<a;o< 





For reasons which will appear later on (under /), the 
point of the extremal @o whose abscissa is x[' is called, accord- 
ing to Knesee,' the "focal poinf" of the curve S on the 
extremal ©q. 

We have therefore reached the theorem: For a minimum 
it is necessary that the focal point of the curve 6 on the 
extremal @o shall not lie hetween the points and 1. 

e) It remains to consider the question of the sufficiency 
of these conditions. 

If in addition to (lib') and (33) the condition 

•'■■" < •'•o (41) 

is satisfied, then 

J'{x,) = , J"{x,)>0 , 

and therefore the function Ji^r-i) has a minimum for Xo=:Xi. 
Let now 6 be any curve of class D' which begins at the 
point and ends at some point 2 of S, and which lies more- 
over in the improper field S»j. about ©q defined under h). 
Let ©2 l^e the extremal of the field from the point to the 
point 2 (see Fig. 21), then we have 

J<ia < Jq^ ■ 

'The disoovery of the focal point ("Brennpunkt") is due to Knesek, see Lehr- 
buch, §24. For the special case of the straight line, the focal point occurs already in 
Ebduann's paper referred to above. Bliss uses "critical point " for " Brennpunkt." 



110 Calculus op Vaeiatioxs [Chap, ill 



On the other hand, since we have supposed k so small that 
^y{x, 7)=t=0 for 

.r„ < .r ^ X, , \y-y„\^k , 

the region gij. is at the same time an (improper) field' about 
the extremal @2 and therefore since (lib') holds throughout B/, , 

according to §22, h). Hence 

The extremal @o furnishes therefore a smaller value for the 
integral J than any other curve of class D' which can be 
drawn in the region ^j. from the point to the curve S, and 
in this sense the e.riremal ®o ■minimizes' the integral J if the 
conditions {lib'), (33) and (41) are fulfilled. 

Example Via: To draw the cnrrc of shortest length from a 
given point to a given curve. 

Here: i^ = 1- 1 + /y'- : 

hence we obtain for the condition of transversality 

/. e.,the minimizing straight line must be normal to the curve © at 
the point 1. 

Further we get easily 

H (,,,,, .) = ^dE=.-(,r. -.,■)+ ^'/■'-■'^■'^^ • 



yi + !jr- ' ' (i i + ur'Y ' 

therefore ^ _ j/-(l + ^'^) 

Vl 

1 In the discussion concerning the construction of a field about '^^f in §19, we have 
for simplicity restricted y to an interval (vq — A" . YoH- fc) whose middle point is 7 = y^. 
We might just as well have taken an interval of the more general form (70 — fcj , 7oH~^)' 
In the present case the term field must be understood in this slightly more general 
sense. 

2 It should, however, be observed that the region &^ does not. strictly speaking, 
constitute a neighborhood (see §3, 6)) of the arc ^^, since its width approaches zero 
as X approaches the value .Tq. The proof that l*q minimizes the integral J is there- 
fore not quite complete. Kneses's sufficiency proof, which will be given in chap, v 
for the problem in parameter- representation, is not open to this objection. 
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Hence it follows that the center of viirvatnre 1" of the enrre (5 
at the point 1 ninut not lie beticeen tlie poiut o coid the juiiut i. 
Conversely: If this condition is fulfilled and if moreovei- 1" does 
not coincide with the point 0, then the straight line 01 actually 
furnishes a minimum. 

Entirely analogous results are obtained in the cas(3 when 
the point 1 is fixed and the point movable on a given curve. 
The condition of transversality must be satisfied at the point 
0. Again, if ^4o, i?o have the same meaning for the point 
as the constants Ai, B^ for the point 1, and if .Iq" denotes 
the root next' greater than jq of the equation 

H (.r„ , ,r) = A„\ (.r„ , .,■) + B, --^^^ = , (42) 

then x^' must not be less than .rj. 

/) Geometrical inferpreifif ion of tlie focal point. Let us 
consider the problem to construct through a point 2 of the 
curve 6 in the vicinity of the point 1 an extremal which 
shall be cut transversely at the point 2 by the curve G. Let 

,j=f{.r,a,l3) 

be the required extremal. Then we have for the determina- 
tion of a and /3 the two equations 

M = f{x,,u,p)-fh;)=0 , ^^2^ 

.V = F (x, , //, ,q,) + (p, - (/.) F„. (.r, , ij, , q,) = , 
where 

!h = fi-^'^) > P2 = f" (■'•■^) ' 'i-^ = f- (■''■' '"-'^^ ■ 

The two equations (43) are satisfied f or .ro^.'i, a = ao, /3 = ^o, 
since 6 is transverse to @o at the point 1 ; the left-hand sides 
of the two equations (43) are functions of .v., a, /S oi class 
C" in the vicinity of x. = .>\, a^a^, /3 = ^o and their 
Jacobian with respect to a and 6 is different from zero for 
.r. = ^1, a = ao, y8 = ;8o, if Z/i' — 2/i "^ as we have supposed ; 
for it reduces to 

1 Compare the Addenda at the end of the book. 
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Hence the equations (43) admit, according to the theorem 
on implicit functions,' a unique solution : 
a = a(a:-2) , P = P{x^) , 

which is of class C" in the vicinity of Xn = Xi and satisfies 
the initial conditions 

a (x,) = a„ , ^ (a-i) = /3o . 

If we denote 

/(.r, a{.r,), l3{Xi))=g{x,x^ , 

the required extremal is therefore 

y — g{x, x^) , (44) 

and if we consider X2 as a variable parameter, this equation 
represents a set of extremals each of which is cut transversely 
by the curve 6; the extremal (Sq is itself contained in the 
set and corresponds to X2 = Xi. 

The envelope ?5 of the set (44) is defined by the two 
equations 

y — g{.r, Xj) , 6^0:2 ('^^ ^-2) = , 

and the abscissae of the points at which the extremal @o 
meets this envelope are the roots of the equation 

a:2=Xl 

To obtain this equation we compute the derivatives 

da dp 

from the two equations dM/doc2,^=Q, dN/dxo^^Q , substitute 
their values in the equation 

and finally put x^^x-^, a^^a^, /3 = /Sq. 

Carrying out this process, we are led to the three equa- 
tions 

1 Compare footnote 2, p. 35. 
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y, (.r) a'(.0 + r,(.r) ;8' (.<■,) =0 , 
r, (x,) a' (.»■,) + r, (,<■,) /?' (,c,) = j/ — //,' , 
(i/.' - 2/,') iVr[''.' (•*'.) «'(•*■.) + '•;(•'■,) ^' (.<•,)] = - ^l, , 
from which, )iv eliminating «'(.ri), ^' (,/■,), we obtain the result 

H(,f,...') = , /. r., 

The focal poiiif^ is flic point at irliicli tlic cvtrciiuil CS",, mectx 
for titc Jiist time — counting from tlic point 1 ton-anl tlic 
j)oint — tlw cnrclojK' of tlie get of c.rtronals ivliicli ore cut 
tronsrcrsciji by the curve S. 

Example Via : The set (Jri) consists of the normals to the 
curve (5 : the envelope ,v is the evolute of the curve (5. 

(j) Case of tn'o iiiorahJe end-points: We add a few 
remarks concerning the case when the point is movable 
on a curve Sq ^t^^ ^^ ^^^ same time the point 1 movable on 
a curve (5^. 

The consideration of special variations leads at once to 
the result that the minimizing curve must be an extremal, 
that the condition of transversality must hold at both end- 
points, and that the inequalities 

•«•„ ^ ■•'i" I -''i ^ ■'<)' 
must be satisfied. 

But still another condition must be added : If .)•;" denotes 
the root next greater than Xi of the etjuation 

H(.r,,.r) = , 
then ttie foUowinij ineqnalitij must he satisjied :^^ 

iThis geometrical interpretation of the focal point is due to Knesek; see L,-hi- 
biirh, §24. 

2This result is due to Bliss ; see ^lathemathi-he Annah-n, Vol. LVIII (IM.'i), j.. 
70 He alw proves that for ii regular problem the condition .T,<.Ti"<j;,', together 
with the two transversality conditions and the condition that tho minimizing curv.. is 
an extremal, are sufficient for a minimum. His proof is based upon Kncser s theory 
of the problem with one variable end-point. 

For the example of tlie curve of shortest length between two given eunvs, the 
inequality (43) had already been eiTen by Eedmanx [loc. cit.). Another important 
example with both end-points variable (the special isoperimetric problem) lias b,.,.„ 
completely discussed by Kneser (Mathematische Annalcu, Vol. L^ I (1902), p. 169). 
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a-i < ot\ 



(45) 



The problems on variable end-points which we have dis- 
cussed in this section are special cases of the problem : To 
minimize the integral J when the co-ordinates of the two 
end-points are connected by a number of relations : ' 

The "method of differential calculus" used in this section 
can be applied also to this case. 

The number of independent relations cannot exceed four ; 
if it is exactly equal to four, we have the case of fixed end- 
points. If both end-points are perfectly unrestricted, the 
vanishing of the first variation leads to the four conditions 



F\=0 



F 



= 



= 



F 



= 



which are in general incompatible. 



1 Compare Knesee, ieTirftmcft, §10. 



CHAPTER IV 

WEIERSTRASS'S THEORY OF THE PROBLEM IN 
PARAMETER-REPRESENTATION ' 

§24. FORMULATION OF THE PROBLEM 

In the })revious chapters we have confined ourselves to 
curves which are representable in the form >j=f(x), a 
restriction of a very artificial character in all truly geomet- 
rical problems. We are now going to remove this restriction 
by assuming henceforth all curves expressed in parameter- 
representation. 

a) Generalities concerning curves in parcimeier-repre- 
sentationJ' 

A ''continuous curve''^ 6 is defined by a system of two 
equations 

g: x = cl>{t) , y = i,{t) , to^t^t, , (1) 

4> and yjr being functions of /, defined and continuous in 
(toti). As t increases from /q to ti, the curve is described in 

1 The treatment of the problems of the Calculus of Variations in paramotor-reprt^ 
sentation is entirely due to Weierstrass; he used it in his lectures at least as early 
as 1872. In order to avoid repetitions, we shall discuss in detail only thoso points in 
which the new treatment differs essentially from the old one. For the rest, we shall 
confine ourselves to an account of the results. 

As regards the 7-elative merits of the two viethods, one is inclined to consider the 
older method — iu which x is taken for the independent variable — as antiquated and 
imperfect when compared with Weiers trass's method ; unjustly, however, for the 
two methods deal with two clearly distinct problems, and which of the two desorves 
the preference, depends upon the nature of the special problem under consideration. 

Generally speaking one may say that in all truly geometrical problems the method 
of parameter-representation is not only preferable, but is the only one which fur- 
nishes a complete solution. On the other hand, the older method has to be applied 
whenever a function of minimizing properties is to be determined (for instance, 
Dirichlet^s problem). 

For examples illustrating the relation between the two methods, see Bolza, 
Bulletin of the American Mathematical Society (2), Vol. IX (1903), p. 6. 

2 Compare J. I, Nos. 96-113. 
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a certain sense, called the "positive sense," from its origin, 
say 0, to its end-point, say 1. 

If we make the ^^parameter-transformation'''' : 

t = x{r) , (2) 

where %(t) is a continuous function of t which constantly 
increases from /g to /^ as t increases from Tq to Tj, the equa- 
tions (1) are changed into 

^ = 't>{x{r))=^{r) , 2/ = >/'(x«)=*« . (la) 

Vice versa, the equations (la) are again transformed into 
(1) by the inverse transformation 

- = X-'(0- (2a) 

We agree to consider the two curves defined by (1) and 
(la) as identical, and conversely two curves will be consid- 
ered as identical onlj-' when their equations can be trans- 
formed into each other by a parameter-transformation of the 
above properties. 

The curve 6 will be said to be of class C'{C") if the 
parameter t can be so selected that <f>{t) and ■^(t) have con- 
tinuous first [and seco7id) derivatives in (t^t^, and if more- 
over 4>' and ■^' do not vanish simultaneously in {t^t^ so that 
,^'^ + ^'2^=0 in (y,) . (3) 

A curve of class C" has at every point a continuouslii 
turning tangent; the amplitude 6 of its positive direction 
is given by the equations 

cos e = , , sin ^ = "^ . (4) 

l>'^-f V" Vcf'^ + il'" 

Every curve of class C" is rectifiable,' and the length s of 
the arc tat is expressible by the definite integral 

1 According to this agreement, a curve (more exactly " path-curve," E, H. MooEE) 
is not simply the totality of points defined by (1) but the totality of these points 
taken in the order defined by (1). 

2 Compare J. I, Nos. 105-111. 
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: r 1 cj^'^ + r'dt 



(5) 



By an "ordinarii curve'" will be understood a continuous 
curve which is either of class C" or else made up of a finite 
number of arcs of class C. A point where two different arcs 
meet will be called a "corner" if the direction of the positive 
tangent undergoes a discontinuity at that point. A curve 
will be said to be regular at a point f^t', if for sufficiently 
smalt" valiies of \f—f'\, x and y are expansible into con- 
vergent power-series : 

.r = a + a,(f-<') + a,(/-i')^-f ... , 

and if moreover a-^ and }\ are not both zero. 

6) Integrals taken along a curve; conditions for tlieir 
invariaiice undo' a parameter-transformation. 

Let F{.r, y , y , 'j') be a function of four independent 
variables which is of class C" in a domain 51 which consists 
of all points x, y, x', y' for which a) x, y lies in a certain 
region 5S of the ;r, ?/-plane, 6) x' , y' are not both zero. 

We suppose that the curve S defined by (1) lies entirely 
in jR, and select two points 2 and 3 (^2<4) on 6. Then we 
consider the definite integral 



J"" '3 
F{x, y, y, y')dt , 
t. 



in which x, y, -r' , y' are replaced by <f>{t), "^{t), <t>'{t), ir'(t) 
respectively, and ask: Under wiiat conditions wiJl tlie rrdne 
of the integral J depend only on the arc 23 and not on the 
choice of the parameter t? 

The simplest example of an integral which is independent 
of the choice of the parameter is the length of the arc 23, 
which is always expressed by the definite integral 






y"' dt 
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no matter what quantity has been selected for the independ- 
ent variable /, provided that ^3 < h^ so that if we pass from 
the parameter t to another parameter r by any admissible 
transformation (2), we must have 

Returning now to the general case, our question may be 
formulated explicitly as follows : 
Under what conditions is 

with the understanding that this relation is to hold : 

a) For every transformation f = x(j) of the properties 
indicated above ; 

0) For all positions of the two points 2 and 3 on the 
curve S ; 

7) For all possible curves 6 of class C", lying in JJ ? 

On account of /3) we may differentiate (6) with respect to 
Tg ; writing for brevity t, r instead of 4, '^3, we obtain 

^ V ' ^' ^It ' dt) dr - ^ T' ^' dr ' dr) ' 

or since , , ,, 

dx __ dx dt dy __ dy dt 

dr dt dr ' dr ~ dt dr 

^ V '^' dt' dt) dr - ^ r ' y' dt dr ' dt dr) ' ^^ > 

On account of a) this must hold for the special trans- 
formation 

f~kr, 

k being a positive constant. Hence 
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But by properly choosing the curve (1) (see assumption 7)) 
and the parameter /, we can give the four quantities 

dx dy 

any arbitrary system of values in the domain 51, and there- 
fore the relation 

F{x, y,kx', ky') = kF{x, y, x', y') (8) 

must hold identically for all values of the independent 
variables x, ij, x' , y' in 21 and for all positive values of /,-, or 
as we shall say: F(,r, y, x', y') must be "positively homo- 
geneous'''' and of dimension one with respect to x , y' . 

Vice versa, if this condition is satisfied, (7) holds since 
we suppose 

dt ^ 

and therefore also (6), as follows by integrating (7) between 
the limits r^ and T3. This shows that the homogeneity con- 
dition (8) is necessary and sufficient for the invariance of 
the integral J} 

We shall in the sequel always suppose that the function 
F satisfies the homogeneity condition (8), and we shall 
denote the value of the integral 



'^■a'- 



fj F{<l>{t), ^{t), <l.'it), r{t))dt 

indifferently by t/^ or J^i, and call it the integral of the 
function F(x, y, x', y') taken along the curve S. 

If we wish to reverse^ the direction of integration we 
must first introduce a new parameter which increases as the 

1 Weieestrass, Lectures; also Knesek, Lehrbuch, §3. 

This lemma has been extended to the case where F contains higher derivatives 
of X and y by Zeemelo, Dissertation, pp. a-23; to the case of double integrals by 
KOBB, Acta Mathematica, Vol. XVI (1892), p. 67. 

2 Compare Knesee, Lehrbuch, p. 9. 
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curve is described from the point 1 to the point 0, for 

instance: 11= — f. The equations 

g-' : X = 4>{— u) , y = >p (— u) , U(,^u^ih , 

where Uq= — /i, «i= — t^, represent the same totality of 
points as (1), but the sense is reversed. 

The integral of F{x, y, x', y') takeij, along 6~^ has the 
value 

r"'^/ d.r dy\^ 

= £^' ¥[<!>{- u),^{-u), -4>'{-u), -f{-u))du , 
= J^ ' F {ct> (t), i^ii), - <i>'{t), - ^j^'(t)) dt . 

If the relation (8) holds also for negative vahies of k, as 

happens, for instance, vs^hen i'^ is a rational function of .r' , y' , 

then 

F(.r, y, -y, —y') = — F (x , y , x' , y'), 

and therefore : Jio= — Jai- 

But the relation (8) need not hold for negative values of 
k ; thus in the example of the length we have for negative 
values of k 

F(.r, y, k.v', ky') — — kF{.x, y, x\ y') ; 

hence in this case J\(i = J(i\. 

In other cases the relation is more complicated, for instance, 

when „ , ' t s ^/~ri—. — 7i 

F =^ xy — X y -\- W X -\- y . 

Prom the homogeneity condition. (8) follow a number of 
important relations between tlie partial derivatives of F. 

Differentiating (8) with respect to k and then putting 
fc = 1 , we get 

x'F,. + y'F^. = F . (9) 

Differentiating this relation with respect to x and y, we obtain 
F^c = -v'F^'a: + y'Fy.^ , F,j = x'F^.^ + ij'F^.y . (10) 
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Differentiating (9) with respect to x' and y' we get 

x'F^.,. + y'F^.,. = , x'F,.^^ + y'F^.^. = ; / ff a- 

hence if x' and y' are not both zero, 

F,.,. : F,.^. : F^.^. = y" : - x'y' : x" ■ (11) 

there exists therefore a function Fi ot x, y, x', y' such that 
-P'xx' = y"F, , F,.„. = - .v'y'F, , Fy.^. = ,r'^i^, . (11a) 

The function Fi thus defined is of class C in the domain 
21, even when one of the two variables ./', y' is zero; but 
Fi becomes in general infinite when x' and //' vanish simul- 
taneously, even if F itself should remain finite and continu- 
ous for ,r' = 0, y' = 0. 

For instance : 



yi'y + y"' , F,= 



(i x'^ + y'^y 

c) Definition of a Minimum :^ Two points ^(-ro, ^o) ai^d 
,B(,ri, 2/i) being given in the region S, we consider the totalit}- 
M of all ordinary^ curves which can be drawn in jS frOm A 
to B. Then a curve S of iM is said to minimize the integral 

J= I F{x, y, y, j')dt , 

if there exists a neighborhood II of 6 such that 

J^^J^ (12) 

for every ordinary curve S which can be drawn in M from 
A to B. 

We may, without loss of generality, choose for H the 
strip^ of the .r, i/-plane swept over by a circle of constant 
radius p whose center moves along the curve S from .1 to B. 
This strip will be called "the neighborhood {p) of G." 

1 Compare §3. The definition is due to Weiersthass, Lectures, 1879; compare 
also Zermelo, Dissertation, pp. 25-29, and Kneser, Lchrlnu-h, gl7. 

2 An extension of the problem to a still more general class of curves will be con- 
sidered in §31. 

3 In case different portions of the strip should overlap, the plane has to be 
imagined as multiply covered in the manner of a Riemann- surface ( Weierstkass). 
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§25. THE FIEST VARIATION 

We suppose that we have found an ordinary curve 
6 : x = <t>{t) , y — il/{t), to^t^ti , 

contained in the interior of S, which minimizes the inte- 
gral J. We replace the curve 6 by a neighboring curve 

g: X = X + ^ , y = y-\--q, 

where f and r; are arbitrary functions of t of class D' , which 
vanish at t^ and t^ : 

HQ = , vito) = ; i{t,) = 0, v{t^) = . (13) 
The consideration of special variations of the form 

i = cp , ■>? = eg , (14) 

where e is a constant, and p and q are functions of t of class 
D' , which are independent of e and vanish at to and ti, leads 
as in §4 to the result' that 

AJ=8j+e(e) , (15) 

where (e) is an infinitesimal and 

U = £{Fj+F^-r, + F^.^'+F^.r,')dt , (15a) 

whence we infer again that Sj' must vanish for all admis 
sible functions f , »?. 

Considering first special variations for which 57 = , and 
secondly special variations for which | = , we see that we 
must have separately 

£\FJ + F,.t')dt = , £\F,y, + F^.r,')dt = . (16) 

1 The same results hold for variations of the more general type 
f = |(f,£), ri = ,iit,e), 

where the functions Ht, '),ri(t,e), their first partial derivatives and the cross- 
derivatives Jjj , >if J are continuous in the domain fj ^ 1 5 tj , | e | 5 e,, , e„ being a suffi- 
ciently small positive quantity. Moreover 

fUo,e)=0, ,(*„,€) =0, 
f(«l,e)=0, .|(ij,e)=0. 
Compare §4, d). 
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To these two equations the methods of §§-t-9 can be 
applied with the following results : 

a) Wcicnttjris^'s form of Eider's eqiiatioit: The func- 
tions ,r and y must satisfy the two differential equations 

i^.-^i^V = 0, F,-^^F, = 0; (17) 

these two differential equations are however not independ- 
ent ; for, if we carry out the differentiation with respect to t 
and make use of the relations (10) and (11a) we obtain 

F. - % i'V = U'T , F,-^^F,= ~ x'T (18) 

where ^ ^ p^^^ _ ^,^^ ^ ^^ ^^,y.,_ ^,,y,^ ^ ^^^^ 

■r'\ y" denoting the second derivatives of oc and y with 
respect to /. Since x' and y' do not vanish simultaneously 
(see §24, a)), the two differential equations (17) are equiva- 
lent to the one differential equation 

T = F,„. - F„,. + F,{.v'y" - x"y') = . (I) 

This is Weieesteass's form of Eulee's differential equa- 
tion} Every curve satisfying (I) will again be called an 
extremaJ. 

The same result can also be derived from a transforma- 
tion' of hj which will be useful in the sequel. 

If we perform in the expression (15a) for SJ" the well- 
known integration by parts, and make use of (IS), we obtain 

8j-=r^i^,.-f,i^„.l''+ C'Twdt, (15b) 

where u' = y'^ — x'r], 

1 Weieesteass, Lectures; compare Zeemelo, Dissertation, p. 37. 
If we introduce the curvature 

1 _ x'y' — x"v' 

~r (i/^^:^7^)" 

the differential equation may also be written 

1 F ■ —F . 

•^ -Fl(l .r--l-i/-j 
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The differential equation (I) together with the initial 
conditions determines the minimizing curve, but not the 
functions r and y of /. In order to determine the latter, 
we must add a second equation or ditferential equation 
between t, x, y . This additional relation (which is equiva- 
lent to some definite choice of the parameter t) must be 
such that X and y come out as single-valued functions of 
t of class D' satisfying (3) ; otherwise it is arbitrary. The 
best selection depends largely upon the nature of the par- 
ticular example under consideration (see the examples in §20). 

If we add to (I) a finite relation between t, x, y we 
obtain as the general solution a pair of functions of t con- 
taining two constants of integration : 

x=f{t,u.,ri) , y = g{t,a,fi) . (20) 

The constants a, /3 together with the unknown values tg 
and ti have to be determined from the condition that the 
curve must pass through the two given points : 

X^^f{t„,a, P) , 2/o = S'('«. a, y8) , 

x,=f{U,a,p) , y, = g{U,a,fi) . ^ ' 

h) Esirenial through a given point in a given direction : 
In order to construct an extremal through a given point 
0(«, h) of S in a given direction of amplitude 7, we select 
the arc of the curve measured from the given point for the 
parameter t and have then to solve the simultaneous system 

r = 0, x'^ + 2/'^ = l (22) 

with the initial conditions 

,c = a , y = b , x' = cos y , 1/'= sin y 

for ^ = 0. Differentiating the second differential equation 
we obtain the new system 

F,{y'x"~ x'y") ^ F^^. - F^,. , 

x'x'+y'y" =0 . ^ ^' 
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Solving with respect to .r", y" we obtain ,r", y" expressed 
as functions of .r, y, r', y' which are of class C" in the 
vicinit}' of x=^<i , y = b, ,r'=^cos7, v/' = sin7 provided that 

i^i (a, b , cos y , sin y) =1= . (23) 

Hence' there exists a unique solution 

x = ^{t; a,b,y) , ?/=*(*; a , 6 , y) 

of the system (22a) satisfying the initial conditions and of 
class C" in the vicinity of / = 0. 

This solution satisfies also the original system (22). For, 
by integrating the second equation of (22a) we get : 
•^'" + ^'" = const., and the value of this constant is found to 
be 1 from the particular value i^ = 0. Thus we reach the 
result : ^ 

If F, {a, b, cos y , sin y) =|= 

one and bnt one extremal o/ c/as.s' (" ran be drawn through 
the point (a, b) in tlie direction- y. 

Hence, if (23) is satisfied for every value of 7, a 
unique extremal of class C can be drawn from O in every 
direction. 

If (23) is satisfied at every point {a , b) of the region 5R 
• for every value of 7, the problem will be called a regular 
problem (compare §7, cyj. 

c) ''Discontinuous solutions:'' As in §'.•, a) we infer by 
the method of partial variation that every "discontinuous 
solution"' must be made up of a finite number of arcs of 
extremals of class C 

Furthermore, the method of §9, b) applied to the two 
equations (10) leads to the result : * 

1 According to Cauihy's existence-theorem; compare p. 28, footnote i. 
2See Knesee, Lehrbuch, §§1'7, 29. 

31. e., a solution which has a finite number of corners; compare §24, a). 
4WEIEKSTRASS, Lectures; compare also Knesek, Lehrbuch, §i3. 
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At a comer t^^t^ of the minimizing curve, the two con- 
ditions 

(24) 



F^ 



= S\. 



= F 



must be satisfied, i. e., the two functions F^^ and Fy must 
remain continuous even at the corners. 

We add here the following corollary, though its proof 
can be given only later (§ 28) : 

At a corner {x.2 , yz) of the minimizing curve, the function 
Fi{.r.i, 2/2, cos 6, sin ff) 

must vanish for some value of the angle 6 . 

Hence it follows : If at every point {x , y) of the region S 
Fi {x, y, cos 6 , sin ^) =j= 

for every value of 6 , no "discontinuous solutions'''' are pos- 
sible. 

§26. EXAMPLES 

In applications it is frequently convenient to use one of the two 
equations (17) instead of (I), especially when F does not contain x 
or 2/, in which case one of the two equations (17) yields at once a 
first integral. It must, however, be borne in mind that each of 
these two equations contains a foreign solution' (;/ = const, and 
a; = const, respectively), and that only their combination is equiva- 
lent to (I). 

a) Example X: To determine for a heavy particle the curve 
of quickest descent in a vertical plane between two given points 
(" Brachistochrone "^). 

iThis happens, for instance, in Example I: 

where a first integral is obtained from (17) : 

yx' _ 



Vx'^ + y' 

when a = , y = is such a foreign solution. 

2Compare LindelOf-Moigno, loc. cit.. No. 112; Pascal, loc. cit., §31; Knbsee, 
Lehrbuch, p. 37. 
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If we take the positive ^/-axis vertically downward and denote 
by g the constant of gravity, by Va the initial velocity, which we 
suppose different from zero, we have to minimize the integral 






■y^ + k 

where 

'-2g- 
The curves are restricted to the region 
S: !/-yo + k>0. 

Since i^a, = 0, we obtain the first integral 

^^' = ,, = « • (25) 

The theorem on discontinuous solutions shows that the constant a 
must have the same value all along the cm've. 

If a = 0, we obtain cc = const., which is the solution of the prob- 
lem when the two given points A and B lie in the same vertical line. 

If a^rO, we choose for the parameter t the amplitude of the 
positive tangent to the cm-ve ; then we have the additional relation 









1 x'^ + 2/'^ 


which ] 


:educes (25) 


to 








y- 


-2/„ + A: = r(l + cos20 , 


where 






1 


Hence 






2/'= - 2c sin It , 


and 






x'= ±: ir cos't . 



If we finally make the substitution 

2t = T-ir , 

we get the result 

x — Xo+h=±r{T — sin t) , 

y-yo + k= r{l- cos t) , 



(26) 
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h being the second constant of integration. The extremals are 
therefore cycloids'^ generated by a circle of radius r rolling upon 
the horizontal line y — yo+k = Q. 

Among this double infinitude of cycloids there exists^ one and 
but one which passes through the two given points A and B and 
has no cusp between A and B, provided only that the co-ordinates 
of the two given points satisfy the inequalities 

a*! =t= a"o , 2/1 — 2/0 + fc ^ . 

h) Example XI; To determine the curve of shortest length 
which can be drawn on a given surface between two given 
points. 

If the rectangular co-ordinates a" , ^ , 2; of a point of the surface 
are given as functions of two parameters ii, , v and the curves on 
the surfaxje are expressed in parameter-representation 

u=4>{t) , r = VW, (27) 

the problem is to minimize the integral 



where 



J= f VEu"' + 2Fu'v'+Gv"'dt 



E = %xl, F=lx^x, , G = 'S,x 



,2 

V » 



the summation sign referring to a cyclic permutation oi x, y, z. 

The curves must be restricted to such a portion B of the surface 
that the correspondence between ^ and its image S in the u , w-plane 
is a one-to-one correspondence. We fiu:ther suppose that E, F, G 
are of class C" in a and that g> is free from singular points, i. e., 

EG-F'>0 . 

a.) If we use Weierstrass's form (/) of Euler's equation, and 
denote by i{F) the differential expression 

1 This result is due to Johann Beenoulli (1696) ; see Ostwald's Klassiker, etc., 
No. 46, p. 3. 

2See Heffter, "Zum Problem der Brachistochrone," Zeitschrift filr Mathe- 
matik und Physik,Yol.XXXIY (1889), p. 313; Bolza, "The Determination of the 
Constants in the Problem of the Brachistochrone," Bulletin of the American 
Mathematical Society (2) ,No\. X (190i), p. 185; and E. H. Moore, " On Doubly Infinite 
Systems of Directly Similar Convex Arches with Common Base Line," Bulletin of 
the American Mathematical Society (2), Vol. S (1904), p. 337. 
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we obtain easily 

, . r 

^(l Eii'-+2Fu'v'+Gr'') = ? — — . ;.(28) 

where 
V = {EG-F''){n'v"- u"i-') 
+ (Eu' + Fv') [(i^,. - \ -E„) «'■-• + G„»'r'+ \ (?„r'^] (29) 

- {Fu'+ Gv) [\Ey'+E„H'v'+{F, - -i G,.) r"] . 
The extremals satisfy, therefore, the differential equation' 

r = . (29a) 

This differential equation admits of a simple geometrical interpre- 
tation : 

The geodesic curvature of the curve (27) at the point t is given 
by the expression - 

- = , 7 . (30) 

9o yEG-F'(} Eu'' + 2Fu'r+Gv"y 

Hence the curve of shortest length has the characteristic property 
that its geodesic cnrvature is constantly zero, i. e., it is a geodesic. 
In passing we notice the relation 

$ ( \'Eu"+2Fa'o'+Go") = ^'^^~^" , (28a) 

Po 
which will be useful in the sequel. 

/3) If instead of (I) we use the two differential equations (17) 
and, moreover, select the arc s for the parameter t, we obtain for 
the extremals the two differential equations :^ 



(31) 



iThat (29a) is the ditferential equation of the geodesies might be taken directly 
from the treatises on differential seometry: Knoblauch, FlSchmitlieorie, p. 140; 
BiANCHI-LuKAT, Differetitialgeometrie, p. 154; Daeboux, Tlu-onc des Surfaces,\o\. 
II, p. 403. 

2Seo Laukent, Traiti d'AnaJi/sc, Tol. TIT, p. 132. 

For an elementary proof see BoLZA, " Concerning the Isoperimetric Problem on 
a Given Surface," Decennial Publications of the University of Chicago, Vol. IX, p. 13. 

:! Compare Knoblauch, loc. cit., p. 142; Biaschi, loc. cit., p. 153; D.A.KBonx, («-. 
cit., p. 405. 
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They have likewise a simple geometrical meaning : From the 
definition of ^, i^, G it follows that 

.du , „dv ■^^v d3' 
'ds 

,du . ^dv sr^ dx 

'ds 



^,du , ^dv s--^ ( 
^Ts+'^d-s^Z.'-". 

ds ds ^^ ( 



Differentiating with respect to s we obtain 

„ /du\^ , ^ dudv , . ^ (d (A^ 



hence on account of (31) 



Scrx „ 
and similarly 

Therefore 

(i^F ' 1^' ' d?^ (2/„2« - VvZu) ■ iZuX^, - ZvXu) ■■ {XuVv - a-»2/,<) • (32) 

The geometrical meaning of this proportion is that at every point 
of the curve the principal normal coincides icith the 7iormal to 
the surface, which is another characteristic property of the geodesic 
lines. 

§27. THE SECOND VAEIATION 

Let 

represent an extremal of class C" passing through the two 
given points A and B, derived from the general solution (20) 
by giving the constants the particular values a^=aQ, yS^/Sg. 
We suppose that the functions /{t, a, /3) and g[t, a, /S), 
their first partial derivatives and the following higher deriva- 
tives, 

Jtt ) Jta ' ft^ ' Jtta. > ftt^ ! 9lty Ota. ' ilt^ ! Una ' Qtt^ ' 
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are continuous in a domain 

T.^i^'l\ , I a - a„l ^ ,/ , I /3 _ /J„ j = ,/ 

where TQ<CfQ, Ti>/i, and <l is n sufficiently small positive 
qnantity. 

Then we infer, as in §11, that in case of a minimum the 
second variation of J must be positive or zero. The second 
variation is defined by the integral 

SV= f S'Fdf , 
where * '" 

8'F = F,„. e + 2F,„ 6? + F^„ rf + -IF^.^. i^'+ 2F^„. W 

+ 2F,^.^r,'+ 2F„,. r,i'+F,._,.i'^ + •2F_,.„.rv'+ K\r, v" , (34) 

the arguments of the partial derivatives of F being 

a'=/(0 , Z/-ff(0 . •<' = /"(0 , V'=9'{f) ■ 
a) Weieksteass's Transformation of the second varia- 

fioii:^ This transformation proceeds by the following steps: 

1. Express i^.,v, Fj,'y, Fyy in terms of Fi by means of 
(11a) and introduce the abbreviations 

tc = y'i — d-'r) . 
L = F,,.-y'y"F, , K ^ F^,^. - .c'^'F, , (35) 

M = F,,, + x'y"F, = F,j,. + y'x'F, ■ 

the two expressions for 21 are equal since x and y satisfy 
the differential equation (I). 
We thus obtain 

^F = F, (—)'+ 2L$i'+ 2M Uv'+ vn + ^-^''J'/' 

+ {F,. - y"'Fd e + 2 {F,, + y>/"F,) ^ + {F„ - y"F,) rf . 

2. Observe that 
2L^i'+ 2M {$v'+V^') + 2^W' 

1 Weieestkass, Lectures, at least as early as 1S72. 
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and introduce the abbreviations 

M,=i\,, + .r''y"F,-^ , (36) 

Then the above expression for h-F becomes 
^'F = F, (^y + L,e + 2M,ir, + N,rf 

3. The three functions L^, Mi, N^ have the important 
property of being proportional to y'-, — x' y' , x'-. 

Proof: From the definition of L, 31, N and the relations 
(10) follows 

Lx'+J\iy = F, , Mx'+Ny'=F^ . 

Differentiating the first of these relations we get 

— x+—y+L.r +My 

= F,,y+F,„y'+F,,.x"+F^.y" . 
But 

Lx"+My"=F^^.x"+F„,.y" , 

and from (I) it follows that 

■^„x' - Kv = F, {x'y"- x"y') . 
Substituting these values we obtain 

L,x'^M,y'=0 ■ 
similarly 

M,x+N,y'=0 ; 

whence we infer that indeed 

L,:M,:Nr = y": -x'y':x" . 
There exists therefore a function i^, of t such that 

A = y"F2 , Mi=- x'y'F, , iV, = x'^'F^ . (37) 
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This reduces the expression for B-J to the final form 

+ [if+li.V^,? + AV]' (38) 
'(I 
If, as we suppose for the present, the two end-points are 
fixed, then f and j/ vanish at /q and ti and the expression for 
S-J" reduces to 

This definite integral must then be ^ , for all functions iv 
of class D' which vanish at both end-points. 

From the assumptions made at the beginning of this 
section with respect to the functions f{t,a,^), g{t,a,l3) 
together with our assumptions concerning the function 
i^(se6 §24, b)), it follows that i^j and Fo are of class C" in 
the interval {TqTi) ; we suppose that they are not both 
identically zero. 

b) Weierstrass's form of Legendre's and Jacobi's 
condiiions: The second variation being now exactly of the 
same form as in the previous problem (§11), we can directly 
apply the results of Chapter II. 

Accordingly we infer in the first place, as in §11 : 

The second ncccssafi/condifionfor(( niliiiiiium [m(ij:iinuiii) 

"^''"'' F^^O (F^O) (II) 

(doiig file curre (Sq- 

We suppose in the sequel that this condition is satisfied 
in the slightly stronger form 

F,>0 , along C5„ . (II') 

Again, Jacobi's differential equation (equation (9) of 
§11) becomes 

nu)^F.u-j^{F:^) = 0. (40) 
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JacobPs theorem concerning the integration of this dif- 
ferential equation takes now a slightly different form. If 
we substitute in the differential equation 

'^ dt '^ 
for X and y the general solution 

X^f{t,a,li) , lJ^Cj{t,^,p) 

and differentiate with respect to a we get 

- I (Fx'xfa. + J^x„9a +Kx'f,a + ^^.'^'^ J = • 

In this equation we express the second partial derivatives of 
F in terms of i, ilf , iV, F^, F^ by means of (11a), (35), (36), 
(87) and obtain, after some simple reductions, 



4^'"-s(-.S)]=« 



where 

<^ — gtfa. — ft9a. ■ 

If we operate in the same manner upon the differential 
eq nation j 

we obtain 

Therefore, since /j and Qf are not both zero, we find that 

An analogous result is reached if we differentiate with 
respect to ^. Finally, giving a, /3 the particular values 
"■oj /^O) ■we obtain Weierstrass's modification of Jacobi's 
theorem : 
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Tlic dijj'cn'ntial equalioii 

*(,.).., „-^,(..-)=o 

has flic two jxirticitldi- integrals 

^^it) = g,(f)Ut)-.f>(f)g.{f) , 

which are in general linearly independent. 

Reasoning now as in §§14 and ir> we obtain the result: 
Let 

®{t,t} = 0,{t)0,jf„)~e,{t)e,{to) ; (42) 

then Jacobi"s coiidifiou takes the following form:' 

The ihird necessarij condifion for an e.rtreniuiii /s flnif 

®{t, f„)=t=t) for t..<t<t, . (Ill) 

If we denote by /J the zero next greater than /q of the equa- 
tion 

®it.t,)=0 , 

Condition (III) may also be written : 

Iq is the parameter of the '■coiijnijide poinf'' to the point *4. 

Example X- (see p. 126). 

We suppose that the two end -points A and B lie between the 
two consecutive cusps t = and t = 2^ of the cycloid (26), so that 
the values t = t^ and r = t-^ corresponding to A and B respectively, 

satisfy the inequality 

< To < r, < 27r . 

For the function Fi we obtain 

1 1 



i^, = 






Hence i^i is indeed positive along the arc AB. 

1 Weiekstkass, Lectures; compare also Kxesek, Lehrbuch.^%^, 

2 LindelOf-Moigno, loc. cit.^ p. 231. 
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Again, we obtain from (26) 

® (t , T„) = lb ir^ sin „ cos ^ sin -^ cos -^ 

rT-2tan^-r„ + 2tan^l . 

The parameter t^ of the conjugate point A ' is therefore determined 
by the transcendental equation 

•7- T 

T — 2 tan ^ = Ti, — 2 tan -^ , 
As T increases from to ^ and then from tt to 2t, the function 

T 

T — 2 tan ;^ decreases continually from to — co and then from +<» 

to +2ir. Hence t = to is the only root of the equation between and 
2x. There exists, therefore, no conjugate point on the arc AB. 

c) Knesee's form of Jacobi 's condition : ks in § 15 the exist- 
ence of a set of extremals through the point A can be proved,' rep- 
resentable in the form 

x = <^{t,a) , y^^{t,a) , (43) 

1 Weierstrass obtains the set of extremals through A as follows {Lectures ^1^2) : 
Let 

represent the extremal passing through A and making at A a given small angle a> 
with the extremal 

Let further t^ denote that valus of t which corresponds on (S to the point A. Then 
we have for the determination of f , a, /3 the three equations : 

where the argument of x\ y' is ^q, that of IT', y' : f", and where 

a= {x'^ -\-y'^) sin la . 

The three equations are satisfied for i*^ = i^ , a = a^ , ^ — j3q ; the functions on the left- 
hand side are continuous and have continuous partial derivatives in the vicinity of 
(*'=:fQ, a = aQ, j3 = )3q, and their Jacobian with respect to t", a, jS is different from zero 
at this point, since it is equal to 

»l(«0)^2'«o)-^2C*o)^l'W^ 

which is different from zero if, as we suppose, 9j {t) and ^2 (0 s-re linearly independent. 
There exists, therefore, according to the theorem on implicit functions, a unique 
solution t , a , )3 of the above equations, which leads to two functions ^{t^a)^^{t^a) 
having the properties stated in the text. 
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where 0(7, a) and ■/'(^ ") are continuous with continuous partial 
derivatives of the first and second orders- -with the possible excep- 
tion of (paa, 'f'aa — iu the domaiu 

o„ being the value of a which corresponds to the extremal (!„ through 
A and B, and (/„ being a sufficiently small positive quantity. 
Again, the Jacobian 

differs ' for a-a^ from the function 6(7 , f„) only by a constant factor: 

A(i,o„) = C■0(^g , (44) 

where C'=t=0. 

Furthermore the value t = f which corresponds on the extremal 

(43) to the point A . and which satisfies therefore the equations 

.r,= <jy{f,a) , y„ = i:{f,a) , (45) 

is a function of a, which is, iu the vicinity of Oo, of class C . 
From (44) follows Knesee's'/oc?)!. of JacobTs condition : 

A(;, fO=|=0 for f„<t<f, (III) 

Further, if fi, denotes the value of f corresponding to the conju- 
gate point A', we have 

A(f;,a„)=0, (46) 

and at the same time 

A,(4',ao) + , (47) 

provided that Fi, F2 are of class C in the vicinity of ti, and -Fi =|=0 
at to . The inequality (47) follows' from the fact that A(t., a„) is an 
integral of Jacobi's differential equation (40). 

From this second form of Jacobi's condition it follows' easily 
that the coirjngate point A' has the same geometrical meaning as 
iu the simpler case of g 15. 

iThis follows either by direct computation from the equations which define 
t", a, /3 as functions of a, or else from the fact that A(t,a|)) and ©(<, ij,) are integrals 
of Jacobi's differential equation and vanish for < = ig. 

2 See KxESEE, Lehrbuch, §31. 

3 Compare p. 5S, footnote 2. 

♦ See KxESEK, Lehrbuch, § 24, and the references given in E. Ill D, p. 48, foot- 
note 117. 
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§'2S. THE FOURTH NECESSAKY CONDITION AND SUFFICIENT 

CONDITIONS 

We suppose in the sequel that for our extremal @o the 

conditions 

F,>0 (II') 

and 

©(*,*„) + for t,<t^t, , (III') 

are fulfilled. 

a) These conditions are not yet sufficient for a (strong) 
minimum; a. fourth condition must be added. 

Let ^{x, y; x, y' ; x' , y') be defined' as the following 
function of six independent variables : 

E(a-, y; x' , y' ; x , 7/') — F(x, ij , x , y') 

-[x'F^.{x,y,x',y')+y'Fy.{x,y,x',y')'j , (48) 

or, as we may write on account of (9), 

'E{x, y; x , y' ; x', y') = 

x \f^. {x, y,x',y') - F^. (.r, y, x' , y')\ 

+ y' \f^. (x, y, !■', y') - F^. (x, y, x' , y')\ (48a) 

Let further (.x , y) be any point of the extremal ©o > J' , (/ 
the direction-cosines of the positive tangent to (Sq at (.r. y), 
and p, q the direction-cosines of any direction. 

Then the fourth necessary condition for a minimum 
{maximum) is that 

Eix,y; p,q;p,q)^0 (^0) (IV) 

for every point (x, y) of (Sq and for every direction p, q. 

The proof follows^ immediately homWeierstrass^sleinma^ 
on a special class of variations : 

Let 

iThis is Weiers trass's original definition; Kneser -writes — E instead of 
Weiers trass's -fE, Lehrbuchy p. 75. 
2Compare§18, 6). 
3The reasoningr is the same as in §8 ; compare also §4, d). 
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be any extremal of class C" lying in the interior of the 
region S, and let 2:{f — f.,) he an arbitrary point of (1\ 
Through the point 2 draw an arbitrary cnrve of class f : 

6: .T' = ^(T) , 1) =4>{r) , 

the value of t=^To corresponding to the point 2. 

Let 3 : (a;2 + l2j II-i'\~V2) be the point of 6 corresponding^ 
to T = T2~\-h, where h is a sufficiently small positive quan- 
tity. Finally, from a point : (^=^/o</2) of (J to the point 
3 draw a curve (S representable in the form 
g : X = .r + i , ]) = y-^yj , 

where ^ and t] are functions of / and h which vanish identi- 
cally for /i = 0, and which satisfy the following conditions': 

1. f , 7; themselves, their first partial derivatives and the 
cross derivatives, ^;;„ t/^/^ are continuous in the domain 

Iiq being a sufficiently small positive quantity. 

2. ^it„h) = , r,{t,,h)=0 
i{t,,h) = i2 , r,{f,,]i)=r,, 

for every O^/i^/ifl. Then the 
difference^ 

"03 ("02 T "23) 

has the following value : 

-^,3 - {J. -2 + J■2.^) = - '> [e {x, , y, ; x/ , y: ; I.; , 5/,' ) + ('>)] • (J'' > 

Similarly, if we denote by 4 the point of C corresponding to 

1 Functions I , rj satisfying these conditions are, for instance, the following : 
J = Jjit , >i = ijU , 

if M, t) are two functions of t of class C which vanish for «= („ and are ea_ual to 1 for 
t=t,. 

3For the notation compare g§2,/l, 24 a), and S. 
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T = T2 — h and draw a curve S from to 4 of the same char- 
acter as 6 , we obtain : 

^^01 + Ji2 - Jo2 = + ^ [e («2 , 2/2 ; ■'-■■i , yl ; s; , ^; ) + {h)] ■ (49a) 

By the same method and under analogous assumptions 
we further obtain the following 
_, results, which are sufficiently ex- 
plained by the adjoining dia- 
FIG. 23 gram : 

■J23 + J-ii — Jsi — h [e (Xj , t/2 ; x/ , 2/2 ; X2,yi) + {h)j , (50) 

Jii — (J a + J^^ = — /i [e (xj , 2/2 ; X2' , 2/2' ; X2' , ^2 ) + e*)] ■ (50a) 
Prom the relation (8) it follows that 

E(x,i/; kx',ky'; kl-' ,ky') = k'E.{x, y; x', y' ; x',y') , (51) 

if A->0and A->0. 
Hence if we set 



X 11 

p = — ^=^= = cos 9 , q — — ^=^=^= = sin , 

^■' x"^ -\-y"' 1 x'^ -\-y"^ 

p = — - — COS , g = — _ = sm a , 



(52) 



we get 

E(x, y; .!•', 2/'; x', ^') = |/x" + ^"E(x, 2/; P, 9; P, §) , (53) 

which reduces the second and the third pair of arguments of 
the E-function to direction-cosines. 

If we choose for the parameter t on the curve 6 the arc, 
we may replace in the above formulae x'^,, y^ and x'^, yi. by 
the direction-cosines p^, q^ and p2-, qo of the positive tan- 
gents at 2 to ® and to S respectively. 

b) Relation between the 'E-function and the function t\ : 
If the angles 6 and d are defined by (52), we have, accord- 
ing to (48), 
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E(x, y; p,q; p, q) 

= cos^[i^^. (aj, y, COBS', sin 6) — F^.{x, y, cos 6 , sin^)l 
+ sin d [i^„, (,r , // , cos 6, sin 0) — F^. (x , ij , cos 6, sin &)\ . 

But 

Fj.,{x, y, cos ^, sin 6) — F^. (,r , y , cos 6 , sin 9) 

= C ~F,. (x, !J, cos {6 + T), sin (6 + r)) rfr , 

where a>^0 — ^ ; and an analogous formula holds for Fy. 

If we perform the differentiation with respect to t and 
then make use of the relations (11a), we get 
£(«, y; p,q; p,q) 

Fj (x, y , cos {0 -j- 1"), sin (0 -\- t) j sin (w — t) rfr . 

By adding to 9 a proper multiple of 'Iir, we can always 
cause (B to lie in the interval 

7r <C OJ ^ TT , 

so that sin (ft) — t) does not change sign between the limits 
of integration. We may then apply the first mean-value 
theorem and obtain the following )X'lafion^ between the 
E-f unci ion and the function F^: 

E (j; , y ; cos 6 , sin ; cos 6, sin 6} 

= (1 - cos (S - e)) F, {x , y , cos 61*, sin 0*) , (54) 

where 0* is a mean value between and S. 

From this theorem follow a number of important conse- 
quences : 

1. If we let S approach 6, we obtain 

9=9 1 - cos (9 - 0) 
Hence it follows that Condition (11) is contained in Con- 
dition {IV). 

1 WEIEKf5TEASs, Lectures, 1882. 
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2. Condition (IV) is always satisfied when 

Fi{x, !j , cos y , sin y) = (Ha) 

for every point (x, y) on ®o ^^i^ for every value of 7. 

3. The E-function vanishes whenever S^^6 ("ordinary 
vanishing")'; for a value S^d it can only vanish^ ("extra- 
ordinary vanishing") if F-^^ix, y, cos 7, sin 7) vanishes for 
some value ^ = 6* between 6 and 6. 

c) Example XII :^ To minimize the integral 

^^ r'' yy"dt 

J'o x'^ + y'^ 

The value of the E-function is easily found to be 

_ _ y{pq-pqy\(p'-q')q + 2pqp'\ 
^(x,y;p,q;p,q)^ ^^.^ ^y ( -. ^ -.^ 

= y sin' (9 - 6) sin {26 + 6) . 

Apart from the exceptional case when both end-points lie on 
the ;r-axis, E can be made negative as well as positive by choos- 
ing 9 suitably; and therefore no minimum can take place. 

More generally, whenever the homogeneity condition (8) 
holds not only for positive but also for negative values of A", 
as happens, for instance, when i'' is a rational function of 
r', y' , no extremum can — in general — take place. 

For in this case (51) holds also for negative values of ^, so 
that 

E{x,y; p, q; - p , -q) = —'E{x, y; p, q; +p, -\-q) . 

Condition (IV) can therefore be fulfilled only if 
E(a3, y; p, q; p,q) = 

1 Knesee's terminology, Lehrbuch, p. 78. 

2 Hence follows the corollary on discontinuous solutions stated on p. 126. For 
from (24) follows 

E(ii;,2/;p, g; p,q)=0. 

3 To this definite integral leads Newton's celebrated problem : To determine the 
solid of revolution of niinim-umresistance. ComparePASCAL,Zoc.cif., p. Ill; Kneser, 
Lehrliuch, §§11, 18, 26; the above expression for E was given by Weieesteass (1882). 
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along @o for every direction Jj, g, which, on account of (54), 
is possible only in the exceptional case when i^j = along Gq. 

d) Sufficiency of the four preccdimj conditions:' The 
four conditions which so far have been shown to be neccs- 
sarij for a minimum of the integral J, are — apart from cer- 
tain exceptional cases^ — also sufficient. 

Let us suppose 

1. That ®o (or AB) is an arc of an extremal of 

class C" without multiple points, lying wholly in the (I') 
interior of the region' S ; 

2. F^{x, y,p,q)>0 along* @o ; (II') 

3. The arc @o does not contain the conjugate point 

A' of the point ^4. (HI') 

4. E(x, y; p, q-^ p, q}>0 along* @o (IV') 
for every direction p, q different from the direction p, qoi 
the positive tangent to ®o at (.r, y). 

Moreover we retain the assumptions made in §27 con- 
cerning the general integral of Euler's differential equa- 
tion. 

We propose to prove that under these circumstances the 
extremal ®o actually minimizes the integral 



J 'a 



J= F(.>-, y,y, ,/)cU 

From the assumptions (HI') follows the existence of a field 
of extremals about the arc ®q, /. e., there exists'^ a neighbor- 

IWeieestrass, Lectures^ 1S79 and 1&S2; Zekmelo, Dissertation, pp. 77-94; aud 
Knesee, Lehrbuch, § 20. 

2 The exceptional cases are 

1. ^0 has multiple points or corners, or meets the boundary of R; 

2. Fi — at certain points of Gq ; 

3. A' coincides with B; this case will be considered in §38. 

4. E = at points of (!(, for certain directions p, ? not coinciding with p,q. 
3 Compare §24, 6). 

* That is, for every point (.r , y) of Sq , p , g denoting the direction-cosines of the 
positive tangent to gj at (x, j/). 

5 Compare §19. A sharper formulation and a detailed proof of thesp statements 
will be given in § 34 in connection with K n e s e r ' s theory. 
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hood (p) of ®o such that to every point P of (p) there can be 
drawn from the point' A a uniquely defined extremal which 
varies continuously with the. position of the point P and 
coincides with (Sq when P coincides with B. 
Let now 

be any ordinary curve drawn from A to B and lying wholly 
in the neighborhood (p) of ®q, s denoting the arc of the 
curve 6 measured from some fixed point of (S, and let A J 
denote the total variation 

A J = J,; - J,-, . 



Then a reasoning^ analogous to that employed in §20 leads 
to the following expression for A J (We ierstrass's Theorem) : 



X"! _ _ _ _ 

E(a;, y;2T, q;i>, g) c/.s , 




(56) 



where {x, y) denotes a point ot ^,p,q the direction -cosines 
of the positive tangent to S at (ji-,.y), and p, q the direction- 
cosines of the positive tangent to^the unique extremal of the 
field passing through {x., y). 

It now only remains to show that, as a consequence of 
our assumptions (II') and (IV), the integrand in (oH) is 
never negative" along the curve S. 

Let (.r, y) be any point of the above defined neighborhood 
[p] of ®o and let, as before, p , g denote the direction-cosines 
of the positive tangent at [x , y) to the unique extremal of the 
field passing through {x,y), and p, q the direction-cosines of 
any direction 5, and define 

1 Or better from a point A in the vicinity of A on the continuation of S(| beyond 
A^ as in §19, c). ^ 

2The lemma of §8 must be replaced by the lemma of §28, a). Other proofs of 
We ierstrass's theorem will be given in § 37 in connection with' K n e s e r ' s theory. 

3 It is in this last conclusion that the problem in parameter-representation differs 
essentially from the problem with x as independent variable ; compare §22, c). 
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<i 



Ei(j;, y; p, q; p, q) 

{ E(a;, y; p,q; p, g) . , , _ , . 

{^lix, y,p,q) , when 1 - ( j>p + ^,7) = ( ) , 

The direction-cosines ji. q are single-vahied and continuous' 
functions of :r, y in the neighborhood (p) of %. Heuce it 
follows, on account of (54), that Ej is a continuous function 
of .1-. ij, a in the domain 

i.v, y) in [p] , ()^6^->7T , 

and since, according to our assumptions (II') and (IV), Ej 
is positive along ©q for every value of S, it follows from 
general theorems on continuous functions that Ej is positive 
throughout the domain 

(,v,y) in (p) , 0^e^2,r , 

provided that p has been taken sufficiently small. 

The integrand of (50) is therefore positive at all points 
of 6 at which the direction J), q does not coincide with the 
direction p, q, and zero where these two directions do coin- 
cide. Hence A J"> unless it should happen that j^ =2^ , Tj-q 
all along S, in which case we should have At/=0. 

But the latter alternative is impossible" unless 6 be iden- 
tical with (Jq. This proves that ilic arc ®o (tcfiKtUij miniiiiizcs 
fhc infcgrcil J if the four coudHions cniiiiwrdfcil at flie 
beginning of %28, d) are fulfilled. 

Example VII (see p. 97) : 

F = g{.r, y)^ -c" + y" . 
Here 

Ei(.»-, y; p, q; p- 'i)^^!'*-. ,'/) > 

I Compare §34, Corollary 4. 

-The proof is similar to that given in §22, a) ; for the details compare Kneser. 
Lehrbuch^ § 22. 
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and therefore Condition (IV ' ) is satisfied if 

along So ■ 

This shows that in the problem of the brachistochrone an arc 
A B of the cycloid (26) actually furnishes a minimum if it contains 
no cusp (compare p. 136) . 

Corollary: If the condition 

Fi{x, y, cosy, sin y) > (Ha) 

is satisfied for every point (x, y) of ®o ^^^ for eccvy value 
of 7, then (II') and (IV) are a fortiori satisfied, the latter 
on account of (54). 

Example XI (see p. 128) : The Geodesies. 
Here 

EG-F'' 



F,= 



( ]/Mu" + 2Fu'v'+ Gv'^y 



Hence under the assumptions made on p. 128 concerning the natm-e 
of the portion of the surface to which the geodesies are restricted, 
Condition (Ha ' ) is always satisfied. 

fl) Existence of a minimum "iniKleinen" : We add here an 
important theorem which has been used, without proof, by several 
authors' in various investigations of the Calculus of Variations, 
viz., the theorem that under certain conditions two points can 
always be joined by a minimizing extremal, provided only that the 
two points are sufficiently near to each other. An exact formula- 
tion and a proof of this theorem have first been given by Bliss.^ 
His results are as follows : 

We suppose that in addition to our assumptions concerning the 
function F (see §24, &)) the condition 

i^i {x, y, cos y , sin y) > (58) 

1 Weiersteass (Lectures, 1879) in his extension of the sufficiency proof to curves 
■without a tangent, see §31 : Hilbeet in his existence proof (see the references given 
in chap, vii); Osgood in his proof of the identity of Weierstrass's and Hil- 
bert's extension of the meaning of the definite integral J to curves "without a tan- 
gent {^Transactions of the American Mathematical Society, Vol. II (1901J, p. 295). 

"^ Transactions of the American Mathematical Society, Vol. V (1904), p. 113. His 
proof is based upon an extension of a theorem of Picaed's concerning the exist- 
ence of an integral of a differential equation of the second order, taking for two 
given values of the independent variable two arbitrarily prescribed values (TraiU 
d' Analyse, Vol. Ill, p. 94) . 
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is fulfilled for eveiy point ( .>■ , ^ ) in a finite closed region ffl„ con- 
tained in the interior of S, and for every value of 7. 

Since F,{x, y, cos 7, sin 7) is continuous at every point (.c. y) of 
S and for every value of 7, a finite closed region, ffi, , contained in S 
and containing ffio in its interior, can lie determined such that the 
inequality (58) still holds for every point {x, y) of ffii, and for eviiy 
value of 7. 

Under these circumstances, if a positive quantity e be assigned 
arbitrarih', a second positive quantity Pe can be determined such 
that from every point PifX], 1/1) of So to every point Pii.r.^, IJ2) in 
the circle (P,, p), where 0<p^p£, an extremal of class C can be 
drawn which lies entirely in the circle (P,, p), and which has the 
property that at every one of its points the slope with respect to 
the direction PiPj is numerically less than e. Moreover the circle 
(Pi , p) lies entirely in the region S, . 

This extremal is at the same time the only extremal of class C 
which can be drawn from Pi to P2 and which lies entirely in the 
circle (Pi, p). 

Let this extremal be represented by 

.r-^{f; .f, , yr, ■<•.- !h) , r\ = ^ = -, 

// = *(^; •'•1. yt; •'■i, /y.) , 

Then there exists a positive quantity 1 , independent of ai , y, , a\ , yi , 
such that the functions *, 4', #,, *, are continuous and have con- 
tinuous first partial derivatives with respect to i^, x,, yi, x-,, y. 
throughout the domain 



Finally also the value t = t2 which corresponds to the point Pa 
is a continuous fmiction with continuous first partial derivatives of 
■'■| , //] . X,. y.2 for all positions of the two points P, , P. here consid- 
ered. 

For the parameter t of a point P of the extremal we may choose 
the projection of the vector PiP upon the vector P1P2. 

This nnique extremal P^P^ furnishes for the integral J a 
smaller value than any other ordinary curve g ichich can be 
drairnfrom P, to P2 and u-hich lies entirehj in the circle {P,,P)- 

If in addition to the inequality (lib) the further condition 

P(,r, y, cosy, sin 7) > 
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is fulfilled for every point (x, y) of the region So and for every value 
of 7, and if both points Pi and Pi lie in So, then the unique 
extremal P1P2 furnishes for the integral J even a smaller value 
than any ordinary curve, difPerent from the extremal Pi P2 , which 
can be drawn from Pi to P2 and ir/i«'/i. lies entirely in So, provided 
that IP1P2I §Po, where Po is a certain positive quantity less than p 
and independent of the position of Pi and P2 . 

§29. BOUNDARY CONDITIONS' 

a) Condition along a segment of the boundary: If the 
minimizing curve 0231 has a segment 23 in common with 
the boundary of the region U to which the admissible 
curves are confined (see Fig. 7), we obtain the condition 
which must hold along the boundary 
as follows : 

In order to fix the ideas, we sup- 
pose that as we go along the boun- 
dary 6 from 2 to 8, i. e., in the 
positive direction of the minimizing 
curve, the region S lies to our left. 
Let the curve 6 be represented by 
g: I- = ^(s), y = if(s), 

.s denoting the arc, and suppose that the first and second 
derivatives of f{s) and •^(s) are continuous along 23. 

Then if we construct at a point (.?, y) of 23 a vector of 
length u, normal to 23 and directed toward the interior of 
18, the co-ordinates of its end- points are 

f — . — ^ . V 




ux 



V X 



Hence if we substitute for u a function of s of the form 

u := ep , 



I Due to Weieestrass, Lectures, 1879; compare §10 and Knesee, Lehrbuch, §44. 



529] Weieestkass's Theory 149 



where e is a positive constant and j) a function of s of class 
D' which is ^0 in (§283) and vanishes at So and S3, the pre- 
ceding formulae represent for sufficiently small values of e a 
curve which remains in the region U and which is therefore 
an admissible variation of the arc 23. 

For this variation we obtain, if we apply (15a), for A J 
the expression 

'^ -^ = ' [- XJ' fp 1 ' r^+T' ds + (e) J , (59) 

from which we infer, by the method of §5, that in case of a 
minimum we iinisf hare 

f^O along 23 , (60) 

where T is the expression (19) in which x, y are replaced 
by J', 7j. 

If Fx is positive not only along the arcs 02 and 31 but 
also along 23, the preceding condition admits of a simple 
geometrical inferpreiaiion .•' For, if we introduce in the 
expression for T the curvature 1/r of S at a point P, and 
denote by 1/r the curvature at the same point P of the 
extremal which passes through P and is tangent to S at P, 
then (60) may be written, according to equation (la) of p. 123, 
footnote 1, 

Hence if f>0, /. e., if the vector from the point P to the 
center of curvature M of 6 lies to the left of the positive 
tangent to S at P, also r must be positive and the center of 
curvature M of the extremal must lie between P and M or 
coincide with M. 

If, on the contrary, r<0, i. e., if the vector Pill lies to 
the right of the positive tangent, M must lie either on the 



1 This is an extension of the results given for the special case F= V x +y by 
Eneser, Lehrbucli, p. 178. 



150 Calculus of Vaeiations [Chap, iv 

opposite side of the tangent to M (when r > 0) , or else on 
the same side as, but beyond, M (or coincide with M) . 

If, as we go along the boundary from 2 to 3, the region 
S lies to the right, the condition becomes: 

f ^0 along 23 (60a) 

or 

-^l . (61a) 

,. ,,, 

h) Conditions at the points of transition: An additional 
condition must hold at the point 2 where the minimizing 
curve meets the boundary, and likewise at the point 3 where 
it leaves the boundary. To obtain the first, let li be a posi- 
tive infinitesimal and let 4 be the point of S whose parameter 
is s:=S2 + /i; join the points and 4 by a curve 6 of the 
type defined in §28, ((), and consider the variation 0431 of 
the minimizing curve. For this variation we obtain, accord- 
ing to (49) and (53) : 

A J" = J„t — (J„2 + JjJ = — ft [e {x2 , 2/2 ; Pi, Qi; Pi, qi) + (ft)] , 

where poj Q'a ^^^'^ 'P2> Q.2 fire the direction-cosines of the posi- 
tive tangents at 2 to the curves 02 and 23 respectively. 

Similarly, if we join the point 5 (s = §2 — /i) of 6 with 
the point by a curve S, we get, according to (49a), 

A J = J„5 -f J52 — J„2 = +ft[E(iC2, Vi-, P2, q^; Pi, q^) + (ft)] , 

whence we infer in the usual manner that at ttie point 2 the 
following condition must be satisfied: 

E (a-j , j/2 ; P2 , ga ; ^2 . 52) = . (62) 

Applying similar reasoning to the point 8 and making 
use of (50) and (50a) , we reach the result that at the point 3 
the analogous condition 

E(X3, 2/3; Pa, gs; Pa, §3) =0 (63) 

must he satisfied^, where p^, q^ and p^, q^ are the direction- 
cosines of the positive tangents at 3 to 31 and 23 respectively. 
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The two conditions (62) and (63), together with the con- 
dition that the minimizing curve must pass througli the 
given points and 1, determine in general the constants of 
integration of the two extremals 02 and 31 . 

If the problem is a "regular'' one, /. c, if the condition 
-Fi {x, y, cos y . sin y) =t= 

is satisfied at every point (,r, y) of the region S and for 
every value of 7, it follows from (51) that (()2) and (63) can 
only be satisfied if 

P2 — Pi > 32 = 32 ; 7'3 = Pi , qi = Qi ■ 

This means geometrically that the arcs 02 and 31 iiiusf 
touch the boKiidarij at the points 2 and 3 in such a manner 
that their positive tangents coincide with the positive 
tangents of the boundary. 

c) Case irlwre the minimizing cunr has onhj one point 
in common icith the boundary: Sup- 
pose that the minimizing curve has 
only the point 2 in common with 
the boundary S. Then the arcs 02 
and 21 must be extremals. To find -^f///, 
the point 2, let 8 be the point of 6 ////''''' fjg.'H 
whose parameter is s — S2 + h , and 
consider a variation 031 of the curve 021 (see Fig. 21). 

For this variation we obtain 

AJ= Jo3 + Jsi — (Jos + Jll) 

= [Joa - {J«2 + J23)] + [^2.+ J.n - ^21] . 
which, according to (49) and (49a), is equal to: 
A J = A[E(a-2, 2/2; Pi, qi; Pt, $2) 

-E{x.,, 2/2; P2, q-z; P2, 52) + ('»)] ' 

where j",, g.,; p., q-z ; P-i, h are the direction-cosines of the 
positive tangents to the arcs 02, 21, 23 respectively at the 
point 2. 
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Similarly, if 4 be the point o'f 6 whose parameter is 
s^N2 — ^) ^iid we consider a variation 041 of the curve 021, 
we obtain 

A J = \j„, - J,, + J J + [ J,, - (J,, + J,0] 

= — ^[E {X2, 2/2; P2, g2; _P2, 32) 

— E(x2, 2/2 ; P2, q^; Pi' §2) + CO] • 

Hence we infer that at the point 2 the condition 
_ _ + + 

E(-r.,, 2/2; P2, 32; P2, §2) = E(a-2, y^; p^, q^; pi, q^) (64) 

must be satisfied. 

d) Example VI' (see p. 84) : 

F = \^x"'+ij"' . 

Suppose the region S to be the whole plane with the exception 
of the interior of a simply closed curve of class C " , and suppose 
that the straight line joining and 1 passes through the excluded 

region. 

' The minimizing curve must be com- 
posed of segments of straight lines and 
segments of the boundary, the latter 
turning their convex side outward 
since in this case 1/r = and therefore 
1 




■0 







FIG. 25 



according as 23 is described positively 
or negatively with respect to S. The 
lines 02 and 31 must touch the arc 23 
positively at 2 and 3 since Fi{x ,y, cos 7, sin 7) = 1 . 
Again, 

'E{x,y; cos d, sin 6 ; cos d, sin $) = 1 - cos (6 — 6) . 
Hence if the minimizing crurve is to 
have one point 2 in common with the 

boundary, the condition 

~ - ~ + 

cos (^2 — ^2) = cos {62 — $2) 

must be satisfied at 2. This means 
that the lines 02 and 21 must make 
equal angles with the tangent to the 
boundary at 2 . 

1 Compare Knesee, Lehrbuch, p. 178. 
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e) Example I (see p. 1) : 



the region 51 is the upper half -plane : 

The extremals are here 
a) The catenaries 

■*■ = *. y = 0- eosh 

u. 

/3) The straight lines 

.r = a , y = t . 

Since the catenaries never meet the ,r-axis, 
the only possible solution containing a seg- 
ment of the boundary consists of the ordi- // 
nates of the two given points : 

J FIG. 2- 

X = .r,, and ,»■ = x^ , 

together with the segment 23 of the .r-axis between them. 
Since along the .c-axis 

condition (60) is satisfied along 23 ; and since 

E (.r , 2/ ; cos ^ , sin ; cos 6, sin 6) = (l ~ cos {d — OjVy , 
conditions (62) and (63) are satisfied at 2 and 3 . 

§30. THE CASE OF YAEIABLE END-POINTS 

The methods explained in §23, slightly modified, can be 
applied to the case when all curves considered are expressed 
in parameter-representation. In one respect the treatment 
of the problem in parameter-representation is even consid- 
erably simpler, viz.: the variation of the limits of the inte- 
gral J ean be compteteltj avoided. For let 
@„: a- = <^(i), y = ^{t) , f.^t^t,, (65) 

be til e minimizing curve, and 
6 : x = <^(t) , y = (/^(t) , To ^ T ^ Ti , (66) 
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a neighboring curve. If we then apply to 6 the "parameter- 
transformation" (see §24, a)) 

■^1 — r„ 
we obtain for S a representation in terms of the parameter 
/ for which the end- values are to and ti, the same as fot ©g. 
We consider briefly the case where the point 1 is fixed 
and the point movable on a given curve of class C ' : 

6; J^f{a) , y^Ha) ■ (67) 

The minimizing curve (65) must again be an extremal ; it 
begins at a point of the curve S whose parameter on S we 
denote by Oq. Let 2: (rf = ao + e) be a point of G in the 
vicinity of 0, iCo + ^o? 2/0 + % its co-ordinates; then 

f„=4^'(ao) + W] ' >?" = ^ [f (ao) + W] . 
An admissible variation S of sufficient generality which 

passes through 2 and 1, can easily 

s^ ^--^^ =--^, \ be constructed analytically in the 

form 

g: :7 = x + f, Ij = u+rj , 

where 

^^4" . V = Voi^' > 

u, V being two arbitrary functions of / of class C which 
vanish for t = ti and are equal to 1 for f = t(,. 

For this variation of the curve (Sj we obtain, according 
to (15b), 

A J = \^F,. + -tifJ' + f ' {lj'$ - X'ri) Tdt + e{e) . 

Substituting the values of f , ?; at ^q ^^cl ti and remembering 
that T^O along the extremal ®o> '"^e get' 

where 




Fia. 28 



1 Weieesteass, Lectwes, 1882. 
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_, dx ~,_dy 

da ' da 

We obtain, therefore, the condition of transrryf^ah'fi/ in 
the form 

n 

x'F^.{x,y,x',y') + y'F^.{x, !j,x',y') =0 (68) 

where x' , y' refer to the extremal &q, x', ])' to the given 
curve 6. 

Example XI (see p. 128) : The Geodesies. The condition of 
transversa lity is 

n'{Eu'+FL'')+v'{Fu' + Gv')=0 ; (69) 

its geometrical meaning ' is that the geodesic must be orthogonal 

to the given cm-ve. 

The focal point is determined by the following formulae :^ 
Let ^4o and B^ denote the following two constants 



_ {.v'y'-y'x'fF, r 

-Do — ~-2 I — ^^75 j • 



(70) 



where the arguments of F,,-, Fy., Fi are Xq, fjo, ■>■(,, Vo and 
L, M, N are defined by (35). -Bo is different from zero if 
we suppose, as in §23, that @o and 6 are not tangent to each 
other at the point 0. Let further 

H {to , t) = A,® {to ,t) + Bo — ^^ . (^1) 

the fimction © being defined by (42) . Then the parameter 
to of the focal point is given by the equation 

Ti{to,t) = 0. ("2) 

If 

x = (l>{t, a) , y = 4i{t,a) 

1 Compare Bianchi-(Lukat), Differentialgeometrie, p. 65. 
2See Bliss, Tvansactions of the American ilatluimatical Society, Vol. Ill (1902) 
p. 136. 
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is the extremal which passes through the point a of the 
curve 6 and is cut transversely by 6 at that point, and if 
A(f, a) denotes the Jacobian of the two functions ^, -^ with 
respect to t, a, then' 

A(i,a) = CH(f„, (73) 

which proves the geometrical meaning of the focal point. 

The question of sufficient conditions will be discussed in 
detail in connection with Kneser's theory in chap. v. 



§31. WEIEKSTKASS'S EXTENSION OF THE MEANING OF THE 
DEFINITE INTEGRAL 






F(x, y, y, y')dt . 



We have confined^ ourselves in all the preceding investigations 
to "ordinary" curves. This limitation was indeed necessary for 
most of our proofs, but it is not implied in the nature of the 
problem. 

The most general class of curves for which the problem has a 
meaning would be the totality of curves for which the integral 



J"^ I F{x, y,x',y')dt 



is finite and determinate. 

In many problems of a geometrical origin, however, a still 
further generalization is desirable. 

a) Example of the length of a curve: Thus, for instance, the 
problem to determine the curve of shortest length between two 
given points A and B, is not exactly equivalent to the problem to 
minimize the integral 

J= f\/x" + y"dt , 

because the length of a curve cannot in all cases be expressed by 
this integral. 

The length of a continuous curve 

iSee Bliss, loc. cit., p. 140. 
2 Compare §24, a) and c). 
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2: x = <l>{t) , y = ^{t) , f.^t^t, (74) 

is defined ' as follows : 

Consider any partition n of the interval (Ut^) into n subintervals 
by points of division r, , t,, . . ., t„_], where 

'o < Ti < T2 • • ■ < T„_, < f, , 

and denote by A,Pu P^, ■ ■, P„_,, B the corresponding points 
of S, by Xo, To; ^uyr, .r^, 2/2; • • •; .r„_i,2/„_,; A",, F, their 
co-ordinates. Then the length of the polygon ^u inscribed in the 
. cui-ve 6 whose successive vertices are these points, is 

1?— 1 

where ^ 

AX^ = Xy+J — Xy , A (/^ = 2/;-+! — Z/r ■ 

If Sxi approaches a determinate finite limit ^ J as all the differ- 
ences (r„_)_i — T„) approach zero : 

J=LS„ , 

the curve S is said to have a finite length whose value is J. 

If the first derivatives ' (i) , f (t) exist and are continuous in 
(tot,), the above limit always exists and can be expressed by the 
definite integral* 






Vx" + ij'-'dt 



b) Extension of the meaning of the general integral.- In an 
enth-ely analogous manner Weieesteass^ has generalized the mean- 
ing of the definite integral 

1 See Jordan, Cours d^ Analyse, Vol. I, Nos. 105-111. This is the definition which 
is most convenient for our present purpose ; compare also §44, a), end. 

2 With the understanding that Tji = ig , Xf)=X^, Vo^^'o 3°*^ '^ii=*i > '''n^-^'i' 2'n^'^'i' 

3 That is, corresponding to every positive e, another positive quantity Sj can 
be assigned such that 

tor all partitions n in which all the differences (t^_j_i — t^) are less than 4 ^ . 

4 Compare Jokdan, toe. cil.. No. Ill, and Stolz, Transactions of the American 
Mathematical Society, Vol. Ill (1902), pp. 28 and 303. 

^Lectures, 1879; compare also Osgood, Transactiotis of the American Mathemat- 
ical Society, Vol. 11 (1901), pp. 275 and 293. 
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J= I F{x, y, x', y') 



dt 



taken along a continuous curve £ (defined by (74)) which lies 
entirely in the interior of the region S of § 24, b). 

Consider as before a partition n of the interval {t„t\) and denote 
by Wn the sum 



Wi 



n = 2) -^ (•''■" y^' ^■*''" ^^-^ ■ ^'^'"^ 



Then, if the cui-ve S is of class' C , this sum Wn approaches a 
determinate finite limit as all the differences (t^_|_i — r^) approach 
zero, viz., the definite integraP Jii{AB): 

LW^= C'F{x,y,x',y')dt . (76) 

This remains true when S lias a finite number of corners. 
We now agree to define the definite integral 



I F{x, y, x', y')dt , 

^ 'a 



iTMs implies that .|> "^ (*) + >('(*) =t=0 in («(,*]) ; compare §24, a), 
2 For the definite integral may be written 

" — ^ ^T 1 » — 1 

c^O *' 1^ = 

where tJ, is some intermediate value between t^, and t^,_|_j . On the other hand 

where t^' and t|/' are again intermediate values between r^ and t^, |. Hence we 
have, on account of the homogeneity of F^ 



71 — I 

Wji = ^ F{i, Ct„), ,^ (t„), .j,'(t;,'), V'Ct;,")) (t^. 



r^) • 



From the theorem on uniform continuity applied to the function F (x^y , x\y') on 
the one hand, and to the functions (i), »^ (t) and their derivatives on the other hand, 
it follows that corresponding to every positive quantity e another positive quantity 
Sg can be determined such that 

I -F(*(t„), 'A(t^), *'(t„'), ^'K")) -i<'(,f,(T;,), .Kt;,), ^'Ct;,), ^■(t;,)) I <e 

for I' = 0,1, 2, • - •, ?i — 1 , provided that all the differences (Tj, ,j — t,^) are less than 
8j . Hence 

I !i-'n-J'l<^«i-<ti) > 

which proves our statement. 
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taken along the curve S, as the limit of IT'n in all cases in which 
this limit exists and is finite : and we denote its value by Jf{AB) : 

Jf{AB)=L Wu . (77) 

At=i) 

This is a natural extension of the definition of the definite inte- 
gral since it coincides with the ordinary definition for all "ordi- 
nary" curves. 

c) First modification of Weierstrnxs'ii definition : Various 
modifications of this definition will be of importance in the sequel : 

Since the curve 2 is supposed to lie in the interior of the region 
S, the rectilinear polygon whose vertices are the points A, Pi, -P2, 
• ■ • , P,j_i, B will likewise lie in the interior of ffi, provided that 
the differences (t^+i — t^) have been taken sufficiently small. Let 
Vn denote the value of the integral J taken along this polygon 
from A to B. 

If, then, the ciu've S is rectifiable, and if one of the two sums 
Vn and Wn approaches for LAt = a determinate finite limit, the 
other approaches the same limit,' so that we may also define 

Jf{AB) = LVn . (78) 

At=ij 

d) Second modification of Weiei;'<trass\s definition: If the 
curve 2 is rectifiable and lies in a finite closed region iRo {con- 
tained in the interior of the region S) in lohich the condition 

_P',(a;, 7/, cosy, siny) > (58) 

/.s' fulfilled for every value of 7, then the preceding extension of 
the meaning of the definite integral J may be modified as follows : 
Let a positive quantity e be chosen arbitrarily. Then deter- 
mine for the region H„ the quantity Pe defined in § 28, e) and choose 
a positive quantity p^Pe arbitrarily. Fui'ther select, according to 

I .Sep Osgood, Trtinsactions of the American Mathematical Societi/, Vol. II (1901), 
p. 318, If l^.j and Y^_|_i denoto the length and the amplitude of the vector P^P„_(,,, 
the difference I'n" ^n ™^y ^® written in the form 

n-l 

^U - "'n = ^^ I [^FiJ'^^i , j?v+i . cos y^+i , sin y^_(.i) 

"=0 --F'(a^„,2/v,cosVr+i.sinYi/+i)jii« 1 

where .c^_,_i = 0-^-1-8 cos Y„_,_i , ^^_|_i = !/^+«sinvy_(.i . 

The above statement follows, then, from the theorem on uniform continuity 
applied to the function F{x, y, .c', y'). 
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the theorem on uniform continuity, another positive quantity S so 
small that 

\<j>{t')-<i>{t")\<p/\/2 , \f(t')-f{t")\<p/^^2 

for every two values t', f" of the interval {t„ti) for which 

\t"-t'\<8 

Finally choose the partition n so that 

for i'=0, 1, 2, ■■,11-1. 

Then the distance | P^Py+i I is less than p, and therefore we can, 
according to §28, e), inscribe in the carve ^ a unique polygon of 
minimizing extremals with the points A, Pi, P^, ■ ■ -, Pn-i, B for 
vertices, i. e., we can draw from Py to Pv+i a unique extremal @,/-|_i 
of class C" which lies entirely in the circle (P„, p) and which fur- 
nishes for the integral J a smaller value than any other ordinary 
curve which can be drawn from P^ to P^+i and which lies entirely 
in the circle {Pv , p) , Moreover, at every point of (E^+i the slope 
with respect to the direction P^P^+i is less than e . 

We denote by Ua the value of the integral J taken along this 
polygon of extremals, /. t'.. 

It— 1 

Un=^J,,^,iP.P.+,) . (79) 

Then if we pass, as before, to the limit LAt -Q, and if one of the 
two sums Un and Wa approaches a finite and determinate limit, 
the other approaches the same limit,^ so that we may also define 

1 First remarked by Osgood, Transactions of the American Mathem atical Society, 
Vol. II (1901), p. 295. The statemeut can be proved as follows : 
Let the extremal G,/_i_i be represented by 

e„_l_, : x = <l>y_^_i(t) , y = 'Pyj^i it) , 05t5!„_i_i, 

where, as in §28, e), the parameter i of a point P of e^i j is the projection P^Q of the 
vector P„P upon the vector P„Fy_|., , and i„_j_i is again the distance 1 P„Py_^j I . If 
we denote by yy_i_i the amplitude of the vector Pj,Ppii and by u the perpendicular 
QP with the sign + or — according as the point P lies to the left or to the right of 
the vector PyP^ij , then we have 

K+i (*) = »!' + * cos Vr+i-" sin 7^_|.i , </'r_|_i(i) =2/„-l-isinY„_l_i + ttcosv„^j , 

*;/+! (0 = cos Ty_(_i - M' sin Yrj.1 , i)';,_|_i («) = sin v^_^i + u' cos Y;,^_i 

Hence if we write 

4>y-^^l (t) = J-^+ fy , 'i'yj^i it) = yy+rt^ , 

K+\ W = cos v^^.1 + iy , 'fi'pj^i (t) = sin Y„_|_i + e„ , 
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J*{AB) = LUn. (80) 

We shall call the totality of reetifiable curves for which the sum 
Wa approaches a determinate tiuite limit, " the vla.ss (K)." 

e) Extension of the sufficiency proof to chitcs of class (K): 
After these preliminaries, let &, denote an e.i-freiiial of class C 
drawn from A to B and lying wholly in. the interior of tlie region 
fi. We suppose that &, does not contain the conjugate A' to the 
point A, and that for ecery point (,i-, ij) of C?,, and for every 
value of y the condition 

we have for every t in the interval (Oi^_i_|) 

since F^^i lies in the circle (P^, p) ; and 

since the slope u' of e^_|_i at the point P with respect to the direction PvP^ i , is 
numerically less than e , 

Applying now to the integral J^ the first mean-value theorem we obtain 

J|f„l_|(-Pi.-P^4-i) = 'r+i-P'(-iV + ?i.. ^.. + 'V>oosv,,^, + t;,,sin-y^_(.i + ?^) , 

where the argument of ^^^^v^ t ,■ * ^v ^s some value of t between and ?^_i_j . 
' On the other hand, we have on account of the homogeneity of F^ 

F uiv , 2^1/ , -^ ■>•,. , -^ 2/1.) = '^+1 F (.r,. , ;■,, , cos y^_^, , sin v„+i ) . 

The extremal of (^,.+1 — though it need not lie entirely in the region Sq — certainly 
lies in the larger region 5R, defined in J? 28, e). 

Further, the function F\.i\ u , .f\ y') is uniformly continuous in the domain: 



U,!j) in Bi , l-«:=l f- + ^-sl + a, 

whers a is any positive quantity less than 1 . 

Hence if a positive quantity o- be assigned arbitrarily, the quantities e , p and 6 
can be chosen so small that 

I F (-iv + C' ' i/^ + "fr . <^"^ V„+i + ?r . sin y,,_^_, + fl„) 

-FUy, ijy, cosy^^.i,sin7^_l_,)l<or . 

fjrc^O.l, • • -, n — 1 , and therefore 

11-1 

But if. as we suppose, the curve 8 has a finite length I , we have 

II -1 

^'.■+.-^-. 

y—i'y 

and therefore 

U'n-Trni<(r/ 

which proves the above statement. 
1 Without multiple points. 
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i^i(x, y, cos y, sin y) > (Ha') 

is fulfilled. 

Then we can construct, according to § 28, d) and § 34, about the 
extremal @o a field *& which lies in the interior of S ; and if we take 
k sufficiently small the inequality (Ha') will be satisfied through- 
out the region ^^ . 

Now let £ be any curve of class {K), not coinciding ivith @„, 
beginning at A and ending at B, and lying entirely in the inte- 
rior of 9^ ; let it be represented by (74) . We propose to prove 
that 

J^,< Jf , (81) 

Jf being defined as in b) . 

Proof .'^ We may apply to the curve S the results of d), the field 
^fc taking the place of the region there denoted by So ■ 

Accordingly we can choose a partition II of the interval (totj), 
whose points of division Py do not all lie on (So , so that the distance 

P.P.+,|<p/3 , (v = 0, 1, ■••, H-1) , 

and that at the same time the arc PpPv+i of S lies entirely in the 
circle (P„, p/3), where /> has the same signification as in d), and is, 
moreover, chosen so small that the circle (P^ , p) lies entirely in the 
interior of B^.. 

We may then, on the one hand, inscribe in £ a polygon of mini- 
mizing extremals with the vertices A, P], Pa, • • -, P„_i, B. This 
polygon is an ordinary curve ; it lies entirely in the interior of #t , 
and it does not coincide with @u- Hence we have, according to 
§28, d), 

say 

C^n- J'8„=p>0 . (82) 

On the other hand, let n ' be a partition derived from n by subdivi- 
sion of the intervals, and so chosen that 

\Un'-Jf\<p , (83) 

which is always possible on account of (80) . Let Qi, Qi, • • ■, @„,_i 
be the points of division interpolated between the points P^ and 

iThe outlines of this proof were given by Weieesteass in his iecf-ures, 1879_ 
Another proof has been given by Osgood, Transactions of the American Mathemat- 
ical Society, Vol. II (1901), p. 292, by means of the theorem given in §35, c). 
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Py+i of the partition n . These points lie in the circle (Pj, , p/3) 
and therefore 

le,e/+.i^2p/3 , (/ = 0,l,.-.,m-l; (^„ = P,,(?,„=-P,+,)• 
Hence the minimizing extremal from Q/ to Qi-\-i lies in the circle 
( Q, , 2p/3) and therefore also in the circle (P„ , p) . Hence it follows, 
according to d), that the minimizing extremal from P„ to Py+i fur- 
nishes for the integral J a smaller value than the polygon of min- 
imizing extremals PvQiQ2 ■ ■ • Qm-iPf+i, or at most the same 
value.' Therefore 

But from (82) , (83) and (84) follows (81) , since we may write 

^? - J>!., = {Jf - t'l. ) + (Uu' - Cn) + {Uu - </0 • 
iViz., when the two curves are identical. 



CHAPTEK V 

KNESER'S THEORY 

§32. gauss's theorems on geodesics 

KxESEK has given, in his ^'■Lehrhiich dvr Va rifi.fi ons- 
rechnimg''' a new theory of the extremum of the integral 

J= I F{x, y,x',y',)dt , 

essentially different from Weierstrass's theory and reach- 
ing farther in its results, inasmuch as it furnishes sufficient 
conditions also for the case when one end-point is movable 
on a given curve. 

Kneser's theory is based upon an extension of certain 
well-known theorems on geodesics, of which we give — by 
way of introduction — a brief account in this section. 

rt) Suppose on a surface there is given a curve ©g whose 
points are determined by a parameter v. At a point M{v) 
of Sq ^e construct the geodesic ® normal to Sg and lay off 
on (S an arc MP = u} The position of the end-point P is 

uniquely determined by the two 

_s quantities i(, r. 

If we restrict ourselves to such 




FIG. 29 a region # of the surface that also 

conversely P determines uniquely 
the values of u and v, these two quantities may be intro- 
duced as curvilinear co-ordinates on the surface ("geodesic 
parallel-co-ordinates"). According to a well-known theorem 
due to Gauss,^ the lines u = const, are orthogonal to fJie geo- 
desics 'v = const. 

1 7. e., the length of the arc is | « | , its direction is determined by the sign of u . 
2 Gauss, Disquisitlones generates circa superficies curva^, art. 16. 
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b) Hence it follows that the square of the line element 
takes, for this special system of co-ordinates, the form' 

ds' = (hi^-\- urdr' 

We consider now a particular geodesic. Go, of the set 
r = const., say r ^- t\f, and on it two points : {>Iq, Pq) and 
1 : (»i, r,,), where ?^o< "i- 

We join the points and 1 liy an arbitrary curve 

Then the length of the arc 01 of G is given by the defi- 
nite integral 



■'-=XN©'+-©'* 



On the other hand, the length of the arc 01 of the geodesic 

®o is 

This may be written 

J^o (It 

and therefore the total variation becomes^ 

The integrand is never negative, and can be zero throughout 
the whole interval (tqTi) only when 6 coincides with Gq. 
Hence it follows that among all curves which can be drawn 
in & between the two points and 1, the (jeodcsic Gq hat< ihe 
shortest leiif/tli.^ 

It should be noticed that the assumption that the geo- 
desic Gq belongs to a set of geodesies satisfying the condi- 

1 Gauss, loc. at., art. 19. 

2 Compare Daeboux, Thiorie des surfaces, Vol. II, No. 521. 

3 The conclusion can easily be extended to the case where the point 0, instead of 
being fixed, is movable on a given curve orthogonal to the set of geodesies. 
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tions imposed upon the region B, is equivalent to Jacobi's 

condition. 

c) The necessity of Jacobi's condition follows from a 

well-known' theorem on tlte envelope of a set of geodesies: 

If the set of geodesies through the point has an envelope 

%, and 02 and 03 are two geo- 
desies of the set touching the 
envelope at the points 2 and 3, 
then 

arc 02 -\- arc 23 — arc 03 . 

The point 3 is the conjugate to on the geodesic 03. Now. 
if 2 be taken sufficiently near to 3 on the envelope 5, the 
compound arc 023 is an admissible variation of 03 for which 
A.J^O. And since the envelope '^ is never itself a geo- 
desic/ the arc 23 can be replaced by a shorter arc 23, and 
therefore A ,/ can even be made negative. 

Hence the arc 03 does not^ furnish a minimum, still less 
an arc 01 of the same geodesic whose end-point 1 lies beyond 
the conjugate point 3. 

The method whose outlines have just been given applies 
with only slight modifications to the case where only one of 
the two end-points is given, while the other is movable on a 
given curve on the surface. 



§33. knesee's theoeem on teansveesals and the theoeem 

ON THE envelope OF A SET OF EXTEEMALS 

We consider in this section Knesee's extension to any 
set of extremals of the two fundamental theorems on sets of 
geodesies given in the preceding section. 

1 Daebodx, TMorie des surfaces. Vol. II, No. 526, and Vol. Ill, No. 622. 

2See Dakboux, loc. cit.. Vol. Ill, p. 88. 

3 Apart from a certain exceptional case ; see §38. 
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c() Construction of a transt'crsdl to a set of extrcmcth: 

Let 

x = <l>{t,a), ii = \p(i,a) (1) 

be a set of extremals for the integral 

J= j\ F(x, y, y,y')dt , 

containing the particular extremal 

e„: x = <f>{t,ao), u=>p{t,cu), fn^t^t, , 

whose minimizing properties are to be investigated. A and 
B are again the end-points of ©q- 

We suppose that the functions 4> (t , a) and i/r (/ , o) are of 
class C" in the domain 

where /q — ^oi ^i — h^ ^ and d are positive quantities. 
We suppose further that for the extremal (i"o 

<!>] {t , a„) + f,{i, a,) + in {UU) . (2) 

It follows, then, from the continuity of <t>t{t, a) and fi{t a), 
that the quantities to—To, T^ — t^, e, d can be chosen so 

smali that also 

<^?(f,a) + V?(A«) + (2a) 

throughout the domain 25. 

We denote by Sj; the rectangle 
iS,: T„^t^T, , \a-a,\^k<<l 

in the t, rf-plane, and by S>k its image in the .r. y-plane 
defined by the transformation (1). 

To every point (/, a) of St corresponds a unique point 
(./•, y) of S>k which we shall call "the point [t, oj." To a 
continuous curve 

t = g{r) , a = hiT) , t'^t^t" 

in Sfc corresponds a unique curve in ^^ : 
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~y = ^{v{r),h{r)) = ^{r) , 

which we calP the curve \^t=:g{T), a = /i(T)J. 

The point t of 6 coincides with the point t = g(T) of the 
extremal o^/i(t) of the set (1). If for every value of t 
the curve 6 is transverse^ to the extremal a^hir) at their 
point of intersection, we shall say that S is a transversal 
to the set of extremals {!). 

We write for brevity 

F{<l>{t,a), >p{t,a), 4>,{t,a), ^,{t, a)) ^Y(t, a) , (3) 

and use the analagous notation for the partial derivatives of 
F and the function F^. Then the condition of transversality 
may be written 

F,,(^a)^' + F„,(i,a)^ = 0. (4) 



But 



dx dt da dy , dt , da 



hence, remembering the relation (9) of §24, we get 

F(<,«)^+[f..(*, a)<^a(^a) + F..(<, a)'Aa(<,«)]^ = . (5) 

This differential equation for the functions t and a of t is 
the necessary and sufficient condition that the curve 6 may 
be a transversal to the set (1). 

We now introduce the further restricting assumption'' 
that 

F(<, a„)=|=0 in (f„0 . (6) 

iFor the deductions of this section it is not necessary to assume that also 
conversely to every point {x,y) of &j, corresponds a unique point (t, a) of ffij,, pro- 
vided that we consider the points and curves of #j only in so far as they are the 
images of definite points and curves of Kj. , and this is what our notation is to indi- 
cate. Accordingly two points [f, a] and [t\ a"] of % are considered as distinct- 
even if they should have the same co-ordinates a; , !/ — if the points (f, a') and (*", a") 
of 3Sjt are distinct. 

'' Compare §30. 3 We shall free ourselves from this restriction in §37, c). 
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It follows, then, from the continuity of F(f, n), that wi- can 
take To I ^i so near to t^, t^ and I: so small that 

F(<.a) + (6a) 

throughout the region ffi^.. 

If the condition (6a) /'s satisfied, it follows from Cauchy's 
existence theorem' on differential equations that tliroucjli 
evei-ji point \t' , a'] of the region S>k a nniquehf defined 
transversal of the set (l) of extremals can be drawn, rep- 
resentable in the form 

U = Ut,a)\ ' = ^^"^' 

X[a) being single-valued and of class C" in the vicinity of 
a = a', and taking for a^a' the prescribed value t^^f. 

The curve 6 may degenerate' into a point, viz., when the 
functions ^(t), -<^(t) reduce to constants, say x°, if. For 
such a degenerate curve the condition of transversality (4) 
is evidently always satisfied. 

Conversely, if any point {aP, y'^) in the interior of the 
region S of §24, b) is given for which 

i^i(.r», /, cosy, sin y) 4=0 

for every 7, and if we construct by the method of §§15 and 
27, c) the set of extremals through the point (j"°, 2/°), this 
point may always be considered as a degenerate transversal 
to the set - of extremals. For there exists, according to 
§27, c), a function f{a) of class C, such that for every a 
within certain limits 

,r»=<A(<°, a) , i/ = >l,{f,a) ; 

the point (.r", f) is therefore indeed the image of the curve 
t=^tP[a) iu the /, o-plane. 

1 Compare p. 28, footnote 4. 

2 Compare footnote 1, p. 168. 3 See Knesee, Lehrbuch, p. 47. 
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b) The function u[i, a): Let A^ be a point on the con- 
tinuation of (So beyond A, corresponding to an arbitrary 
value /^/q between Tq and /q, and let' 

t = f{a) 

be the transversal S° passing through the point [/^, ciq]. 
We suppose k taken so small that in the interval 
(oq — /v, Oo + /f) the function t^{a) is of class C and 
To<^°(«)< 3"i. The curve t = t'^{a), interpreted in the 
i, a-plane, divides the rectangle Sfc into two regions ; we denote 

by iSfc that one for which 

and by ^l its image'' in the 
_ .r, 2/-plane. 

We consider now any point 
P : [t, a\otS>Tc- Theextremal 
®; x = <i>{t,a), y^^{t,a) 

of the set (1) which passes through P, meets the curve 5E° 
at the point PO : [f, a]. 

Now denote by u or u (t, a) the value of the definite integral 




FIG. 31 



: r F(^, a) dt = u{t, 



a) 



(7) 



The function u(t, a) is single-valued and of class C in 
the domain Sj; ; moreover it represents/ in ffi^, the value of 
our integral 

J= J F{x, y, x', y')dt 

taken along the extremal @ from the point P° to the point P.- 
u{t, a) =J^{P^P) . 

I When the transversal l" shrinks to a point, the function ^(a) becomes iden- 
tical with the function so denoted at the end of a) . 

2 In Fig. 31 ^^ is the non-shaded part of ^^ . 

3 Only in S^ , since we always suppose that the lower limit of the integral J is 
less than the upper limit ; compare §24, b). 
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The partial derivatives ofu{t, a) are: 

^=F(<,a) , (8) 

But 

9F(i,a) 

aj = F. <^" + F„ >A„ + F... -^^a, + F„. >A,„ 

= I [F.. <^„ + r„. ^„j + <^„ [f. - 1 F,.] + v., [f„ - I F„,] , 

since 0^ = ^„( , ■fta = ^af Now 

since ^(^, a) and i/^lf , a) satisfy Euler's difPerential equation. 
Hence we obtain 



9i( 
9a 



= (F,, ,^„ + F„, ^„) I - (f ^ + F,, <^„ + F„, ^„) I 



But the second term disappears since f = <°(o) represents a 
transversal and therefore satisfies the differential equation (•")). 
Thus we finally obtain 

£=F,,(^ a).^„(^ a)+F„,(/, a)^„,(f, o) (9) 

If the point P : [/, a] moves along a curve C5 defined by' 
t =g{T) , a=h{T) , i. e., 

u becomes a function of t whose derivative is, according to 
(8) and (9) : 

1 The functions 5 (t) and ft (t) are supposed to be of class C ' and to furnish points 
{t, a) in jRj. so long as t is restricted to a certain interval (tt") to which we confine 
ourselves in the following discussion. 
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(It ^ ' dr I- -I dT ' 

The extensions of the two theorems on geodesies of §32 
follow immediately from this formula by specializing the 
curve 6. 

c) Kneser's Theorem on Transversals : In the first place 
we suppose that the curve 6 is a transversal to the set (1). 
Then it follows from (4) and (10) that 

dr 
and therefore ii = const. 
Thus we obtain the 

Theorem I: Two transversals 2^° and %^ to the same set 
of extremals intercept on the extremals arcs along ivhich the 
intecjral J has a constant value. 

More explicitly: If ®' and @" are two extremals of the 
set (1) meeting the transversals %'^, %^ at the points Pq, Pi 
/ and Pq', P[' respectively, then 
— — 1 --f'"' j,,(p„'p;)=j^„(P^'p;') . (11) 



Conversely: If along the curve 

!• FIG. 32 ^' 



^ ^ %'^ the function u{t. a) is constant, 



then %^ is a transversal of the set (1) . 

In the special case of the geodesies, transversality is iden- 
tical with orthogonality,' and therefore Kneser's theorem 
is indeed a generalization of Gauss's theorem on geodesic 
parallels. 

The theorem remains true if one or both of the two 
transversals shrink to a point f thus we obtain the following 
corollaries : 

iCompare §30, a). 2Compare the remark at the end of a). 
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Corollary /.' If I^ is a trausversal to the set of extrem- 
als through a point Pq, then the integral J has the same 
value if taken along the difPerent extremals from the point 
Pq to the curve %^, and vice rc/\sY/. 

Corolhtr)/ II: If 3:" is a transversal to a set of extremals 
passing through a point Pj , then the integral J has the same 
value if taken along the different extremals from the curve 
2" to the point Pj. 

CoroUanj III : If the extremals passing through a point 
Pq all pass through a second point Pi , then the integral J 
has the same value if taken along the different extremals 
from Pq to Pi. 

d) Theorem on the envelope of a set of extreinalK: In 
the second place, we suppose that the curve S is taitficnt to 
all the extremals of the set (1), and therefore is the envelope 
of the set. 

More explicitly : As it has been remarked before, the 
point T of (^ coincides with the point t = g (t) of the extremal 
a = h (t) of the set (1) ; we suppose that for every value of 
T, at least in a certain interval (t't") in which 



©+(iy*»- 



the curve (S and the corresponding extremal are tangent to 
each other at this common point, so that 

d7 



:7- '<^' 



rfr 



'Pt 



. 



It follows, then, that there exists a function m of t such that 



<^. 



rf.T- 

'd-r 



4't = '" 



dl 

dr 



1 Applied to geodesies, this is Gauss's theorem on geodesic polar co-ordinates, 
GrADSS, loc, cit., art. 15. 
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m is continuous in (t't") and can not change sign.' We 
may without loss of generality^ suppose that 

771 > in {t't") , 

i. e., that the posUive directions of the tangerits to the two 
curves coincide. 

From the homogeneity properties of F it follows, then, that 



and 



„ t ~ ^ dx dy\ 

„ /- ^ dx dy\ 

V,(t,a)=F,.{x,y,-,~J, 



and therefore, according to (10), 
du 

dr 



iu „/_ _ dx dy\ 



Hence, integrating from t = t' to t=^t" {r' <iT") and 
remembering the meaning of u(t, a), we obtain the 

Theorem 11:^ Let %" be a transversal to the set of 
extremals (1) and '^ the envelope of the set; let, further, 

P' Q' , P"Q" be two extremcds 
of the set starting from the 
points P' , P" of S° and touch- 
ing % at the points Q' , Q" , then* 

FIG. 33 X J.'{P"Q") = J.{P'Q') 

"'^ +MQ'Q") . (12) 

iTMs follows from (2a) and the assumption that 




{frhi 



f)%0 in(.V, 



2 If m is negative, introduce a new parameter 

7 = — <T on G . 

3 The theorem in the special case when j" shrinks to a point is due to Zeemelo, 
who proves it by means of Weierstrass's expression for A J" in terms of the 
E-function {Dissertation, p. 96). The theorem in its general form and the above 
proof are due to Knesee; see Knbsee, Lehrbuch, §25, and also idem, Mathe- 
matische Annalen, Vol. L (1898), p. 27. The simplest case of the theorem is the 
theorem on the evolute of a plane curve, 

*By a limiting process it can be shown that the theorem remains true if the 
assumption 
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with the understanding that the positive direction Q' (/ ' on 
J has been chosen as indicated above. 

The theorem remains true if the transversal %'^ shrinks 
to a point, in which case we obtain 
the corollary : 

+ JM'Q") , (13) FIG- SI Y 

■3 
PoQ'' PqQ" being two extremals of the set through Fq, and 
(V the envelope of the set.' 




1 



§34. COXSTRUCTIOX OF A HELD 

Before we can extend to the general case of extremals the 
results given in §32, b) concerning geodesic parallel co-ordi- 
nates, it is necessary to impose upon the set of extremals (1) 
such further conditions that the correspondence between the 
two regions ffij. and g>j. defined in §33, a) becomes a one-to- 

(f)+(^fr*o 

ceases to be satisfied at Q'\ i. e., if the curve ^ ha^ a '''cusp" at Q'\ provided that 
there exists a positive quantity yx such that 

l^/ir-rf and ^/ (.-.)'' 

approach, for Z.t = t" — 0, finite determinate limiting values not both zero (a condi- 
tion -which is, for instance, always fulfilled if ST and 9" are regular in the vicinity 
of t"). The proof follows immediately from the homogeneity property of the func- 
tion J',- see §24, (81. 

iThe two theorems on sets of extremals proved in this section can be derived 
by still a diiferent method indicated for the case of the geodesies by Barbocx 
(TMorie des Surfaces, Vol. II, No. 53B). Let 

be a particular extremal derived from the general solution of Euler's equation, 
and let M„(,t^t„,x = a„,y = bi^) and 3/i(i=fi, .r = a., , 2/ = 6j) be two points on ?„ 
which are not conjugate in the more general sense that (i, , fj) 4= . Then it follows 
from the theorem on implicit functions that if we take two points Pq (a-j , y„) and 
■Pi (I'l . y{) sufficiently near to J/„ and J/, respectively, a uniquely defined extremal 
can be drawn through P^ and Pj : 

g: .v=f(f,»,« , i/ = s(t,-,/3) . 

The constants a , /3 , the two values of ( which correspond on ff to the two points 
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one correspondence, or in other words that the set of extrem- 
als (1) furnishes a field about the arc (Sq- 

The proofs of the existence of a field is based upon the 
following 

Theorem: Let 

x^cf,{t, a) , y = yp{t, a) (15) 

be a one-parameter-set of curves satisfying the following 
conditions : 

A) The functions <^ and -v//- are of class C" in the domain 

To— t^i^Ti + e, ja — aol^d, 

e and d being two positive quantities. 

B) The particular curve 

x = <i>{t,a^), y — i/{t,ao) (16) 

has no multiple points for Tq — e^t^Ti-^e. 

C) If we denote by A (if, a) the Jacobian 

then ^(^'«) 

A (/,«„) 4=0 in (^0-^, ^1 + ^) • (17) 

Pq and P^ , and consequently also the value of the integral J taken from Pq to Pj 
along e are single-valued functions of oJq , 2/0 » *i ' 2/i which are continuous and have 
continuous partial derivatives in the vicinity of ap , &(, , a, , foj . We denote this inte- 
gral Jf^ (P(yP{) considered as a function of ojq , y,, , rcj , y^ , by 

it is a generalization of the geodesic distance between tivo points (see Daebottx, loccit.). 
The total differential of this function can be obtained by precisely the same 
method as that which Darboux applies to the geodesic distance, and the result is 

dJix^i, 2/0 ' ^n Vi) = ^x'^^i ' y-i ' ^1'' yi'^ dXi + Fy.(x-^, y^ , x{, y{) dy^ 

- ^x-^^o^Vo^ ^o'l 2/0') d-^Q-^yi^o^Voy-^o'^ 2/0') ^yo ' tl** 
the derivatives Xq\ y^ and x{^ y{ referring to the extremal ff . 

Now suppose that Pq and Py move along two curves Sq and Gj whose co-ordinate '^ 
are expressed in terms of the same parameter t. Then the extremals joining corre- 
sponding points of (Jq and (Ej form a set of extremals with the parameter t, and 
J {^01 Vqi^i-, V\) changes into a function of t whose derivative is obtained immedi- 
ately from (14). By specializing the curves ^g and i*j the two theorems I and II are 
obtained. 

iKneser^s proof {Lehrbuch, §14) must be supplemented by a lemma such as 
that given below under a) and 6). Compare also Osgood, Transactions of the Amer- 
ican Mathematical Society, Vol. II (1901), p. 277, and Bolza, ibid.. Vol. II (1901), p. 424. 
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Under fliese circumstances a j)()sitlr(' qitctnfiiij A-<(/ cctii be 
faken so small that the transformation (15) establisltes a 
one-to-one correspondence between the (lanuuii 

in tlie t, a-plaii(\ and its imtaie S'jc in the .r, y-p]ane. 




FIG. 35 



FIG. 36 



Proof: We suppose it were not so ; that is, we suppose 
that however small A- may be taken, there always exists in 
SfcEt least one pair of distinct points (/', o '),(/", o") whose 
images coincide at a point (,r, ij) of S-t, and we show that 
this hypothesis leads to a contradiction to our assumptions. 

a) We first select a sequence of decreasing positive quan- 
tities 

k> k\> k\> ■ ■■ ky> ■ ■ ■ > , 

beginning with k and approaching the limit zero, subject to 
the following rule : After Aj has been chosen, we select in 
the rectangle ffij-^ a pair of distinct points P[{ti. ai) and 
P['{t,[' a'l') whose images coincide; this is always possible 
according to our hypothesis. According to B), ai and a[' 
cannot both be equal to Oq; we may therefore choose A-., 
smaller than at least one of the two quantities jal — '^i!, 
jf,;'_Og|, so that at least one of the two points Pi, Pi' lies 

outside of ffij.,,. 

Next we select in S^j a pair of distinct points Po(ti, a-z) 
and Po'C^r. "2) whose images coincide. As before, we can 
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choose kg smaller than at least one of the two quantities 
\(t-> — ao|, \a'2' — OqI, etc., etc. 

Proceeding in this manner, we obtain corresponding to 
the sequence \k^\ an infinite sequence of distinct pairs 
of points 

Pl{K,al) , PyiCal'), v = l,2.---oo ; 

the two points PJ, PI' lie in S^^, and their images coincide 
at a point (x^, y^ of ^j.. 

We consider now the set of points 

i={{t!,,al; tl' , al')] = \z^\ 

in the four-dimensional space {t' , a ; t" , a"). The set Z 
contains an infinitude of distinct points all lying in the finite 
domain 

i: To^i'^r, ; — fc^a'— a„^fc; 

it has therefore at least one accumulation point^ 

which belongs itself to B since B is closed ("abgeschlossen"). 
6) We are going to prove that 

a'^a,, , a"=aQ , r' ^ t" . 

Out of the sequence {z^l we can select^ a subsequence \z^,\ 
(t=l, 2, • • • 00 ; i'i-i-i>i'j) such that 

/. Zy. = I , i. e., 

Ltl. = T' , Lal=a.' , H:[ = r" , Lal' = a". 

i — CO i-^-c i:=Z'Xi i^ta 

But since L k„ =0 and 

/ 

I ttl/'; — fflO I ^ fc^; , I ay^ — OO I ^ fc.-,. , 

it follows that 

1 Compare E. I A, p. 185, and II A, p. 45 ; J. I, No. 27. 2 See J. I, No. 28. 
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a = Oq , a ^= a,, ; 

besides t' and t" are contained in (Tq^i)- 

On the other hand, let D(f' , a' ■ /", a") denote thv dis- 
tance between the two points {.>■', y') and (.r", y" ) corre- 
sponding to (f , a'] and (/", a"). Then we have 

But since D(/', a' \ t", ((" ) is a continuous function of 
its four arguments, we have 

D{r', a,; -r" , a,) = L D{tl., a,'., ; K'., al'.) = , 

that is, tlie images (f', 77') and (f", 7?") of the two points 
{t , ciq) and (r", o^) coincide. According to B), this is only 
possible if 

t'= t", say = r 

There e.rists therefore a poini (t, Og) i); %t^, in every vicinity 
of wliicli jwirif of difstinct points (/', a'), (/", a") c(ni be 
found irliose imdj/es in tlie ,r, y-plane coincide. 

c) The theorem on implicit functions' leads now immedi- 
ately to a contradiction. For, let {^, v) denote the image of 
the point (t, Oq) ; take (r, y) in the vicinity of (f , »?) and 
consider the problem of solving the system of equations 

.r = <j>{t, a) , !J = >l'{t, a) 

with respect to {t, a)- Since A(t, 0^)4^0 it follows from 
the theorem on implicit functions that after a positive quan- 
tity e has been chosen arbitrarily but sufficiently small, a 
second positive quantity S, can be determined such that, if 
(./■, y) be taken in the vicinity (8,) of {^, v), the above two 
equations have one and but one solution (/, a) in the vicinity 
(e) of (t, no) . 

Further, we can determine, on account of the continuity 
of and i/r, a positive quantity e'^e such that the image 

1 Compare p. 35, footnote 2. 
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of every point (f, a) in the vicinity (e') of (t, r/.g) lies in the 
vicinity (8^) of (^, ??). Hence if (f, a') and (t" , a") are 
any two distinct points in the vicinity (e') of (t, Oo), their 
images (x' , y') and (.r", y") must lie in the vicinity (S^) of 
(^, 77) and can therefore not coincide, according to the defi- 
nition of Sj. 

But this is contrary to the result reached under h) ; the 
hypothesis from which we started must therefore be wrong 
and our theorem is proved. 

Corollaries: 1. From the continuity of the functions 
<^(t, a), 'v/r(f, a) and the one-to-one correspondence between 
Sfc and g»fc it follows that the image £' of the boundary S of 
the rectangle ISj. is a continuous closed curve without mul- 
tiple points (a so-called "Jordan-ciirrc^'). It divides, there- 
fore,' the X, y-TjAane into an interior and an exterior. 
According to a theorem due to ScHOENrLiESs'' the set of 
points ^j; is identical witli the interior of S' together ivith 
the boundary S'. 

2. Let /q: '1 be two values of t satisfying the inequality 

and let &o denote the arc of the curve (16) corresponding to 
the interval (Tq, ^1). Since the line: o^Oq, to^t^ti lies 
in the interior of Uj., its image ©q li^s in the interior of §j. 
and has, therefore, no point in common with the boundary 
S'. The two curves (Sg and S' being continuous, it follows," 
therefore, that a neighborhood [p) of the arc @o con be con- 
structed' which is entirely contained in ^j.. 

3. Since A(;, Oo)=l=0 in {T^T^ and A(;, a) is continuous 
in ffij., it follows from the theorem on uniform continuity* 
that k can be talcen so small that 

1 Compare J. I, No. 102. The interior as well as the exterior is a " continuum." 
'2 Otittinger Nachrichten,l&99, p. 282; compare also Osgood, ibid., 1900, p. 94; and 
Bernstein, ibid., 1900, p. 98. 
» Compare p. 13, footnote 4. 
4 Compare E. II A, pp. 18 and 49; P., Nos. 21 and 100; J. I, No. 62. 
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A{t,a)^0 iu iS, . (18) 

We suppose in the sequel that k has been selected so small 
that ffij. and S'fc are in a one-to-one correspondence, and 
that at the same time (IS) is satisiied. Under these cir- 
cumstances the region gij. is called a JichI about fite arc ©q, 
formed by the set of curves (15). 

■1. The one-to-one correspondence (15) between iRj. and 
^fc defines / and a as single-valued functions of x and y 
which are of class C" throughout ^j^ ; we denote these 
inverse functions by 

i = t{x,y) , a=a{x,y) . (19) 

Their derivatives are obtained by the ordinary rules for the 
differentiation of implicit functions, according to which 



dt . Sa , dt, da 



(20) 



§35. knesee's curvilinear co-ordinates' 

Our next object is to extend to the general case the 
results given in § 32, b) concerning the introduction of geo- 
desic parallel co-ordinates. 

o) Curvilinear co-ordinates in generat: Let us intro- 
duce, instead of the rectangular co-ordinates .r, y, any sys- 
tem of curvilinear co-ordinates 

n = U(x,y) , v= V{x,y) (21) 

where the functions U{x, y) and V{x, ij) are of class C" in 
a region g> contained in the region S of §21, b) ; in the 
same region their Jacobian is supposed to be different from 
zero. 

"We interpret h, v as the rectangular co-ordinates of a 

I Compare Knesee, Lehrbuch, §16. 
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point in a m, i7-plane and denote by ® the image in the 
u, -u-plane of the region S'- We suppose, further, that the 
correspondence established by (21) between S> and QI is a 
one-to-one correspondence. The inverse functions 

x = X{u,v) , y = Y{u,v) (22) 

will then likewise be single-valued and of class C" in the 
region 3 and moreover their Jacobian 

D = ^^^ 4= in ® . (23) 

0(11, v) ^ ' 

We consider now the integral 
taken along an ordinary curve 

g : X = <^ (t) , y = if,{T) 

from a point A(tq) to a point B{ti), the curve G being sup- 
posed to lie in the interior of the region ^. 

If we introduce the new co-ordinates ii , v into the inte- 
gral J, it will be changed into 

■''=X>("'-l'-9<"- m 

the function G of the four arguments u, v, u' , v' being 
defined by 

G{u, V, u, v') = F {X, Y, Xy+ xy, i>'+ Y,v') . (26) 

The integral J' is taken along the image S' of 6 in the 
u , u-plane : 

from the point A' (image of A) to the point B' (image of B). 
From the equality 

J'=J (27) 

it follows that if the curve S minimizes' the integral J, its 

1 With the understanding that only such curves are admitted as lie in the regions 
& and ® respectively. 
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image §' necessarily minimizes J', and vice rcr^n. Hence 
the problem to minimize the integral J and the problem to 
minimize the integral J' may be called cquivalcnf prohlcnifi. 
The following properties of the function ('{ii, i\ u' , r' ) 
can immediately be derived from its definition (2()) : 

1. G(h, r, »', r') is positively homogeneous' of dimen- 
sion 1 in ti' , r' . 

2. By differentiation we get 

G,..= F,.X\.+ F,j.Y,. . 
Hence if 

y = A'„« '+ X,.r' , ,r = X„h + A'.,r , 

y'= 1',"'+ r„*'' • h = Y'J' + yj' . 

the following identity holds : 

uG„{u, r. ii', (•') + '■'3„.(t(., c, u'. r) 

= l-F^.{jL-, y, x', if) + yF,,,(d-, y, .«■', y') , (28) 

from which we infer that the E-function is an absolute 
invariant for the transformation (21), /. c, if we denote the 
new E-function by E'(» , r ; u' , v' ; u, r) we have 

E'(m, r; ((', v'; ii , r) = E(x, y ; x' , y' ; .<■, y) (29) 

3. Also Fi is an invariant ; if we denote the correspond- 
ing function derived from G^ by G^, we obtain easily 

G, = D''F, , (30) 

where D is defined by (23). 

4. Also the left-hand side of Euler's equation is an 
invariant ; after an easy computation, we obtain 

G„„. - (?„.„+ Giiii'f"- it"v') 

= d[f,,. - F,.^ + F,{.r'y"- .<•"(/')] (31) 

The image of an extremal of the old problem is therefore an 
extremal for the new problem ; and the same relation holds 
for the transversals, as follows from (28). 

1 Compare §24, equation (8). 
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All these results are in accordance with, and can partly 
be derived a j^^'ioi'i from, the equivalence of the two prob- 
lems. 

5) DefinitioH of Kneser^s curvilinear co-ordinates : To 
the assumptions concerning the set of extremals (1) enumer- 
ated in §33, a], we add the further assumption that 

A(f,ao)=t=0 in (f„0 . (32) 

where A(/, a) denotes again the Jacobian 

8('^,>A) 
d{t, a) ' 

It follows, then, from the continuity of A(if, o), that the 
quantities /g — Tq, T^ — ti, k can be taken so small that 

A(f,a)=t=0 (33) 

throughout the region S/,-. 

According to §34, the correspondence between the 
domains Sj, and S>ic defined by (1) is then a one-to-one 
correspondence, and the inverse functions 

t=t{x,y), a = a{x,y) (34) 

are single-valued and of class C" in the domain g>s.. 

We now combine with the transformation (34) the trans- 
formation 

u — u{t,a) , v — a (35) 

between the t, a-plane and the tt, v-plane, ii(t, a) being 
defined by (7). 

Since, according to (6a) and (8), 

g| = F(i,a).^0 in a, , 

it follows that the correspondence between the region Sfc and 
its image STj. in the u, ■w-plane, defined by (35), is a one-to- 
one correspondence and moreover that the Jacobian 

d{t, a) '' 
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Hence, if we combine the two transformations (35) and. (34), 
we obtain a transformation of the form (21) which estab- 
lishes a one-to-one correspondence between the region S>j. in 
the ,r, y-plane and the region QI;^ in the ii , /--plane, and 
which satisfies all the conditions imposed under a) upon the 
transformation ('21). For every point (.r, ij) in the region 
§/, defined in §33, h), the function it ^ U(-i\ ,'/) represents, 
according to the definition of u{f, a) given in §33, the value 
of the integral J taken along the unique extremal of the set 
(1) passing through the point (,r, y), from the transversal of 
reference 2;" to the point (.r, y). 

c) P)'opcrties of Kiu'scr''s ciii-rilincay co-ordinates: For 
Knesee's curvnincar co-ordinotes, the images of the 
extremals are the lines v^ const.; the images of the 
transversals^ the lines u=const. Moreover, the function 
G{it, V, u\ v') has tlie following characteristic properties. ■ 
G{n, V, ii', 0)= ((' . 
G,,{u, r,»', 0)=1 , G,.(h, r, »', 0) = , 

which hold for every », v and for every v' which has the 
same sign" as F(/, a)- 

For the proof of these statements it is convenient to rep- 
resent a curve 6 in the region g>j, of the r , //-plane in the 

form 

.v = <j>{t,a) , It =fir(r) , 

y —xl/{t, a) , \ a=h{T) , 

which is always possible on account of the one-to-one corre- 
spondence between S^ and g-fc. The image S' of 6 in the 
u , r-plane is then represented by 

(, = u{t, a ,] t =g{T) , 

V —a , j « = h (t) , 

and on account of (26) the following identity holds : 

1 Again with the restriction that the transversal must lie in the region SJ.. 
iSince F(t, a) +0 and is t-nnH-nuous in iSi,, it has a constant sign in K^,. 
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FU{t,a),i^{f,a), ^ <l>{f, a), ^ •/'(<> ")) 

If S is an extremal of the set (1), it can be defined by the 

equations 

t ^ T , a ^ a' , 

a constant. ' Hence the above formula becomes : 
F(t, a') — G{u{t , a'), a', Ur{T, a'), 0) , 

and therefore, on account of (8) : 

i(j(t, a') = Giuij, a'), a', ((t(t, (('), 0) . 

Since t and a' are arbitrary and, moreover, 

G{u, r, pu', 0) — pG {u, V, u', 0) 

for every positive p, the first of the three equations (36) is 
proved. 

The second follows immediately by means of the identity 

u'G^, -\- v' G^' — G . 
To prove the third, let 

* = y{'^) > a = o- 

define a transversal ; then, according to §33, c) : 
u [g (o-) , o-j = const. 

Hence the condition of transversality, which must be sat- 
isfied at the point of intersection of this transversal with the 
extremal t=^T, a = a', reduces to 

— G„. (u(t, a'), a', Ur{T, a'), 0) =0 , 

from which we infer the third of the equations (36) , since 

? = !• 

da- 
vits image is the line 5' : u = u{t, a'), v = a' and the angle 9' which the positive 
direction of E' makes with the positive m-axis is or ir, according as the constant 
sign oE F (i, a) is -[" or — . 
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The relations (:5l>) lead to two important consequences : 
In the first place, we obtain immediately from the defini- 
tion of the E'- function on applying (BC)): 

E'(h , r ; »', ; u , r) ^ G{u , r . 7i . r) — ii (37) 

In the second place, we get by Ta}lor's theorem ; 
G(u, i\ h, r)- G{u. r, „'. 0) 

= {h-u')G„.(ii, r, i,\ 0) + rG,..{>i, r, ii' . 0) 

+ V[{"- u')-(l,„.+ 2{h- H')rG„.,.+ rO^,, ] , 

where the arguments of G^^, etc., are 
ii,v, ri'= !t'+0{h-a') , r'=er . aud < (9 < 1 

If we simplify the remainder-term by the introduction of 
Gi , and make use of ( 36 ) , we obtain : 

G{ii, v.u, r) - It = \ u "' r (J, ( 3S) 

From the preceding equation we see that whenever G^ and 
() are both positive (negative), also (t(((, r. u, r) is positive 
(negative). Hence, if for a given point (ii, r), the functions 
G{u, V, )), r) and Gi{ii , v, ii, r) are different from zero (and 
therefore do not change sign) for all values of u , r (except 
possibly 11=0, r = 0), they must both have the same sign. 

Remembering now the relations ('it)) and (30), we obtain 
the following result,^ which will be useful in the sequel : 

If at a point (.r, i/) ihe functions F{.r, ij, cos 7, sin 7) 
and Fi(.v, y, cos7, sin 7) arc both different from zero for 
all ralues of y, then they innsf hath hctre the f<(ime ^i(jn. 



§36. SUFFICIENT COXDITIONS FOR A JlINIMrM IN THE CASE 
OF ONE MOVABLE END-POINT 

The introduction of Kneser's curvilinear co-ordinates 
leads to a number of important consequences : 

a) Knesers snfficient conditions: Through the point .4 

1 See Knesek, Lehrbuch, p. 53. 
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(xq, yo) of the extremal @o (compare Fig. 31, p. 170) we con- 
struct the unique transversal' X : ^t^xi^')~\ ' ^^^ from an 
arbitrary point J. of 3^ we draw any ordinary curve 6, join- 
ing the points A and B and remaining in the region ^^ : 

The image of ©g ii^ ^^^ "i w- plane is the line r = ao; the 
images of 3^o ^^^ -^ ^^^ the lines ii = and u. ^ Mq = U{xq, 2/0) ; 
the image of the curve S is an ordinary curve S' : 

S''. tl = ((. (t) , v = v{t) ; To ^ r ^ Ti . 

The abscissae iiq and Hj of the images A' and ^' of A and 

£ are 

Mo= D'(a;„, 2/0) , t(i= C/"(x„ 2/1) ; 

and according to the defi- 
nition^ of U{.r, y) we have 

^e„(^-B) = Mi — ^to • 
FIG. 37 On the other hand 

MAB)=.JUA'B')^ j;y{T.rv,§,'^ar . 

But since' u{t^^^uq, m(ti) = ».i, we have 

and therefore the total variation 

i^J=J-^{AB)-J,,^{AB) 
may be written : 

"=X"[K--f.D-,f]*- w 

The relation (38), together with (30), leads now to the 
following result : 




1 The arc of t corresponding to the interval (a^ - fc , "o + *') o* "■ lies entirely in 
the interior of B'l^ ; for A lies in g> j since «(, > *o ' ^""i ^ a°d l" do not intersect in #j, . 
The image ©,;. of S^ is that part of 51,^ in which MgO or wgO according as the con- 
stant sign of F{i, a) is + or — . 

2 Compare §35, b). 3 Compare, for this important artifice, §32, 6). 
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If the conditions 

A(^ «„)4:0 , F(/,«„)=f=o 

irc ><nfisf('il for f^^t^ti, and if morcorcr, 

i*", (f, //, cos y, sill y) > (Ila') 

aloncj flu- PxtrcmaJ (^ofii- crrry ndiic of j, then the extremal 
©0 furnishes for the integral J a smaller vnlne than every 
other ordinary curve which can be drawn in g-^ from the 
transversal I to the point B, provided that k be taken suffi- 
ciently small; and therefore the e.iiiTmat (I",, minimizes' the 
interred J if the end-point B is to remain fi.red n^hile the 
other end-point is nioraltle on the cur re 2. 

&) Weierstross''s theorem for the case of one nirirdile 
end-point: Still another important conclusion can be de- 
rived from (39). On account of (37) we obtain from (3!)) 

^■'^0 \ (It chj 

where »' is any quantity having the same sign as F(/, o). 
We may therefore^ write the last equation: 

A J= f 'E'f«. r; cos 0' , sin 6', '-- , '^\dT , (40) 
"^■^0 \ dr dr/ ^ ' 

where Q' is the angle defined on p. 18(), footnote 1, and whose 
value is or tt. But since the E-function is, accordinn- 
to (29), an absolute invariant for the transformation (21), 
we obtain, by returning to the original variables .r, ij , the 
extension of Weierstrosss tlieorem to the case of (nie. 
movable end-point : 

\J= 1 'e U\Tj; .i-\,/\ x',Tf)dT , (41) 

iTo make the connection with the problem: To minimize the integral J by a 
curve joining a given curve,"^ with the point B, the following remark is necessary : 
After an extremal Cq of class C has been found which passes through B^ is cut trans- 
versely by ^ at^^not touched, by 6 at -4, then it is always possible, according to §23,/) 
and §30, to determine a set of extremals which has the properties assumed in §33 of 
the set (1) and to which the curve 1? is a transversal. The transversal I of the pre- 
ceding theory will then coincide with the given curve ^. 

2Compare §28, equation (j1). 
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where (,r, y) is a point of the curve S; x , y' refer to the 
cairve S; x , y' to the unique extremal of the set (1) 
passing through the point (x, y). 

Reasoning now as in §28, d), we infer that in the above 
enumeration of sufficient conditions the condition {Ila) 
mail he replaced by tJie mildev condition 

E{x,y; p,q; p,q)>0 along (g„ , (IV) 

understood in the same sense as in §28, d). 

c) Osgood's tlieorem concerning a cliaracteristic prop- 
erty of a strong minimum: The introduction of Kneser's 
curvilinear co-ordinates leads to a theorem due to Osgood' 
concerning the character of the minimum of the integral J, 
in case the stronger condition (Ila') is satisfied. 

If we denote by 6 the angle which the positive tangent 
to 6' at the point {u, v) makes with the positive M-axis, and 
introduce on 6' instead of the parameter t the arc s of S', 
we may write (40) in the form^ 

E'(it, v; cos 0' , sin 6' ; cos 6, siu 6)ds . 

J 

Applying the theorem" on the connection between the 
E-function and F^ to E' and G^, we get 
£'(«,■«; cos 6', sin 6'; cos^,sin6) 

= (1 - cos (B - 6')) G, (it, r , cos 0*, sin d*) , 

where 6* is some intermediate value between 6' and 6. 

Since ^' = or tt, the first factor on the rio-ht is 
1 =P cos 0. 

But if we suppose that (Ha') is satisfied, we can always 
take Jc so small that 

Fi(x, 2/, cosy, siny) > 
for every x, y in S>]c and for every 7. 

iSee Transactions of the Aynerican Mathematical Societt/, Vol. II (1901), p. 273, 
For the following proof see BOLZA, ibid., Vol. II (1901), p. 422. 

2Compare §28, equation (51). 3Compare §28, equation tJ4). 
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From the relation (30) between F^ and G^, and from tlie 
continuity of G^, it follows, then, that a positive quantity m 
can be assigned such that 

G,(ii . r , cos 0) , sin to) ^ m 
for every k , r in (H^. and for every w . Accordingly we obtain 

AJ^ 1,1 I ' ( 1 =f= cos 6) f/.s , 

or, since ,/7, 

cos — —- , 
ds 

A J= ),( [/zp ((,, — ((„)J , 

I being the length of the curve S' from ^1' to B'. 

Now suppose that the curve 6 in the .r, ^-plane passes 
through a point P of the extremal a^ao + li of the set (1), 
where i 

< 1 /I |< A- I 

— A' 

6' will then pass through a 
point P' whose ordinate is rj 

^ , "=«. FIG. 3X 

'■ = f'o + /'- 

Let Q' be the foot of the perpendicular from P' upon 
the line ii^Uq. Then 

^^ i «?'-?' i + jP'-B'i^ie'^' I , 

that is. ,_ r^—. .. 

?> 1 /'- + (//,- II,,)- . 

and therefore 

A J ^ ,» [r /?+ (Hi - '^)'' =^^ (»■ - "">] > '^ • (42) 

Hence, if we use the symbol S>h in the sense analogous to 
that of #fr, we may formulate the result as follows: 

Under our present assitm2:>fions coiiccrnini/ flir r.viremal 
©0 and the functions F and Fi, it is ahuays jwssible to 
determine, corresponding to ererij jjos('///v quantity h 
numerically less than Jc, a posifire quantity e,^ such that 

AJ^J^^ [AB) - Js„ {A B) ^ e, (43) 
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for evcvij ordinary curve S which joins the transversal % 
with the point B, and remains within ^^ but not wholly 
IN the interior of ^h- 

Osgood' derives from his theorem a simple proof of 
Weierstrass's extension^ of the sufficiency proof to curves 
without a tangent : 

Let, in the notation and terminology of §31, d), 

be a curve of class (K), not coinciding with ©g, joining the 
points A and B, and lying wholly in the interior of the 
region g'^. Let 11 be a partition of the interval (toTj) whose 
subintervals are chosen so small that the corresponding rec- 
tilinear polygon 'iPn, inscribed in 2, lies in the interior of g>j.. 
The polygon being an ordinary curve, we have, if Kneser's 
sufficient conditions of §36, a) are fulfilled for the extremal ®o, 

Va > Jt, , 

if Fn denotes, as in §31, c), the value of the integral J taken 
along the polygon ^n- 

Hence if we pass to the limit and remember equation 
(78) of §31, we obtain 

It remains to show that the equality sign cannot take place. 
Let Q be any point of S not situated on the extremal ®0) 
and denote by ao + h the value of the parameter a of the 
extremal of the field passing through Q. Then : < j /i | < /c. 
Now consider in the above limiting process only such parti- 
tions n for which Q is one of the points of division. There 
exists, then, according to Osgood's theorem, a positive quan- 
tity e^i such that 

I Loc. cit., p. 292. 2 Compare § 31, e). 
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Hence if we pass to the limit, 

and therefore 

Jf>J<^, . Q.E.D. 

§37. VARIOrS PROOFS OF WEIERSTEASS'S THEOREM. 
THE ASSUMPTION' F(/, a) + 

The function 

" = U(.r.y) 

introduced in §35, h) was derived from »(/, a) by substitut- 
ing for f and a the inverse functions (3J:) : 

' = fU'' t/) • « =a{.r. !i) 

Hence ilw jKuiidl dcrirafin's of U{.t\ y) -SN-Lth respect to .r 
and y are, on account of (N) and (D) : 

Remembering that 
and that by definition 

we obtain the important rcsidf :^ 

^ = -p. =PU-. u) ■• 1^ = ^»' = ^(•'•' ^^ ■ '-^-^^ 

where P(.r, y) and §(0", //) denote those functions of .r and 
y into which F,..(f, a) and Fj,.(/, o) are transformed when 
the variables /, a are replaced by their expressions in terms 
of .r, y. 

Prom these expressions of the partial derivatives of U 

Knesee, Lehrbuch, p. 47 ; compare also p. 175, footnote 1. 
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two further proofs of Weierstrass's theorem for the case 
of one variable end-point, can be derived. 

a) Kn('scr''s proof :^ We repeat the construction of 
§36, a), denoting, however, the points A(y, A, A, -B by num- 
bers: 5, 0, 0, 1 respectively. 

Then we apply Weierstrass^s 

construction^ slightly modified : 

Through an arbitrary point 

2(t = t2) of 6 we draw the 

PIQ, 39 unique extremal of the set (1). 

It meets the transversal %^ at 

a unique point, 7. Now we consider the integral J taken 

from 7_ along the extremal 72 to 2, and from 2 along the 

curve 6 to 1, and call its value >S(t2) : 

using the same notation as in §§20 and 28. 
In particular we have (see Pig. 39) : 

'J (■''o) ^= "60 "T "01 ; 
S (Ti) = J^„ -f Jj, . 

But according to Kneser's theorem (§33, c)) 

"60 ^ "50 ; 
hence 

A J- = J5, - J„, = - [S (r,) - S(r„)J . 

According to the definition of the function U{x, y) given in 
§35, b), we have 

Jn= U{X^, tj.,) ■ 

on the other hand 

t^2i= I F{x, y, x', y')dT 

Hence, making use of (44), we get as in the case of fixed 
end-points : 

1 Knesek, Lehrbuch, % 20. 2 Compare §§ 20 and 28. 



§3''] Knesee's Theory KKl 
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dr.. 



= -E (.(•,, y,; .,-,, //;; .n , IJ^ ) (4;^, 




s 



Integrating with respect to t-. from t„ to Tj. we obtain 
Wcici'strasK^s flicorcm (-tl). 

The above deduction leads to the following (jcoDicirlrul 
infei-preldfloii of the E-fimction, due to Kxesee : 

Let 3 be the point of 6 corresponding to t = t^ + /i , and 
draw the extremal 83 through the point 8, and the transversal 
•J+ through the point 2 (see Pig. 40) . Then 

S{t2 + h)- S(t,) = J,, + J,, - J-,, - j;, ; > 

and since 

,SM-r, + /() - S{T,) = J,,, - ./,, ^ pi(j 40 

Hence we obtain, on account of (-15), the result:' 

J23 - J43 = 'i- [e ( .T-.2 , y^ ; .<■; , 2/2' ; Ji ,J/.:) + (7i)] (46 ) 

6) Proof by ))iea}is of Hilberf^i inrciriant integral: The 
important formula (44) leads immediately to Hilbeet's 
invariant integral' for the case of parameter-representation. 

The integral 

J* = j^ '' [P (S , 'y) y+ V { ■<■ ,l/)7\ <It , (47) 

taken along 6 from to 1 is, according to (44), equal to 

hence " '^" 

J*= r (,.■,. 2/,)- r(.T-„.//„) , 

J-Q, //o denoting the co-ordinates of the point 0. 

The value of the integral J* is therefore iiidcpendcnf of 
the cur re S and depends only upon the position of the end- 

' KxESER, Lehrhuchy p. 79 ; compare footnote 1, p. 138. 

-Compare §21. Another proof of the inrariance of the integral J*, following 
more closely the reasoning of Hilbekt's original proof, is given by Bliss, Transac- 
tions of the American Mathematical Society, Vol. V (1904), p. 121. 
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points; it even remains iiirariaut ivhen tJie point moves 
(dong the transversal %, since U{.r, //) = const, along every 
transversal. 

Hence, by letting coincide with and ^ with ®o we 
obtain 

J*=Jn ■ 
The integral Jqi can therefore be expressed by an integral 
taken along the curve S, viz., 

^01 = J^ \Fx■{x,y,a■■,^J')x'-{- Fy.(x,y,x',y')y''\dT . 

Substituting this value of J^m in the difference : AJ"= J51 — J"oi 
we obtain immediately Weierstr ass's theorem. 

c) The assumption F(t, a) 4^0: It is important to notice 
that in the preceding two proofs of Weierstr ass's theorem 
no use has been made of the assumption (6) that F(/, ao)=t=0 
at all points of the interval (/q^i), but only of the two special 
assumptions ' 

F«,«„)4^0 , F{t„, eg 4=0 (6b) 

which, according to §33, a), are necessary for the construc- 
tion of the two transversals %" and %. 

Hence, also in the sufficient conditions derived from 
Weierstrass's theorem, the condition (6) may be replaced 
by the milder condition (6b) , whereas, in the former deduc- 
tion of sufficient conditions by means of Kneser's curvi- 
linear co-ordinates, the assumption (6) was essential. 

This apparent discrepancy^ between the two methods can 
be removed as follows : 

iThe first of these may be replaced by F((, 0(,) ^0, because tor *J any value of t 
between r,, and Jq may be chosen. Only in very exceptional cases can F vanish all 
along an extremal, since the differential equation F=0 is, in general, incompatible 
with Euler*s differential equation. 

2The discrepancy is still more striking in Knesee's own presentation, since he 
makes, instead of (6), the stronger assumption 

F(,x,y, sin y, cos 7) 4= 
along Gq for every y (compare Lehrbuch^ pp. 49 and 53). 
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Compare the two problems : 

(I) To minimize the integral 

J= \ F{x,,j,x',i/)dt , 
and ' '" 

(II) To minimize the integral 

j-= rF"\.v,u,y,y')dt , 

where '" 

+ ^A^,y).r'+%(.c,y)y' , (48) 

<I>(.r, ij) being a function of .r , ij alone, of class C" in g-^. Since 

J'«> = J + $(,,-, ^,)-*(x„,2/„) , (49) 

we obtain 

for all variations which leave the end-points fixed. 

If, on the other hand, the integrals are to be minimized 
with one end-point, say (.i\ , y^), fixed, while {jq, y^ is movable 
on a given curve 3;, the same result holds, provided that 
$(,r, y) remains constant along this curve. 

With this condition imposed upon <I>, the two pro6/(')»s 
arc equivalent; that is, every solution of the one is also a 
solution of the other. Hence it follows that every extremal 
for the one is also an extremal for the other.' In particular, 
our set of curves 

x = <^(f,a), y = xl,{t,a) (1) 

is a set of extremals also for J"'°'i 

We now suppose that the function F satisfies the two 
conditions (6b), but not (6), and we propose to show that // 
is always possible so to select ttie function $(r, y) that 

F«"(^ a)>0 
throughout the region Sj. defined in §33, a). 

iThe analogous statement for transversals is, in general, not true. 
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Let lit be the minimum of F(^, a) in the region S^, and 
let 21 be a positive constant greater than \m\. 
Further let, as before, 

t = t{x,!j) , a = a(.r, y) 

denote the inverse functions defined in §35, equation (34). 
1. Case of fixed end -jw in ts: In this case we select 



^(x, y) = Mt{x, y) . (."iO) 

Then g 

F'°'(f,a) = F(i, a) + M^^t{<l>{t,a),,p{t,a)) 

But by the definition of the inverse functions we have 

t{<t>(f, a), >P(t,a)) = t ; 
hence 

F«"(f, a) = F(f, a)-{-M , 

which is positive in 5Sfc. 

2. Case of one variable end-point : Suppose (j-j, y{j fixed 
and (a-Q, ^0) movable along the curve X , which is a transversal 
of the set (1) for the problem (I) and represented, as in 
§36, a), in the form 

•r = <^(i, a) 



y^f{t, a) , ) 
In this case we select 

^{x,y) = M[t{x,!j)-x{a(x,y))] l (51) 

then $ (.r , y)=:0 along X , and 

^ {<t>it, a), i^{t, a)) = M{t - xia)) . 

Hence we obtain, as before, 

¥"»{t,a):^F{t,a)+M>0 in ffij, . 

It follows, further, that % is a transversal of the set (T) also 
for problem ill). For 
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= (f '/^ + -^^ Fx- + •A,, F„ ) + //'^ * ( <^ (/ , a ) , ^ ( f . «) ) 

The first term on the right vanishes for / = pj;(,(), since X is 
a transversal of the set (1) for problem (I) ; the second term 
vanishes likewise for t:=x{<i)^ and therefore also the left- 
hand side, which proves our statement. 

The assumption (6), upon which the introduction of 
Kneser's curvilinear co-ordinates depends, may therefore 
be made without loss of generality ; for, if it should not be 
satisfied, we. can always replace the given problem by an 
equivalent problem for which it is satisfied. 

i^;5S. THE FOCAL POINTS 

The assumption 

\{t,a„)^0 in (tj,) (32) 

was indispensable in the previous sufficiency proofs for the 
construction of a field ; but our deductions give no indica- 
tion whether it is at the same time a necessary condition for 
a minimum. 

We are going to prove, accoi'ding to Knesek,' that at 
least in the milder form 

\{t, a,)^0 for t„<t <t, , (32n) 

which corresponds to Jacobi's condition in the case of 
fixed end-points, the condition is indeed necessary for a 
minimum. 

We retain all the assumptions of §33 concerning the set 
of extremals (1), and we suppose moreover that, in the nota- 
tion of §33, (i), 

F,(^ rt„)>o ill Co^i) ; (^2* 

iKnesee, Mathematiscke Anyialcn, Vol. L, p. 27, and Leiirbuch, §§24, 25. 
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but we drop the assumption (32) and suppose, on the con- 
trary, that 

A(^,;,a„) = , (53) 

where /q < ^o ^ h > and, moreover, that ^o is the smallest value 
of t, greater than t^, for which (53) takes place. The corre- 
sponding point A'[x^, ?/o) of (Sq is then the focal point' of 
the transversal 3^ on the extremal (Sq. 

a) Existence of the envelope: We propose to find all 
points' [/, o] of the x, y-jAane in the vicinity of [/g, Uq] for 

which 

A(i,a)=0 . (54) 

For this purpose we notice in the first place that the function 
A(^, Oq) is an integral of Jacobi's differential equation 



„ d / du\ 

dt\ ^dtl 



This is proved exactly as the similar statement in §27 h) 
and c) by substituting in Euler's differential equation 
x^^<j}{f, a), y = ir(t, a), differentiating with respect to a 
and then putting a^ciQ. 

Since i^'i^Fif/, (Iq) is continuous in the vicinity of t = tQ,. 
and, according to (52), different from zero for t^ti, it fol- 
lows that^ 

A,(4',a„)=tzO . (55) 

Hence it follows, according to the theorem^ on implicit 
functions, that there exists a unique solution 

t = t{a) 

of (5i) which is of class C in the vicinity of f( = Oo, and 
takes for a = (Iq the value i^=t.Q. 

The curve^ [^^/(a)] in the x, ?/-plane, /. e., the curve 

1 Compare §§23 and 30. If % shrinks to the point ^-1, the focal point A' becomes 
the "conjugate" point to A, 

2 For the notation compare § 33, a) . i Compare p. 33, footnote 2. 
sCompare p. 58, footnote 2. 5For the notation, see §33, a). 
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5-; x-<li{t{a),a) = f{ii}, Ti = xj,(t{a),a)=^(n) 

is the ciirelopc' of the set of extremals (1). 
For, since 

dx (It fly , fit , 

it follows that 

This shows, apart from the iioints at which 

that the curve A touches all the extremals of the set (1) for 
which (I is sufficiently near to (Iq, and therefore % is indeed 
the envelope of the set. 

b) Application of flic i.hcoron. on envelopes: We must 
now distinguish two cases : 

Case I : The enrelope A" <loes not def/eiierafe info a point, 
i. e., ^{(t) and "^{'i) do not both reduce to constants. 

Let us suppose that the functions ^(f/) and ■^(o) are of 
class C'' in the vicinity of a = rto, that for a--ao their 
derivatives up to the order r — 1 vanish, but that the i'"' 
derivatives do not both vanish. Then we obtain by Tay- 
lor's formula 

'^ = (a - a,,)'- [A + a] , ^ = (a - "u)""' [B + /3] , (57) 

where A and B are constants which are not both zero, and 
a and /3 approach zero as a approaches Oq. 
Substituting these values in (56) we get 

A = n<i>,{t', a„) , B = n^,{K, «„) , (58) 

where w is a factor of proportionality which is different 
from zero. 

1 Compare E., Ill D, p. H, footnote 117. 



202 



Calculus of Variations 



[Chap. V 



We now introduce on 3" a new parameter t by the trans- 
formation a — a^—cT , 

where e = + 1 will be chosen later on. Since, according to 
(2) and (2a) the functions ^^(f, a) and irf.(t, a) do not both 
vanish at a = ao, it follows from (56) that we may write 



cli- 
ck- 



= ■)«<^f 



dy 

cIt 



= m^t , 



(59) 



where m is a function of r, which is continuous in the vicinity 
of T = 0, and, on account of (57) and (58), is representable 
in the form m = t'-T'-'{u + v) , 

where L v^^O. 

T = 

Whenever it is possible so to select the sign e that m is 
positive for all sufficiently small negative values of t, we 
can construct, according to the theorem II of §33, d), an 
admissible variation of the arc A A' of (Sq for which AJ'=0. 

Subcase A): r odd} If we 

choose e equal to the sign of n, 

m is positive for all sufficiently 

small values of \t\ 

Subcase B): r even. ?k has the same \ 

sign as nr, no matter how we choose e. 

Therefore 

1. If //<0, in is positive for nega- 
tive values of t ; see Pig. 42. ^^^- *' 

J 2. If ii>0, TO is negative for 

negative values of t ;" see Pig. 
43. 



In subcase A) and subcase Bx) 




FIG. 41 



see Pig. 41. 





J we have 



iThis covers the "general" case in whicli 5 has no singular point at X'(r = l). 

2 If we draw a straight line E through the point A' not tangent to (?o, then 5 
crosses the line S in case A) ; it lies all on one side of a in case B) . on the same side 
as the arc A A' in case Bj), on the opposite side in case B2). This follows easily 
from (57). 
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A J- = J,{PQ)+J~^{QA') - J,,X-^A') = , 

according to theorem II of §33, (/), and therefore the arc 
JL^i' of the extremal @o certainly furnishes no proper^ iniiii- 
viiim, and still less the extremal ©(, (or AB) itself. 

But it furnishes not even an improper iiiiiiii)iinii. For" 
the envelope % cannot at the same time be itself an extremal, 
and therefore the integral J"(Q.-i') can be further diminished 
— and consequently AJ can be made negative — by a suit- 
able variation of the arc QA'. 

The statement that o" itself cannot be an extremal can be 
proved most conclusively by substituting in the left-hand 
side of Euler's differential equation for .r, ij the functions 

.T = <l>(t,a) , 7/ = .A (F, a) , 

and making use of the characteristic property (•")'.•) of the 
envelope. 

If we remember the homogeneity properties of F and its 
derivatives, and the fact that <^(/, a), fit, a) as functions 
of t alone satisfy Euler's differential equation, we obtain 
after an easy reduction : 

dr 

The arguments of F^., etc., are 

_ _ f'T- dy _ 

those of <^,, ->/^f , Fi, A( are T, a . 

Since, according to our assumptions, Fi(/, a) and A;(/, a) 

iFor the distinction between "proper" and "improper" minimum, com- 
pare §3, 6). 

•: Compare Daebohx, TMorie des Surface., Vol. Ill, No. 622, and Zek.melo, Dis- 
sertation, p 96. 
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are different from zero for t = to, a = ao, they remain differ- 
ent from zero in a certain vicinity of this point. Moreover, 
<^( and ■yJTf are not both zero. Hence the envelope '^ does 
not satisfy Enler's differential equation.' 

In subcase B2) the same construction cannot be applied, 
and therefore the question cannot be decided by this 
method. 

Case II : ?5 degenerates into a point. In this case all 
the extremals of the set pass through the point A', and we 
can directly apply Corollary II of the theorem on trans- 
versals, §33, c). 

Accordingly, we have for every 
extremal ® of the set : 

FIG. 44 A J- = J,{PA') - J,„(AA') = , 

and therefore the arc AA' oi the extremal @o certainly fur- 
nishes no proper minimum. 

Summing up the different cases, we may state the 
result : 

If the end-point B of the extremal AB coincides with 
the focal point A' (and a fortiori, therefore, if B lies beyond 
A' : ti'^to) the arcAB ceases to furnish a minimum, except 
in the folloiuing two cases: 

1. When the envelope % has at A' a cusp of the special 
kind defined under subcase By), the present method fails to 
give a decision.^ 

2. When the envelope degenerates into a point, the arc 
A A' furnishes no proper minimum, but it may furnish an 

1 Another more geometrical proof can be derived from the tact (see §25, 6)) that 
only one extremal can be drawn through a given point in a given direction if 
■^1(3;, ?/, a; , JiO+O for the given point and direction; compare Darbonx's proof 
{loc. clt.) for the case of the geodesic. 

2 Under the restricting assumption that F(a;„', j/q', cos v, sin v) 4=0 for every Vi 
Osgood has shown that the arc A A' actually furnishes a. minimum, if the other 
sufficient conditions of §36 are satisfied, Transactioiis of the American Mathematical 
Societtj, Vol. II (1901), p. 182, 
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improper minimum.' If, liowever, B lies beyond A', the 
arc AB furnishes not even an improper minimum." 
Thus the necessity of the condition 

A(^ao)=t=0 for U<t<t, (3L>a) 

is proved for all cases with the one exception just mentioned.' 

1 The set of geodesies on a sphere which pass through a point affords an example 
of this kind. 

2 For, from Fj (ip", a„1 =^0 it follows that if a is sufficiently near to a„,the"dis- 
continuous solution" P A'B (see Fig. 44) cannot satisfy the corner condition (24) of 
§25, c) (compare footnote 2, p. 1421, and therefore a variation P J/ iVi? can be found for 
which AJ<0. 

SThis agrees with the result derived by Bliss from the second variation (com- 
pare § 3U) ; the latter method proves the necessity of {32a) also in the exceptional case. 



CHAPTER VI 

ISOPERIMETRIC PROBLEMS ' 
§39. eulee's rule 

The special example which has given the name to this 
class of problems has already been mentioned in §1. 

More generally, we understand by an isoperimetric prob- 
lem one of the following type: 

Among all od-vcs joining' two given points and 1 for 
which the definite integral 



Gix, y, x', y')dt 



takes a given value I, to determine the one lohich minimizes 
[or maximizes) anothar definite integral 

J= I F{x, y, X, y')dt . 

Concerning the two functions F and G we make the same 
assumption as in §24, 6) concerning F alone. The "admis- 
sible curves" are here the totality of ordinary curves which 
join the two points and 1 , lie in the domain S of th^ func. 
tions F and G, and for ivhich the integral K has the given 
value 1 . Aside from this one modification, the definition of 
a minimum is the same as in the unconditioned problem, 
§24, c). We suppose that a solution has been found : 

6: x = <t>{t) , y = ^{t) , to^t^f, ; 

and we replace the curve S by a neighboring curve 

6: x = X + ^ , y = y + r], 

iThis chapter is based chiefly on Weibbsteass's Lectures of 1879 and 1882, and 
on chap, iv of Kneser's book. 

2 Or: joining a given point and a given curve, etc. 

206 
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where ^ and r} are functions of f of class D' satisfying the 
following conditions : 

1. They vanish for / = ^ and i^ii\ 

2. In the interval (^o^i), they remain in absolute value 
below a certain limit p. 

3. The integral K taken along (£ from t^ to i^ has the 
same value as if taken along S (viz., =/), or, as we write it, 

^K^K,,-K,, = () ■ (1) 

a) Admissible varidfions: Our next object is to obtain 
an analytic expression for functions f , •»? satisfying these con- 
ditions, not necessarily the most general expression but one 
of sufficient generality for the purpose of deriving necessary 
conditions for the minimizing curve. 

Such an analytic expression can be obtained, according 
to Weiebsteass, as follows : 

Let_pi, jJo, gi, q,2 be four arbitrary functions of t of class 
D' vanishing at /„ and fj. Then we consider the functions 

where e^, e., are constants, and propose so to determine e2 as 
a function of e^ that the condition (1) is satisfied for every 
sufficiently small value of e^. _ 

For this purpose we notice that the integral J^oi is a func- 
tion of ej , 62 which is of class C in the vicinity of ej = 0, e.z = 0, 
and which is equal to Kqi for €i = 0, €2 = 0. Further, for 
61 = 0, €2 = its partial derivative with respect to e, has the 
value ^ ,j 

Hence if we introduce the assumpfion^ fitat ihe curve 6 /.s' 
not an extremal for the integral K, the fimctions ^)2, q^ can 

lit s were an extremal for the integral A', the curve E (or at least sufficiently 
small segments of it) would in general minimize or maximize the integral K, and it. 
would therefore be impossible to vary these segments without changing the value of AT. 
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be so chosen that N^^O, and the conditions of the theorem 
on implicit functions are fulfilled for the equation (1) in the 
vicinity of the point e^^O, e.^^O. Accordingly, we obtain 
a unique solution e^ of the form' 

«2= -^fi + (ei)ei . (3) 

where (e^j denotes, as usual, an infinitesimal. Substituting 
this value in ^, ?; we get 

f = fi (ih - j^Pi) + (^i) E1P2 , 

N ^"^* 

>? = «i yh - ^ 32 j + (ei) £, Qi ■ 

These functions |, rj have all the required properties for 
sufficiently small values of |ei|. The same argumentation 
applies to ''partial variations" which vary the curve only 
along a subinterval {ft") of (^0^1). It is only necessary to 
take the functions pi, j>2, qt, q^ equal to zero in the whole 
interval (^0^1) with the exception of the interior of the sub- 
interval (/'/"). 

h) Eulcr^s rule: According^ to §25, the total variation 
A J" for the variations (4) may be written 



where 



M, = r ' (F^p, + B\ g, + F,.p; + F,y ql ) dt 

t/ t,, 



For an extremum it is therefore necessary that 

After a definite choice of the functions jj^ , ^2 has once been 
made the quotient M-^^/Ni is a certain numerical constant 
which we denote by — X: 

1 Compare p. 35, footnote 2. 2 Compare, in particular, the footnote on p. 122. 
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We have then the result that the equation 

must be satisfied for all functions p^, q^ of class D' which 

vanish at t^ and t^. This shows at the same time that the 

value of the constant X is independent of the choice of the 

functions p.^, q-^- 

If we ])ut 

\ H = F + XG, (7) 

equation (()) becomes 

j,^ (ii.ih + H^q, + H,.pl + H,, q;)df = . 

Hence we infer exactly as in t>25 by the method of §6, that 
.1- and y must sati^fi] flu- differential equations 

H.-'^H^. = 0, H„-±H, = 0, (8) 

which are equivalent to the one differential equatioir -" 



H„r - H,„ + H,{x'y"- a-"//') = , (I) 

where Hi is defined by : 

■ff. == ^^ = - ^^ = ^^ . (9) 

U ,v y .1- "- > 

We call, again, every curve which satisfies (I) an extremal 
for our problem (Knesee) . 

The above deduction applies to so-called "discontinuous 
solutions'" as well as to solutions of class C, and shows 
that tlie isoperimetric constant X lias tlie same constant 
value along tlie different segments of a "discontinuous 
sohition." Moreover we obtain, exactly as in i^i^U and 25, 
at a corner t=^to. the "corner-e(»idition:'"' 

1 Compare §0, in particular footnote 3, p. 37. 

2This important remark is due to A. Mayer, Mathcntatlscht Aiinalcii, Vol. XIII 
(1877^, p. 65, footnote; and Weierstrass, Lectures. Even if the minimizing curve 
contains unfree points or segments, all those segments of the curve whose variation 
is unrestricted (apart from the condition A A'= 0) must satisfy the differential equa- 
tion (I) with the same value of the constant A. 
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i?„ 



= H^ 



H, 



H„ 



(10) 



All these results may be summarized in the statement 
that, so far as the first variation is concerned, our problem 
is equivalent to the problem of minimizing the integral 






{F-\-\G)dt 



the curves being subject to no isoperimetric condition. 

This simple rule, which is the analogue of a well-known 
theorem in the theory of ordinary maxima and minima, is 
usually called Etdcr's riiJr, according to Eulee,' who first 
discovered it. 

The rule still holds in the case where the point , instead 
of being fixed, is movable on a given curve 

6; .r = <?(T) , U = ^{r) . 

For, a reasoning similar to that employed in §30, combined 
with the remark that for all admissible curves 

AJ = AJ + XAi? , 
leads' to the condition .,=,^ 

if,.7-'+fl-„,57'P" = . (11) 

c) Example XIII: Among all curves of given length joining 
two given, points A and B, to determine the one which, together 
vHth the chord AB, bounds the maximum area. 

Taking the straight line joining A and B for the x-axis, with 
BA for positive direction, we have to maximize the integraP 



' = ^f.y 



iBiTLER, JfeWiodus inveniendi llneas curvas maxinil minimive proprietate gau- 
dentes^ 1744; see Stackel's translation, p. 101. The first rigorous proof is due to 
Weierstbass, Lectures^ and Du Bois-Reymond, Mathematische Annalen^ Vol. XV 
(1879), p., 310. The proof given in the text is due to Weiers trass. 
2 For details of the proof we refer to Kneser, Lehrbuch, §33, 
■J We substitute this analytical problem for the given geometrical one, without 
entering upon a discussion of the question how far the two are really equivalent. 
Compare J. I, Nos. 102, 112, and II, Nos. 129-33. 
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whila 



tJtn 



has a given value, say 1, which we suppose greater than the 
distance A B . 

Since 

v.e get 

^' = + rr^^^W^" (12) 

and therefore the differential equation (I) becomes 
x'y"—-v"ij' 1 



{Ix^ + y^y ^ 



(13) 



Hence the radius of curvature of the maximizing curve is constant 
and has the value | X j , while its direction is determined by the sign 
of X. 

Again, since Hi never vanishes, there can be no corners,' and 
therefore the curve must be an itre of a circle of rnrf/H.s' |XI . The 
center and the radius of the circle are determined by the condi- 
tions that the arc shall pass through the two given points and 
shall have the given length ?. There are two arcs satisfying these 
conditions, symmetrical with respect to the ,»-axis. 

d) Example XIV: To draw in a vertical pla)ie hciweeu two 
gireii points a curre of given length sncli tliat its center of gravity 
shall be as low as possible.- ■ 

Taking the positive »/-axis vertically upward, we have to mini- 
mize the integral 






while at the same time 



K= C ' Vx"' + y''dt 



has a given value, say I . 
Here 



H = {y + X)\ .>■'-+(/'- . 

iCompare §23, c) and §28, 6) ; in particular footnote 2, p. 142. 

2 Position of equilibrium of a uniform cord suspended at its two extremities 
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Using the first of the two differential equations (8), we obtain at 
once a first integral 

x'{y + \) _^ 

Vx" + y" 

On account of (10), c must have the same constant value all along 
the curve. 

If c = , we obtain ' the solution 

X = const. , 

which is possible only if the two given points lie in the same ver- 
tical line. 

If c =1=0, we obtain as general solution of Euler's equation 
two systems of catenaries : 

£r = a + /8f . 

(14) 
(/ + X = ± (8 cosh t ^ 

Deternnnation of the constants. If we suppose .ri,<.r, , the 
constant /3 must be positive in order that we may have ^o < 'i • 

Since the curve is to pass through the two given points, the 
following equations must be satisfied : 

Xo = a-lr l3to , ii„+>^— ±P cosh t„ , 
Xj = a -j- j8f, , yi-\- X ^^ ± /3 cosh t^ . 

Moreover, the curve must have the given length I ; this furnishes 
the further equation 

,5 (sinh ti — sinh t^) = I . 

From these five equations we have to determine the five constants 

", /3, ^, ^0, ti. 

If we introduce instead of t^ and /i the two quantities '' 

ti + to X, + ,T„ — 2a 



H. = 



2 2/3 



' - 2 - 2fi ' 
we derive from the above equations the following : 

' 1/ + '^ = is not a solution, since it does not satisfy the second differential equa. 
tion (8). 

2WEIEESTBA3S, Lectures, 1879. 
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(15) 



2/1 — 2/0 = ± 2^ sinh /u sinh v , 
/ = 2/3 cosh //. siuh v . 
Hence we get 



tanh^=±^^L_J/^ . (16) 



Since we suppose 



/ ^ 1 (.ri - x„y + [u, - y,y > I ^, _ 2/„ j , 

lations comprised in (16) has a 
itain from (15) : 



each of the two equations comprised in (16) has a imique solution m. 
Fiu-ther, we obtain from (15) : 



and therefore 



sinh V _ 1 /-■-(,/, _,/„)^ 

, say = fc . (17) 



Xi — .(■„ 



Since fc > 1 the transcendental equation (17) has o ne positive root k 
After /<• and v have been determined, the values of a, p,X, to, A 

follow immediately. 

Each of the two systems of catenaries (11) contains, therefore, 

one catenary satisfying the initial conditions. 



§40. THE SECOND NECESSAEY CONDITION 

We suppose that the general solution' of the differential 
equation (I) has been found : 

X=f{t,a,l3,\) , y^g{t,a,li,k) . (18) 

It contains, besides the two constants of integration a, /8, 
the iso perimetric constant X. 

Moreover, we suppose that a particular system of values 
of these constants 

"•^"o) /3^/3u, k = Ki 

has been determined^ so that the extremal 

1 Compare the remarks in §25, a). 

2 Then' are five equations for the determination of the five unknown quantities 
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ij = g{t, o-o, P(j> K) , 

passes through the two given points and 1 (for t = to and 
f = fi respectively), and furnishes for the integral K the 

prescribed value I : 

K„i = I . 

We suppose that the functions f, g,ft, Ot, ftt, 9tt and 
their first partial derivatives with respect to o , ^ , X are con- 
tinuous functions of their four arguments in a domain 

|/3-/?„l^d , |X-Xo|^d , 

where To<fo and ri>/i. 

Further, we assume that for the particular extremal (I'o 

n + g]^Q in (To TO , 



ftg\—f\gt 



■o (20, 



and that ftg^ — f^gf and f^g^ — f^gt are linearly independent.' 
Finally we retain the assumption introduced in §39 that 

®o is not an extremal for the integral K. 

a) A lemma, on a crrtain tijpc of admissible variations: 

In §39 the existence of admissible variations of the form 

i^i{t,c) , v^r,{t,c) (21) 

has been established, satisfying the conditions enumerated 
on p. 122, footnote 1, and besides the isoperimetric condition 

for every sufficiently small value of je|. 

From the latter condition it follows that also 

Hence we obtain in particular for e = : 

1 Compare g ly, end. 
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C' 

where 

2> = iM,0) , q=ri,{t,0) . (23) 

If we transform the left-hand side of (22) by integration by 
parts, and remember that, as in §25, a), 



where 



I' = f'^.r, - G^i,+ G,(,)c'!/"- .r"i/') , 



we obtain 
where 



Q _ Gx:r- _ _ Gx-,r __ Gjijr 
r '[/(Cf/f = , 



IV = y p — .<■ q 



Since j:) and q vanish at t^ and fj, the same is true of ir. 

Vice versa, the following hniinia' holds : 

Let ir be any function of class D' which satisfies the con- 
ditions 

w{to) = , ir{t,) = , (24) 



f ' Uw(lt = ; (2" 



then it is always possible to construct an admissible varia- 
tion of type (21) for which 

-^Jij'^ — .r'ri) = ir . 

Proof : Since (Sq is not an extremal for the integral K, it 
follows that f"$0; it is therefore always possible so to 
select a function u\, of class D' , and vanishing at t^ and f-^, 
that 

'Due to Weierstkass; see Kxesek, Mathematisclie Aiinuleu, Vol. LV, p. 100. 
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Now let 
and choose 






i= y 



x"+y" ' ' x" + y" 



dAK'^' 



These functions vanish at to and ti for all values of the con- 
stants e, Cj ; they represent admissible variations if, more- 
over, the condition 

A^ = (1) 

is satisfied. 

But by the same process as above, we find : 

d^Kl-:^ rV!rd< = , (26) 

C ' Uii\ dtz^O . (26a) 

On account of (26a) we can apply the theorem on implicit 
functions to the equation (1), and obtain for Cj a unique solu- 
tion which, on account of (26), is of the form' 

Hence 

y'^ — x'r] = It) = ew -(- (e) £ , 

which proves our statement. 

6) Weierstrass'' s expression for the second variation: 
Since AK^O, we may write 

AJ = AJ-\-\,AK . (27) 

Hence if we apply to the increment AF-\-\qAG Taylor's 
formula, we obtain for every admissible variation of type (21) 

+ i r {H,.e + ■■■ + H,,.r,'') dt + {e)^ , 
' Compare p. 35, footnote 2. 
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^'^'^^i"'^ H = F + K,G. 

The first integral is zero since ®o is an extremal. 

To the second integral we apply the transformation of 
§27, a). We thus obtain the result : 

where H^ and H., are derived from H in the same manner 
as i^i and F2 from F; see §24, b) and §27, a). We shall 
denote the first term on the right-hand side by i^S-J. 
For a niinimunt if is tlierefoi'c accessary that 

and on account of the lemma proved under a) this condition 
must be fulfilled for ever n function w of class D' wliich sat- 
isfies tlic equations (24) and [25). 

c) The second necess((rij condition: Since we can con- 
struct admissible variations' which vary the arc 6"o only 
along any given subinterval {ft") of (Vi), we can apply to 
the above integral the reasoning of §11, b). Hence the scc- 
ond necessarij condition for a minimnm (inaximum) is that 

ifi^O (^0) (II) 

ctlonii the arc G",,. 

This is tlie anaJoyiie of Legendre's condition. Also the 
second necessary condition for the isoperimetric problem 
coincides, therefore, with the second necessary condition in 
the problem to minimize the integral 



J' 



H{.v, ij, y, y')dt 
without an isoperimetric condition. 



I Compare §39, a). 
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§41. THE THIRD NECESSARY CONDITION AND THE CONJUGATE 

POINT 

We assume in the sequel that (II) is satisfied in the 
stronger form 

H,>0 along @„ . (II') 

It follows, then, by the method of §11, b), that (29) is sat- 
isfied, provided that the point 1 is sufficiently near to the 
point 0. 

We have next to determine how near the point 1 must 
be taken to the point in order that the ineqiiality (29) may 
remain true. And it is at this point that the equivalence of 
the two problems, which loe hare been comparing, ceases.^ 
In the unconditioned problem the inequality (29) must be 
fulfilled for all functions w of class D' which vanish at ^o 
and ti ; in the isoperimetric problem only for those which 
besides satisfy the equation (25). It is therefore a priori 
clear that the condition (29) is certainly fulfilled for the 
isoperimetric problem if it is fulfilled for the unconditioned 
problem. Hence, if we denote by T' the upper limit of the 
values of ti for which the inequality (29) remains true in 
the isoperimetric problem, by T" the corresponding upper 
limit for the unconditioned problem, then T' is at least equal 
to T", but it may be greater, and in general it actually is 
greater, as will be seen later. 

a) Determination of the ccmjugate point : The point T 
can be determined by a proper modification, due to Weier- 
STRASS, of the method for the determination of the conjugate 
point in the unconditioned problem:" Since we consider 
only those fiinctions w for which 

iThis has first been discovered by LdndsteOm, ''Distinction des mazima et des 
minima dans un probl&me isop6rim6trique," Nova acta reg. soc. sc. Upsaliensis, Ser. 
3, Vol. VII (1869) ; compare also A. Mayee, Mathematische Annalen, Vol. XIII (1878), 
p. 54. 

2Gompare §§12, 13, 16, 27, b). 
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I ' Uirdt = , 

we may write B'^J in the form 

S'J = e'' J^ ' (if, ir" + H, iv" + ,j.v} U) dt , 

fi being an arbitrary constant. Transforming the first term 
by integration by parts (see §12) and rememberiiio- that ir 
vanishes at t^ and ti, we obtain, if ir' is continuous in (Vi)- 

8V = €-) u\^ («•) +tJiU](lf , (30) 

where . , , „ d ,„ ,, ,,,^, 

To obtain the general integral of the differential equation 

* ((f) + ju, ?7 = (32) 

we substitute in the differential equation' 

for ,r and y the general integral (18) , differentiate with respect 
to a, /3, X respectively, and finally put a = ao, ^ = /3o, X = Xq. 
If we denote 

0,{t)=gtfa-ftga \ 

0-2it) = g,U -ftO^ [■ (i = «o , P = Po , X = \,) , 

OS) = gjK~-ftg>^ 1 
the result^ is as follows : 

1 H means here : F+>^0 . 

2 For the computation compare §27, 6). In the differentiation with respect to K 
an additional term appears on account of the factor A. which occurs explicitly in 
F+KG . The immediate result of the differentiation is 



but according to §25, equation (IS) 
hence the above result. 



''--i''-' = ^'^' 
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Hence we infer that the function 



(33) 



in which c^ and C2 are arbitrary constants, is the general 
integral of the differential equation (32). 

Now if it were possible to find values for q, C2, M and a 
value f such that 

w (4) = cA (to) + cA {Q + f^6,(to) = , 
IV {f) = cA{t') + cA{t') + 1^0, {t') = , 

Uivdt = cA ue,dt + cA U6^dt + ix\ ue,dt = o, 
to <^ t < i] , 

the second variation could be made equal to zero (and there- 
fore presumably AJ^<0) by choosing w equal to zero in 
(t'ti), and equal to this particular integral in [tot')- 

In order that S^J'^0 for all admissible functions w, it 
is flwrefore necessary^ that 



D{t,f„): 



for 



9dQ 
9,it) 






U6,dt 



6.{to) 

e.{t) 
i ue^dt 

Jto 

to<t^ti 



e,{to) 



i 



ue,dt 



+ 



(34) 



iWeieksteass, ieciwres, 1872. This condition, together with H^^^O in(i„ii),is 
also sufficient for apeiinanent sign of & J (Mayer, Matfieniat/sche Annalen, Vol. XIII 
(1878), p. 53). The proof is based upon the following extension of Jacobi's for- 
mula (14) of §12 for the unconditioned problem: 

(pu -\- qv) "^ { pu -]- gv) = Hi{p'u-hq'v) — 2g (p'm + g'n.) 

^^\H^{pu-\-qv)(p'u+q'v)- {pm + qn)q] , 

where u, y , m, n are the functions introduced below, under 6), and p and q are two 
arbitrary functions. Compare Bolza, "Proof of the Sufficiency of Jacobi's Condi- 
tion for a Permanent Sign of the Second Variation in the So-called Isoperimetric 
Problems." Transactions of ihe American Mathemaiic(tl Sociefy, Vol. Ill (1902), p. 
305, and Decennial Publications of the University of Chicago, Vol. IX, p, 21. 
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If we denote by /J the root next greater than t^ of the 
equation' 

the above inequality (34) may also be written 

The point f^ of the extremal (J,, is again called flu- coiijtKjdie 
of the point /q. 

b) Thetiiird iia'CHmrfj condition : The jjreeedin"- result 
makes it highly probable' that the minimum cannot exist 
beyond the conjugate point. And indeed it can be proved' 
by a modification of the method employed by Weiehsteass 
for the analogous purpose in the unconditioned problem.' 
that if /o<^, the second variation, and therefore also A,/, 
can be made negative. 

For the proof it is convenient to throw the deteruiinaut 
D(t, to) into another form in which its properties can be 
more easily discussed. 

Let 

>t^o,{t,)e,{t)-e,(f,)d,{f) = u{f,t,) , 
i- = cAif) + cAif) - e-sit) = r(^ M , 

where the constants Cj, C-, satisfy the equation 

cA(to) + cAiQ-o,{Q = o 

These two functions^ satisfy the two differential equations 

' D(^, fy) cannot vanish identically; see below, under b). 

-Compare remarks in §14, p. 59. 

3The proof has been given by Knesee, Miithemalische Annalen, Vol. LV (1902), 
p. 86. From the statements in Hormann's Ditiserlation (GOttinsen. 1887} it appears 
that Weieeste.vss was in possession of essentially *^he same proof, but I have be^n 
unable to ascertain w^hether he has ever given it in his lectures. I reproduce iu the 
text Kneser's proof in a slightly simplified form. In §40 of his Lehrbuch, Knesek 
gives another proof which, however, presupposes that D^ \ t^^ , f^) =(: 

* Compare §16, p. 65, footnote 1. 

^Neither u nor v can be identically zero. For since, according to (20i, 9, Ul and 
S.,(t) are linearly independent and ff, =1= in U,/]1.9,('o' andSjCo' are not both zero, 
and therefore u^O. v cannot be identically zero since C'^O. 
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*(ie) =0 , *(r) = U (35) 

respectively, and both vanish at t^ : 

m(4)=0, v{Q=0 . (36) 

Hence the determinant D{t, t^ reduces, after an easy trans- 
formation, to 

D {t, to) = mv — nu , (37) 

where 

m= I Uudt , w = I Uvdt . 



From (35) follows : 

t;* (u) — It* ([:) = — iJ] (uv' — u'v) — — uU . 

Integrating and remembering (36) we get 

Hi{uv' — u'v) = — m (38) 

Again, we obtain by differentiating (37) with respect to / : 
i)'= viv' — nu' , 



and therefore' 



Du'-D'u==— (39) 



From the preceding equation it follows that D /(o.s at 
(q a zero" of an odd order, except when «(fo') = 0. 

After these preliminaries, we write the 'second variation 
in the form 

S'J = -e'k C'v/dt + e' C'w\^{w) + ix. U\ dt , 

1 If we denote by «j the root next greater than t^ of the equation -u (t) = , the 
relation (39) shows that f„' g t^. For, since u has at t^ a zero only of the first order, 
the quotient D/u vanishes for i^, and therefore 



D__r m?dt 



which proves that Z) ^= for toKiKt^. 

- D cannot vanish identically ; otherwise m and therefore also u would vanish 
identically, which is incompatible with our assumptions. 
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whf^re A- is an arbitrary positive constant and 

Now let u and v denote those particular integrals of the 
differential equations 

respectively, which satisfy the initial conditions : 

u {Q = u {Q = , u'{to) = u' (to) , 

then it follows from a general theorem' on differential equa- 
tions containing a parameter that 

L in (t) - u (t)) = , L(v{t)-v (t)) = , 

uniformly icifJt respcd to the interTcd (/q/i) of t . 
Hence, if we put 

rh= \ TJudt , " = ( Uvdt , 

D{t, to) = iiiv — Till. . 
we have also 

LD{t,t,)=D{t, t„) , uniformly in (U, «,) • 

1 = 

Now suppose that 

t: < t, 

and that 

Then D{t,to) changes sign at to, as has been shown above; 
we can therefore choose two quantities i, and f^ satisfying 
the inequalities 

to<t,< to <ti<t, , 

1 PoiNCARfi. Micanique cileste, Vol. I, p. 58 ; PiCARD, TraiU d' Analyse, Vol. Ill, 
p. 157 ; and E. II A, p. 205. The assumption Hj + in { Vi) is essential for this con- 
clusion. 
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and so near to t^ that D(/, /q) has opposite signs at fg and f^. 
Now select /c so small that also D {t , to) has opposite signs at 
4 and ^4 ; then l5(/, Iq) vanishes at least once at a point 
to between t^ and Z^. 

But since -D(/o', /q) is equal to zero, we can determine two 
constants Cj, €■■,, not both zero, so that 

cji{t:) + c,v{t:) = o , 

Now if we choose 

w = c, (7 + r, r in (4 ?«' ) , 

?(■ = in (?o'fi ) , 

and give the arbitrary constant /u. the value — Cv, , then w sat- 
isfies the differential equation 

and the conditions (24) and (25). 

This function w makes B-J negative, viz. : 

S'J^ -e'k C\c'dt 

It remains to consider the exceptional case' when m(/o) ^ 0. 
This can only happen when at the same time m (fg ) ^ and 
r(/o') = 0, as follows at once from (39) and (38), if we remem- 
ber that i?i=|=0 in (Vi) and that » and »' cannot vanish 
simultaneously. 

In this case we can make S-J={) by choosing /u,^0 and 

R- = u in (fo^o) • '(■ = in (<o''i) ; 

and by a slight modification of the method used by Schwarz'' 
for the proof of the necessity of Jacobi's condition in the 
unconditioned problem, it can be shown that S^J can be 
made negative by choosing 

iFor this exceptional case, see BoLZA, Matkematische AnTialen.Xol. LVII (1903), 
p. 44. 

-Compare §16, p. 65, footnote 1. 
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where 



i! + A-.s' in (fX) . ir = ks iu (/„'/,) , 

We tluis reach in all cases the result that flu: thin/ inrrs- 
sarij condHiun for a minimum is fliai 

D(f. g=^0 for f„<f<t, , (III, 

or 

c) Kueser's form of the ileferminaiit I)(f, t„) : Let 5(t=:t:,„) be 
a point ou the continuation of the extremal (£„ beyond the point 0, 
talwn sufficieutly near to 0, or else the point itself. Then it fol- 
lows from our assumptions concerning the general solution (18) of 
tlie differential equation (I) that there exists' a doubly infinite sys- 
tem 2 of extremals passing through the point 5 : 

.>■ = <^(^ o, b) . y = ^(f, a, b) , (40) 

and satisfying the following conditions : 

1. The extremal (S„ is contained in the system 2, say for 
o = tto , b = bo. 

2. The functions 

and their first partial derivatives with respect to a and b are con- 
tinuous in a domain 

T,^t^l\, [n-ool^rf, , \b-b„\^d,. (41) 

where T„ < f-,,, <to<ti<Ti and c/, is a sufficiently small positive 
constant. 

3. 05 + f'l =(= in the domain (41) . 

4. The value t = t:,, to which corresponds on the extremal {a , h) 

^If.r = fl'.a,p,Al, y = (jit,a,fi^\) represents an extremal passim; throni:h the 
point 5 (say for t = t^), the quantities a,p, \, t-, must satisfy the two equation- 

Solving with respect to ^^ and A and remembering (20), we obtain the results stated 
in the text. 
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the point 5 , is a function of a and b , of class C in the vicinity of 

On, h„. 

From the definition of f-,, according to which, 



.v,^<t>{U,a,b) , 
it follows by differentiation that 



2/5 = i/' (f:, . a,b) 



<t>t 



<t>t 



da 

db 



Ba + t'" 



+ <!>, 



= 



= , 



■A, 



■Af 



'dt. 



+ <A„ 



= 



(42) 



1 + H=<^ 



-5. X is a function of a , b of class C" in the vicinity of a,,, &o, 
and the two derivatives 

X] =: \Ja„, bo) , A2 ^ A.j(ai,, b„) 

are not both zero, since «i(0 and ffiit) are two linearly independent 
integrals of •^{u) = (compare (33)). 
We shall denote by 

F{t,a,b) , G{t,a.b) , K(t,a,b). G,{t,a,b), etc. 

the functions of t, a, b into which F, G, H, G^c, etc., change on 
substituting 

-r = <^(^ o, b) , y — 4,{t, a, b) , 

x' = <t>,(t. a,b) . y'=tl/t{f. a,b) . 

The integral K taken along any extremal (a , b) of the system S 
from the point 5(1 = ^) to an arbitrary point f, is a function of 
t, a, b, which we denote by x(U «, b) : 



x(f' « 



^)=r 



G(^ a, b)dt . 



(43) 



Finally we denote by A( f , a, &) the Jacobian of <^, i^, x : 

^{t,a,b)^l^^}^. 
d{t,a,b), 

Then Weierstrasn's function D{t, ^50) differs from, the Jacobian 
A(/, at,, bo) only by a constant factor : 

n{t,t^) = C^it,ao,b„) . (44) 



5«] 
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Proof: For the partial derivatives of xif . (t,b) we obtain the 
following values 



Xa = X {(^a: <^a + G„ i'u + G,- <^,„ + G„. V,„ ) ''/ " G 



da 



Applying the usual integration by parts and remembering that ' 



«^-|^- = ^'^' ^'■'-^.«" = --'''^^- 



9a • 



we get 

The terms outside of the sign of integration reduce to 

G,.</.„ + G„,.Ac, 

on account of (42). 

A similar transformation applies to Xb ■ 

We substitute these values of xt,Xa,Xb in A (/, a, b) and then 
put a = rto , b = b(i, which makes /^ — t-^ . 

Writing for brevity 



A = xp,4>„— <j>,<pJ 



B = <p,<i>,,— <i>t<l't 



b = b„ 






UAdf , 



N ■■ 



x; 



UBdt , 



we obtain for the Jacobian the expression" 

A{t, a„, bo) = MB -NA 



(45) 



It is now easy to establish the relation (44) ; for if we substi- 
tute in one of the differential equations (8) for .r, ij the functions 
<p{t,a,b),i'[f,a,b), differentiate with respect to a and then put 

a = a,u b — bo, we get 

* (A) ^KU = ; 

similarly : 

<if{B)+X.2U = . 



'Compare equation (IS) of §23. 

^Knesee, Mathematischc Aniialen, Vol. LV (1902), p. 93. 
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Hence if we set 

u = AaA — XjB , 

V = — , ., , , „ A — 



XI + A^ XI + XI ' 

H and V satisfy the same difPerential equations as the functions 
n,v introduced under b). Moreover, u and v vanish for t = tso, 
since, on account of (42) , 

Hence it follows that 

u = cu {t , f-,.,) , v = v(t,fr,o) + c'n{t,ts„l 

where c and c' are constants. Taking now D{t, ^m) in the form 
corresponding to (37) we obtain immediately the relation (44) . 

(/) Mayer^s law of reciprocify for isoperimetric prob- 
lems : The problem : To maximize or minimize the integral 
J while the integral K remains constant, and the "reciprocal 
problem" : To maximize or minimize K while J remains 
constant, lead to the same totality of extremals.^ 

For, if we distinguish the quantities referring to the sec- 
ond problem by a stroke and make the substitution 

^ = X ' (-t6) 

we have 

which shows that the differential equations for the two prob- 
lems become identical by the substitution X =; 1/X . 

Now suppose that in both problems the given end-points 
are the same and that, moreover, the values prescribed in 
the two problems for the second integral are such that one 
and the same extremal ©qj for which Xo=t=0, satisfies the 

iThis remark had already been made by Eulee; see Stackel, Ahhandlungen 
aus der I ariationsrechnung, I, p. 102. 
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initiarconditions for both problems. Theu the cquiralcnce 
of the two jii-oblems still holds for the sccoikI rnriution. 
For since 



IT -^1 



rsn. 



Hi has a permanent sign so long as H^ has, and r/cr re 
The sign is the same if X is positive, the opposite if \ is 
negative. 

Further, the conjugate to the point is the same in both 
problems : 

'"o=''o' • (48) 

For the system S of extremals through the point is the 
same in both problems. 
Besides 

U=T ; 

hence since the extremal ©^ satisfies the differential equation 

T+\„U = , 
we have, along @q : 

u=-KU , 

and therefore, according to (45), 

A (t, a„ 6„) = - A„A {t, o,„ 6„) , (49) 

which proves our statement. 

This result is due to A. Mayer, and has been called by 
him the lair of rcciprocitij for isoperimetric pvohlenis.^ 

e) Example XIII (see p. 210) : From the expression (12) for if, 
it follows that X must be negative in case of a maximum. Equa- 
tion (13) shows, then, that the vector from any point of the cmve to 
the center must be to the lef t^ of the positive tangent. Of the two 
arcs which satisfy the differential equation and the initial coudi- 

^Mathematische .^liiiio^cii, Vol. XIII (1878), p. 60; compare also Kxesek, Lchr- 
buck, pp. 131 and 136. 

- If, as we always suppose, the positive y-axis lies to the left of the positive .r-axis. 
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tions only the one above the x-axis satisfies this condition. This 
arc may be represented in the form 



y = Po — K sm t ) 

Hence we obtain 

$1 (f) = — A,| cos t 
d^(f) = — Ao sin i 
0,{t)= K ■ 



(50) 




Again, 



FIG. 45 



U- 






which is equal to —\/\ along (So, according to (13). This leads 
to the following expression for D {t , to) : 



where 



D (t, to) = 4A^ sin w (sin w — co cos u)) , 



t-t. 



(51) 



Hence we easily infer that the parameter fd of the conjugate 
point is : 

^o' = t„ + 2n (52) 

The arc ®o satisfies, therefore, the condition 

A < to ■ 

On the other hand, in the problem to maximize the integral 

Xf] 

[i («2/' - -^'y) + K r''x'^ + 2/"] dt , 

without an isoperimetric condition, the conjugate point to is 
determined by the equation 



whence ' 



®(f,to)= -Ksin{t-f„) = , 

to = 4 + "■ ) 



I The same result follows from the geometrical interpretation of Jacobi's cri- 
terion : The extremals through A are circles of radius Aq ; their envelope is a circle 
about A of radius 2A(, , which is touched by each circle e through ^ at the point dia- 
metrically opposite to ^ on e. 
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BO that, in accordance with the general theor}', 

t:>K' . 

f) Example XIV (seep. 211): We have here 

^. = -4^=^ ; (--'3) 

(1 x' + y -) 

hence for a minimum it is necessary that 

y+X>0 . 

Of the two solutions (li) of the diflferential equation (I) which sat- 
isfy the initial conditions, only the one in which th(> upper sign is 
taken in the expression for y+'>^, fulfils this condition. 
For this solution we obtain 

6,{t) = A, sinh t , e,{t) = I3„{t siuh t - cosh f) , 6.A.f) = /8„ , 
.v' y" — x" y' _ 1 



Hence follows 



Jt„ ' L <^osh fJi 

A '' ~L cosh f J,/ 
fyO.,,t^[ tanh^l', 

and the expression for Bit , A,) reduces to ' 

D {t, t„) = PI (2 cosh (t - fj -2 -it- U sinh (7 - Q) , (54) 

or, if we put 

t-t„= 2^ , 

D {i , f„) = -t;8o sinh w (sinh i» — m cosh w) . {cila) 

The function sinh w is positive for every positive c^, and the 

function 

(^ (o)) = sinh 0) — (D cosh (d 

is negative for every positive w, since 0(w) = O and 
<^' ((o) ^ — <i> sinh (u . 

iFirst given by A. M.A.ifER, Mathematische Anmilen, Vol. XIII (1878), p. 67. 
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Hence there exists no conjugate point, and the third necessary 
condition is always satisfied. 

The same result is even more easily obtained by using Kneser's 
method : ' 

If we let the point 5 coincide''' with the point and choose for 
tlie two parameters a, h the quantities 

a — t,,, & = (3 , 

the system of extremals through the point is represented by the 
equations 

X —Xa—b{t — a) , y — Vo — b (cosh t — cosh a) , (55) 

Hence we obtain 

X(^a,6)= f V x'^ + y'^ dt = b (sinli t - sinh a) , (56) 

and therefore 

A (/, a, b) = b' [2 cosh {t - a) - 2 - {t - a) sinh (t - a)] , 

which for a = ao(=<o), & = bo(= A) reduces to the expression (54) 
forX>(<,/o). 

§42. SUFFICIENT CONDITIONS 

The argumentation of §28 applies, with slight modifica- 
tions/ to the present problem, and leads to a fourth necessary 
condition for a minimum: 

1 Compare Knesee, Lehrbuch, p. 143. - Compare the introductory Hues of §41, c)- 
"These modifications are: 

1. The variations ^ , t must now satisfy the isoperimetric condition: 

in addition to the conditions stated in §2^, a). To obtain sucn variations, let 

Pj, 3.(^ = 1. 2, 3) 
be arbitrary functions of t of class C satisfying the conditions : 

PiW=0, Q.(fo)=0, Pim)=0, q^m)=0, 

Ni having the same signification as in §39, a). Then the functions 

^ = «1P1 + ^2P2 + ^3P3 ' ^ = ^l9l + ^252 + ^393 ■ 

will satisfy all the required conditions if €1,^2' ^3 ^^® determined by the equations 

^{^2)=^2i ^(^2)=^2' -^04 - ^02 = ~ -^4J ' 

which is always possible under the above assumptions concerning p^, q.. 

2. A J has to be replaced by ^ J + A„AAr. 
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If we denote by E(.r, // ; j>,q- j>, q\\) the fnuction de- 
rived from H=r:F~i, XG exactly in the same mamier in which 
the E-function for the unconditioned problem is derived from 
the function F (see ecjuation (4S) of §'2S), then ///,' fourth 
iicecssitrij condifionfoyn minimum, consisfs in the incquaJiiij' 

E(.<-, y; p,q; p, q\\,) ^0 (iv) 

which must be fulfilled along = the arc Cy for every direction 
/'- '7- 

The question arises uow whether the four conditions 
(I)-(IY) are sufficient for a minimum. 

<() Wci('rsti-(i>!s''s constvMction: Let 

(5: :,- = ^(s), lj=^{s), So^.s'^.s, , (57) 

be any curve of class C, different from @o, joining the points 
and 1, lying in the region" ffi and satisfying likewise the 
isoperimetric condition 

^,,1 = / ; 

for ,s we take for simplicity the arc of the curve S. 
AVe propose to express the difference 

in terms of the E-function. 

For this purpose we take a point 5 on the continuation of 
the arc (Sq beyond 0, but not on S, and consider with Knesek* 
the doubly infinite system S of extremals through the point 5 : 

@: x = <t>{t,a,b) , u = il>{t,a,b) (58) 

introduced in §41, c), the arc % being given by 

-<■ = <^(^ rt„, fo„) , y ^ij^if, a„, b„) , t»^t^t, . 

1 Weieesteass, Lectures, 1879. 

2Iu the same sense as in §2S, a). sCompare §24, 6) and §39. 

i Weieesteass considers instead the set of extremals through 0. Compare p. 
'2-'A\ footnote 1. 
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We shall say that for the curve 6 Weiei-sirass''s construction 
is jiossihle^ if the point 5 can be so chosen that the follow- 
ing conditions are fulfilled : 

A) Through every point 2 of the curve S there passes a 
uniquely defined extremal @2 of the system 2 : 



e.: 



= 4>{t, a,, bi) 



4i{t, a.2, 62) , 



(59) 



lying wholly in the region S and such that the integral K 
taken along ®2 from 5 to 2 has the same value as when taken 
from 5 to along (Sq and then from 
^ to 2 along 6 : 

^52 = ^^50+^02 ; (60) 



There 




FIG. 46 



and when 2 coincides with or 1 , the 
extremal @2 coincides with ©o- 
This means analytically : 
exists a system of three single-valued functions 



such that 



t = t(s) , 



a{s) , 



bis) 



<t>{t{s),a(s),b{s))=^{s) , 
4'{t{s),a{s),b{s))^^is) , 
x{t{s),a{s),b{s))=x{^+K,, 



(61) 



where x(^ a, 6) has the same signification as in equation 
(43), and 

X (s) = f G {^ (s) ,^{s), ^' (s) , f (s)) ds . 



(62) 



B) The three functions t{s), a(s), b{s} are of class C" in 

(SflSi). 



rer : 






tiso) = to , 


a (so) = ao , 


b (s„) = bo , 


t{s,) = t, , 


a (si) = a„ , 


b (si) = bo . 



1 Compare Knesee, Lehrbuch, p. 133. 
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C) If So be any value of n of the interval (sqS^) and we 
denote : ' 

^2 = t (.%) , ((.2 = a (s.,) , b., = b (.s-j) , /,, = f, {a, , h.) , 

then the functions 

"^> "A. i>n 'Pt, 4>n, 'Pit 

and their first partial derivatives with respect to a and h are 
continuous in the domain 

'52 ^ ^ ^ ^j . \a ~ a.i\^(l. , I & — 62 1 ^ (/,. , 

(1-2 being a sufficiently small positive quantity, and moreover 
the function' X(rf, b) is continuous at {a-2, b^). 

These conditions admit of the following geometrical 
interpretation : " 

We adjoin to the two equations (58) the equation 

^ = x(^«.b)• ("'8a) 

Interpreting then .r, y, z as rectangular co-ordinates in 
space, the equations (58) and (58a) represent a curve in 
space, ®', whose projection upon the j', ^/-plane is the ex- 
tremal ®, and whose 2;-co-ordinate indicates at every point / 
the value of the integral K taken along (S from the point 5 
to the point t. 

We thus obtain, corresponding to the system 2, a doubly 
infinite system 2' of curves in space, all passing through the 
point 5 : 

Jf = •<'3 , y = U:,, 2=0. 

The particular curve (Sq adjoined to the curve (Jo passes, 
besides, through the two points 0' and 1': 

0' : x — Xa, y = !/(,, z = z„ = A'-,,, , 

1' : .r = ,r, , U = y^ , z = z, = K,„ + I . 

In like manner we adjoin to the curve (^ a curve in space, 

iFor the notation see §41, c). 2 Compare §41, c). 

sWeieesteass, Lectures, 1879; compare also Knesek, Lehrbuch, p. 140. 
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6', by combining with the two equations (57) the third equa- 
tion 

z = x{s) + K,,. (57a) 

The curve S' passes likewise through the points 0' and 1'. 

The above assumptions A) and B) may then be couched 
in geometrical language as follows : 

Through every point 2' of the curve S' there passes a 
uniquely defined curve of the set 2' ; it changes continu- 
ously as the point 2' describes the curve S' from 0' to 1' and 
coincides with ©o' when 2' coincides with 0' or 1'. 

Under the assumption that Weierstrass's construction 
is possible for the curve (S, we consider as in §20, b) and 
§28, r?) the integral J taken from 5 to an arbitrary point 
2 (5 = 82) of S along the uniquely defined extremal ©2) 3-iid 
from 2 to 1 along 6, and denote its value regarded as a 
function of Sa by ^(82) : 

S (S2) = J52 + J21 ■ 
Then as in §20, h) 

The integral K taken along the same path has the constant 
value 1-\-K^q: _ 

since iToi = iTga + -STai = ^ and K-^2 = ^tti + ^oo- Hence it 
follows that we may write 

d S (s;) _/dJ,i d K,,\ , /d J21 , s d XJA 

^iT ~ \ds; + ^'^~) + Vd^ + ^'~d^) ■ ^^^> 

Proceeding now as in §28, d) and remembering that the 
extremal ©2 satisfies the differential equations 

d d 

^' ~ dt^^' = ^ ' ^"^ dt^^' = ^ ' 
where 

H = F + X,0 , 
we obtain the result 
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~^j^ = - E(x,, 2/2.; 2h, qr, Ih, '/'l-^i) , 

the direction-cosines p^, q-z and p.,, 7i-> referring to the curves 
®2 and G respectively. 

The result can again easily be extended to curves 6 hav- 
ing a iinite number of corners. 

Thus we finally reach the result' that whenever Weiev- 
strass's consfrueilon is possible for ihe cirrre 6, Weier- 
strass''s theorem aJfio holds : 

A J" = I E (X2 , (/ , ; p. , gj ; p,, q^ \ X^) d,s, . (64) 

•/So 

b) Hence we infer that AJ^O whenever 
E (I-.. , ]/■■ ; 2h , q2; P2,qi\K)^0 throughout (s„ s,) . 

If, moreover, the E-fnncfioii vanishes oitbj ivhen p-i^p-i^ 
Qz^'lz, (iiid if besides 

A(f2, oo, 6,) 4=0 along S , 

AJ" cannot be zero, and therefore 

AJ>0 . 

Proof:' If we differentiate equations (()!) with respect to 

8, we obtain 

dt dii db _ -r, 

ds ds a.s 

, dt . ^ da db -, 

Now if p-2 =p->, <l> = <h- ^^'*? lif^^'*^ ^* ^^'^ P°™* '-^ ■ 
^'=J{<t>, , i^'=kip, , {tc>0) 

and therefore, since ^ 

1 Weieestrass, Lectures. 1S79; compare Knesee, Lehrbuch, p. 134. 

-■Due to Knesee, Lehrbuch, p. 134. 3Compare§41, c). 
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x' = (? , Xi = G , 

also' 

x'—^'Xt . 

on account of the homogeneity of G. 

Substituting these values in the above equations, we see 

that either 

A{t,,a„ 60 = , 
or else 

da _ „ db _ ^ 

(Is ri.s 

Hence if _ 

A{h,a,,b,)dpO along ^ (5 , 

02 and 62 nnist be constant along 6 , and, on account of (62) , 
their constant values must be 

a{s) — a„ , 6(.s) = b„ , 

that is : 6 is identical with the extremal Sg, v/hich is in con- 
tradiction to our assumption that 6 shall not coincide with 
©0. Hence the statement is proved. 

c) In many examples the above theorem is sufScient to 
establish the existence of an extremum. 

Example XIII (see p. 229) : The system 2 is the totality of 
circles through the point 5: 

X — Xr = b (cos t — cos a) , 

) i (65) 

y — yr, = b (sm t — sm a) , 

the parameters being a = t-,, & = — X. 

The ordinate z erected at the point t of the circle (a , b) is the 
length of the arc of this circle from the point 5(t = a) to the point t : 

s = \b(t-a)\ (66) 

The system S' of curves in space is therefore a system of heliceii. 
Through every point {x, y, z) for which 



z>V(x- x,f + {y - y,f > , (67) 

iThis means geometrically: If ^^ touches e, then also (Sg' touches 6'. 

2 The result remains true if A (fg. ag' ^2)=^ at a finite number of points. 
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there passes one and but one curve of the system 2 for which 

a</<a + 27r, &>0 (68) 

Moreover the inverse functions t,a,hot x,y,z thus defined are 
regular' in the vicinity of every point {x,, y„ z,) satisfying the ine- 
quahty (67), and take, at the points {x„ y„ z„) and (.r,, ?/,, z,) the 
values A,, «o, bo and ^, a„, 6o respectively .- 

Now we join the two points and 1 by an ordinary curve 6, 
whose length has the given value I and which does not pass 
through 5. 

Then for every point 2 of 6 the sumof the lengths of the arc 
50 of the circle @„ and of the arc 02 of 6 is greater than— never 
equal to— the distance between the^two points 5 and 2, which in 
its turn is greater than zero, since (5 does not pass through 5, i. e., 
the condition 

'Proof: On setting 

t+a t~a 

-2-=T. -0-=" 

the equations for the determination oil ,u,b become 

X ~ Xr^= — 26 sin v sin ta , 

2/ — 2^5 = 26 cos y sin <u , /ggi 

z ~ 26(0 . 
Hence if we put 



V (x-xJ'-.-i.ij-Ur.f=u, 
and suppose 

0<u><7r, we get u = 26sintt), 

and therefore we obtain for the determination of lu and y the equations : 

sin a> . , ^ /v 

— ^ = i', y-yr,-i(,x-x,J = ue'^ , (70) 

where v = u,z. Since, according to equation (67) , < i- < 1 , the transcendental equa- 
tion for oi has one and but one solution in the interval : < w < ir . 

Moreover if 0<i'2'<l be any particular value of v, this solution w is regular in 
the vicinity of ti = t>2 , since the derivative of the function sin lu/iu is =t= for < la < ir. 

Similarly the equation for y has a unique solution in the interval 0^y<:^n-, 
which is a regular function ot x,y in the vicinity of every point C-i'2 , i/j) different from 

The values of to and y being found, the quantities f, a, 6 are obtained immedi- 
ately. They satisfy the inequalities (6S") and are regular functions of .<,?/, z in the 
domain (67). 

2 For, of the two arcs of circles of the system S which pass through the point {x ,y) 
and have the given length z, the one is described in the positive sense (so that the 
center is to the left) if we start from the point 5, the other in the negative sense. 
For the former the inequalities (681 are fulfilled, for the latter, they are not. 

On the other hand the arcs 50 and 51 of Sq are, according to §41, e), described in 
the positive sense, and are therefore contained in the above system of uniquely de- 
fined solutions. 
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z^ > V{Xi - x,f + ((/2 - y,f > 
is fulfilled.! 

Hence it follows that Weiers trass's construction is possible 
for the curve S . 

Pm-ther we find easily that 

E (052 . 2/2 ; Pi , q.1 ; ih . 32 1 ■'^2) = K (i — cos a^) , (71) 

where a^ is the angle between the positive tangents to the two 
ciu'ves (?2 and (i at the point 2 . 

\ is negative in (soSi) (since it is equal to — 62) , and a, cannot 
vanish identically in (soSi) . 

For, according to (51), 

^(i-., ttj , 62) = 4 -^ sin (02(sin (Oj — cojcos 0)2) , 

and therefore 

A(f,, 02, &2)=t=0 in (SoSi) , 

since < "2 < "■ . 

Hence it follows that 

AJ<0, 

and thus we reach the result that the arc of circle ©„ furnishes a 

greater imlue far the area J than any other ordinary curve of the 

same length ivltich can be drawn between the two points and 1. 

The same reasoning, slightly modified,'^ leads to the theorem 

1 If we had taken, instead of the system of extremals through 5 , the system 
through , the above inequality would be true only with certain exceptions which 
would require a special discussion. Compare p. 23.3, footnote 4. 

2 The curve e is now closed ; accordingly the points and 1 coincide. If we let 
also the point .5 coincide with and consider two points 3 and 4 of e for which 
*'o < s-j < s^ < s^ , we obtain by the same reasoning as above 



8(84) - 8(83) = - ! ^^2 (1 - <=os aj) ds.2 . 

Now let Sg and s^ approach Sy and Sj respectively, then we get 

^2(1 — cos aj) dS2 , 
- -0 

Jqi being the area i>f a circle of the given perimeter I. Hence 

^01 ^ '^01 ■ 

The previous method is not applicable when the curve e begins at the point 
with a segment of a straight line, because then the inequality (67) is not satisfied for 
the point 3. In this case, take the point 3 beyond the end-point 6 of this rectilinear 
segment and let 3 approach 6. Then 5 (83) approaches again Jqj with the same result 
as before. 
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that among aU closed citn-es of given length the circle inchidef; 
the ma.viniiim ai-ea. 

Example XIV (see p. 231): Any admissible curve (£ Ix'iug 
given, we choose the point 5 so that for every point 2 of (5 



Then through every point 2' of the space cur\e (5 one and but 
one curve of the system ' 2 ' : 

■I- — Xr, ^b{t — a) , 
U ~ y!,= b (cosh t — cosh a) , (72) 
z = b (sinh t — sinh a) , 

can be drawn for which „,„ ,_ 

This follows from the determination of constants given in 
§39, d). At the same time it is easily seen, in the same manner as 
in the preceding example, that all the conditions for Weier- 
s trass's construction are fulfilled. 

Further we find 

E (-Cj, i/o ; pi , Qi; ft . 92 1 ^2) = (2/2 + -^2) (1 — cos a^) , (78) 

where aj has the same signification as in (71). But, according to 

§41,/), 

y-i + K ~ !h cosh t.2> , 

since 62 >0, and a.o cannot vanish identically along (5 since 

A(?,, a,. /),)=!= 

along' (S . Hence we infer that 

^01 > ■^01 , '"■ f ., 

the catenary @o has its center of gravity lower than any other 
ordinary curve of equal length which can be draivn between the 
two point ft and 1. 

d) ''Fielir' about the arc Cq : Keturning now to the 
general case, we meet with a peculiar difficulty which has 

1 Compare equations (oo) and (36). 
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no analogue in the unconditioned problem. Suppose that 

for the arc ®q, which we assume to be free from multiple 

points, the conditions 

H,>0 (ID 

and 

f^<to (III'; 

are fulfilled. 

Does it follow, then, that the arc @o can be surroundeci 
by a neighborhood (p) such that for every admissible curve 
6 which lies wholly in this neighborhood, Weierstr ass's 
construction is possible ? 

In the unconditioned problem and under the analogous 
assumptions, this question could be answered in the affirma- 
tive;^ for the isoperimetric problem, the qiicsiion has not 
yet been (insircrcd. 

Only the following milder statement can be proved : 
If conditions (II') and (III') are fulfilled, a neighbor- 
hood^ (p') of the space curve ®o adjoined to the arc @o can 
be assigned such that Weierstrass'' s consirudion is possible 
for crerij admissible curve S irhose corresponding spiace 
ciirre lies irliolly in the neighborhood [p') of (Sg. 
The proof proceeds by the following steps : 
1. If conditions (II') and (III') are fulfilled, we can take 
the point 5 so near to that for the system of extremals 
through the point 5 not only the conditions enumerated in 
§41, c) are satisfied, but, besides, the following:' 

A(f,ao,&„)=^0 for t.^t^f, (74) 

1 Compare §28, d) and §34. 

-We understand by the neighborhood (p) of the arc 15^,' the portion of space 
swept out by a sphere of radius p' whose center describes the arc (Sy'. 

3 For the proof remember (44), and notice that the condition for a permanent 
sign of B^J may also be written 

D{ti,t)^0 for tQ^t<t^ , 

(compare §41, a)). The statement follows then by a slight modification of the 
analogous proof given by C. Jordan, Cours d^ Analyse, Vol. Ill, No, 393. 
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2. By an extension of the method of i^34: we can now 
prove the existence of a "field" g>^, about the arc (i' : 
If Bj, denotes tlie domain 

fo — e ^ ^ ^ ^ + £ , ' (( — ao I ^ A; , \h ~ (>„ ' ^ A- , 

and ^); tlie image of Bt in the .r, //, ^-space defined b}' the 
transformation 

.»■ = <^(^ o, ;<) , !/ = il/(t, (I, b) , ^ = x(^- «.''). 

then the two positive quantities /,: and e can be taken so 
small that the correspondence between Bj. and ^l- is a one- 
to-one correspondence, and that at the same time 

A(f,o,6)=^0 (75) 

in Bj.. 

The single-valued functions f,(i,h of ,r, //, z thus de- 
fined are of class C in g-^., and a neighborhood (p) of the 
arc C'o'can be inscribed in ^l. 

It follows now easily that for every admissible curve 6 
irli<)i<(' iiiljoiiu'd space currc lies whoUij in the '• field'" g-^, 
Weierstrass's constniction is possible. 

(') Siifficieiif eoinlifions for <i semi-strouij minimum: 
Supjiose now that in addition to the conditions (II') and 
(III') the inequality 

E{,i,!j; p,q; r>,q\K)>0 (IV) 

holds along the arc G,, for every direction p, q except 



o 



p=~-^p,q-=q. 

Then it follows froui continuity considerations that we 

can take k so small that 

E(T-.,, 7/.; Pi, qr, P^' (/2l^i:)>0 

along every admissible curve (S satisfying the above addi- 
tional condition, except at the points where p->=p-i. 'i2='i2> 
at which E vanishes. 
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From Weierstr ass's theorem and the inequality (75) 
it follows now that for every such curve 6 

A J> . 

Hence, if we modify our original definition of a minimum 
and say: "The arc ©g furnishes a semi-strong minimum for 
the integral J if there exists a neighborhood (p) of the 
adjoined arc @o such that AJ^^O for every admissible curve 
6 whose adjoined space curve 6' lies wholly in this neigh- 
borhood (/a')," we can enunciate the 

Theorem:^ The ejircmctl (Sq [wliich we suppose free from 
multiple points) furuislies o semi-strong minimum for the 
integral J with the isoperimetric condition K^^l, if tlie 
conditions {IT), {III'), (IV) are fulfilled. 

It must, however, be admitted that the restriction which 
we impose in the "semi-strong" minimum upon the varia- 
tions of the arc 6'o, is rather artificial and alters completely 
the character of the original problem.' 

1 Weieesteass, Lectures, ls82 ; compare Knesee, Lehrburh, §§36 and 38. 

Mayer's Inir of reciprocity extends to the sufficient conditions for i. semi-stroug 
estremum, since, in the notation of §41, rf), li = l/AE. Compare Knesee, Lehr- 
buch, § 36. 

2As a matter of fact the preceding theorem does not contain a solution of the 
isoperimetric problem originally proposed, but a solution of the following problem, 
which is usually (but unjustly) considered as equivalent to the isoperimetric prob- 
lem, viz. : 

Among all curves in space which pass through the two points 
■'■ = ■'■„, y = l/0' 2: = " and .r = Xj.y = yj, z=l 
and satisfy the differential equation 

^ = GU,y,x,y), 
to determine the one which maximizes or minimizes the integral 

J = 



: I -F(.r, J/, X', y') lit . 



CHAPTER VII 

HILBERT'S EXISTENCE THEOREM 

i^43. IXTRODUCTORY REMARKS 

If a function /(.;•) is definetl for an interval (ab), it has 
in this interval a lower (npper) limit, finite or infinite, which 
may or may not be reached. If, however, the function is 
continuous in {ab), then the lower (upper) limit is always 
finite and is always reached at some point of the inter- 
val : the function has a minimum (maximum) in the interval. 

Similarly, if the integral 

is defined for a certain manifoldness M of curves, we can, in 
general, not say n priori whether the values of the integral 
have a minimum or maximum. But the question arises 
whether it is not perhaps possible to impose such restric- 
tions either upon the function F or upon the manifoldness 
M (or upon both), that the existence of an extremum can be 
ascertained a priori. 

In a communication to the "Deutsche Mathematiker- 
Vereinigung" {Jaltrcsbericlitc, Vol. VIII (lN'.t9), p. l.si), 
HiLBERT has answered this question in the afiirmative. He 
makes the following general statement : 

"Eine jede Aufgabe der Variationsrechnung besitzt eine 
LOsung, sobald hinsichtlich der Natur der gegebenen Grenz- 
bedingungen geeignete Annahmen erfilUt sind und notigen- 
falls der Begriff der Losung eine sinngemasse Erweiterung 
erfahrt," and illustrates the gist of his method by the ex- 
ample of the shortest line upon a surface and by Dirichlet's 

245 
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problem. In a subsequent course of lectures (Gottingen, 
summer, 1900) he gave the details of his method for the 
shortest line on a surface, and some indications' concerning 
its extension to the problem of minimizing the integral 

J= F{x, y, y')dx 

We propose to apply, in this last chapter, Hilbert's 
method to the problem of minimizing the integral" 



J- 



1 F{x, y, .r', y')dt , 



with fixed end-points, under the following assumptions, 
where H denotes, as before, a region of the .r, v/-plane, and 
So a finite closed region contained in the interior of H : 

A) The function F{.r, y, ,/', y') is of class C" and sat- 
isfies the homogeneity condition 

F(x, y, kx', ky') = kF{x, y, x' , y') , k> 

throughout the domain 

®: {x,y) iu a, x'^ + iydpO . 

B) Tlte function F(x, y, cos 7, sin 7) is positive through- 
out the domain 

®„: {x,y) in So , 0^7^2ir. 

C) Tlie function Fi{x, y, cos 7, sin 7) /s _/30s;Y/rr through- 
out the domain (Fq. 

ijn his thesis, Etne neue Methode inder Variatlonsrechnung (GOttiagen, 1901), 
§83-14, Noble has discussed the details of the proof for this case. But his con- 
clusions do not possess the degree of rigor which is indispensable iu an investiga- 
tion of this kind. In particular, the reasoning in §§9, 10 and 13 is open to serious 
objections. 

2For the special case where F is of the form /(x, y)V x'^ + y'^, Lebesgue has 
given a rigorous existence proof by an elegant modification of Hilbert's method 
in a recent paper, "Integrale, longueur, aire," Annali di Matematica (3), Vol. VII 
(1902), pp. 342-339. Lebesgue applies Hilbert's method also to the more difficult 
case of a double integral of the form 



//■ 
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D) The region Kq is (rmrci- (/. c, the straight line join- 
ing any two points of So lies entirely in the region iRq) and 
contains the two given points which we denote' with HiL- 
BEET by A" and ^P. 

Under these assumptions we propose to prove 

1. That for every rectifiable curve £ in the region Sq the 
generalized integral Jf (according to Weieestrass's defini- 
tion) has a. deierntinaie finite ralne. 

2. That there always exists, in the region Sq' at least one 
rectifiable curve So> joiniiig the two given points ^4" and A^, 
which furnishes for the generalized integral <7f an ahxohifc 
miuinntin trifli resj>ecf to the totality of all rectifiable ciirres 
irJiicJi can lie drairn in ^ofroiii A^ to A^ 

3. That this minimizing curve £q is either a single arc trf 
an extremal of class C , or else is made up of a finite 
number or of a numerable iniinitiide of such arcs separated 
by points or segments of the boundary of the region So- 

§4-4. theoeems conceening the generalized integeal J^ 

In §31 we have considered Weierstrass's extension of 
the meaning of the definite integral 



J= f'F(.c, //,--•', y'),lt 



to curves having no tangent. 

Another definition of the generalized integral has been 
given by Hilbeet' in his lectures. This definition, while 

1 The advantage of this notation will appear in §4o. 

2 Hilbekt's own definition is as follows (see Noble, loc. cit., p. 1S>. L.>t II , be a 
partition of the arc ABo{ a continuous curve into segments. Consider the totality 
of all analytic curves which can be drawn from -4 to B and which have at least one 
point in common with each of the segments. Let J, denote the lower limit of the 
values of the integral J taken along these curves. Next, let n, be a new partition 
derived from H, by subdivision, Jj the corresponding lower limit, and so on. Then 
HlLBEKT defines the upper limit of the quantities : Jj , Jj > >^3 '"'■' ''ii '■'""'' °® 
finite, as the value of the definite integral J taken along the arc AB. 
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leading to the same value for the generalized integral as 
Weierstr ass's definition, is better adapted to our present 
purpose, especially in the simplified form which has been 
given to it by Osgood.' 

(i) Hilheti -Osgood' s definition of the generalized inte- 
gral: We shall use the following notation: P' and P" 
being any two points of the region So, we denote by 
M{P' P") the totality of all ordinary curves which can be 
drawn in the region JSq from P' to P", and by i[P' P") the 
lower limit of the values which the integral 

J^ \ F{x, >j, x', y')dt 

takes along the various curves of ^[P' P"^. 

This lower limit is always positive. For, according to 
A) and B), the function F(x, y . cos 7, sin 7) has a positive 
minimum value m in the closed domain ©q- Hence, if S be 
any curve of JH (P'P"), we obtain, by taking the arc as 
independent variable on the curve S, 

0<m|P'P"|^)W^J,(P'P") , (1) 

where I denotes the length of the curve S and jP'P"] the 

distance between the two points P', P". Hence it follows 

that 

0<w|P'P"|^i(P'P") . (2) 

After these preliminaries, let 

£': x = <i>{t) , y^xl,{t) , to^t^t, 

be a continuous curve lying wholly in the region So- If 
the functions <}>{f), i^it) are not differentiable, the integral J 
taken along S has no meaning. In order to give it a mean- 
ing also in this case, we consider any partition H of the 
interval (/q/i) 

1 Osgood, Transactions of the Am/ierican Mathematical Society^ Vol. II (1901), p. 
294, footnote. 
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n: t,<T,<T,--. <r„_, </, , 

and denote by 

A=--P„, P,, P,,...,P„_,,P^P„ 

the corresponding points of the curve ii. 
Then we form the sum 



ni^^iiP..P.+,) . 



The upper limit of the values of Su for all possible parti- 
tions n ^ve define as the value of the integral J taken 
along the curve S from A to B, and we denote it by 
Jf*{AB), or simply Jf*. 

It is easily seen that <S'n may also be defined' as the lower 
limit of the values of the integral J taken along all ordinary 
curves which can be drawn in Sq fi'om ^1 to B and which 
pass in succession through the points P^, P2, ■ • •. P„_i. 

Hence it follows that it is always possible to select a 

sequence fGJ of ordinary curves joining A and B, lying in 

So) and such that 

LJ,=Jt* . 

The above definition of the generalized integral is a 
direct generalization of Peano's" definition of the length of 
a ciirve. For, in the particular case 



F = ^ .«•'■- + //'- , 

the sum Su reduces to the length of the rectilinear polygon 
with the vertices A, P^, P-i, • • -^ Pn - 1 > -^ • 

We must next investigate under what conditions the gen- 
eralized integral Jf* is finite, and show that for ordinary 

1 This is the form which Osgood gives to Hilbert's definition; see the refer- 
ence on p. 248. footnote ] . 

2PEAXO. Applicazioni geometriche del Calcolo luliiiihiiimah; p. Ifil. 
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curves the generalized integral is identical with the ordi- 
nary definite integral. 

b) Conditions for the Jiitifcness of the generalized inte- 
gral: The function Fi.r, y, cos 7, sin 7) has a finite maxi- 
mum value 21 in the domain ©o. Hence it follows that for 
every curve S of M{P'P") 

i{P'P") 5 J„ (P'P") ^ Ml , (2a) 

I denoting again the length of the curve 6 . AYe may choose 
for the curve 6 the straight line P'F" , since, according to 
assumption D), the line P' P" lies wholly in the region Sq. 
Then we obtain the further inequality 

i{P'P") = M\P'P"\ . (3) 

From (2) and (3) follows at once 

But the upper limit of the sum 

n-l 

is, according to Peano's definition, the length of the ciirve 
S. Hence we obtain the 

Lemma: In order that the generalized integral Jf* maij 
he finite, it is necessarij and sufficient that the ciu-ve 2 shall 
have a finite length (in. Peano's sense). 

We confine ourselves, therefore, in the sequel to continu- 
ous curves S having a finite length ("rectifiable curves" in 
Jordan's terminology).' From (4) it follows further that 

m \AB\^ J** (AB) ^ ML , (5) 

where L denotes the length of the curve S. 
ij. I, Xo. 110. 
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f) Projx'rtiesoffhc generalized integral : From the two 
characteristic properties of the lower limit it follows readily 
that for any three points P, P', P" of il„ the inequality 
holds : 

>{PP') + i{P'F")^i{PP") . ,r,) 

Hence it follows that if IIi denotes a partition derived from 
n by snbdirisiun of the intervals of IT. then 

Hence we easily infer that we get the same upper limit ./** 
for the values of Sn if we eontine ourselves to those parti- 
tions n for which 

T^+l — T^ < S , 

(v = 0, 1, 2, ••-,;/ -1; T„ = t„T„ = f,) , 

S being an arbitrary positive quantity. 

Following now step by step the same reasoning which 
JoEDAN uses in his discussion of the length of a curve, we 
can easily establish the following properties of the general- 
ized integral, always under the assumption that the curve !l' 
is rectifiable : 

1. The generalized integral Jf*{AB) is at the same time 
the limit which the sum S^ approaches as all the differences 
T^^j — T^ approach zero.' 

Combining this result with the inequality (4) we obtain 

the new inequality 

mL^J^*{AB) (7) 

2. If P be a point on the curve i.' between ^4 and B, 
dividing the arc S into the two arcs Sj and £.• then also the 
integrals J**{AP) and Jf*{PB) are finite, and" 

J** {A B) = J** {AP) + Jf* (PB) [S ) 

3. The generalized integral J**{AP) is a continuoiis' 

1 Compare J. I, Xo. 107. 2 Compare J. I, No. 108. 3 Apply iS) and (5). 
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function of the parameter t of the point P and increases 
continually as P describes the arc AB from A io B. 

d) Comparison with Weierstrass''s definition of the gen- 
eralized integral : If P' and P' ' are two points of Sq whose 
distance from each other is less than the quantity Po defined 
at the end of §28, e), P' and P" can be joined by an extremal 
@ of class C which furnishes for the integral J a smaller value 
than any other ordinary curve which can be drawn in the 
region So from P' to P" . If the extremal ® itself lies 
entirely in the region So, the value which it furnishes for 
the integral J" is equal to i[P'P"); if 6 lies partly outside 
of So, this value is equal to or less than i{P'P"). 

Now consider any partition 11 for which 

Tv+l — T„ < 8 , (l/ = , 1 , • • • , n — 1) , 

S being chosen so small that jP'P"| </3o for any two points 
P', P" of S whose parameters f , t" satisfy the inequality 
\t' — t"\<_h. Then we can inscribe in the curve S a poly- 
gon of minimizing extremals with the vertices 

As in §31, (/), let Un denote the value of the integral J 
taken along this polygon of extremals. 

If the curve S lies entirely in the interior of So, ^ can be 
taken so small that the polygon lies in the region Sq, and 
therefore 

Hence J** may in this case also be defined as the limit 
of Un. 

If S has points in common with the boundary of So, Ua 
may be less than S^- 

Nevertheless, also in this case the limit of Un for 
LAt = is J"** 

In order to prove this statement we coasider, along with 
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the two sums S^ and U^, the sum T'n defined in i^31, c), 
i. e., the value of the integral J taken along the rectilinear 
polygon AP^P^ ■ • ■ P,, -\B. Since the region So is conrc.v^ 
this polygon lies entirely in iSo- 'iwd therefore we have the 
double inequality 

Vn ^ ^'n ^ Vn ■ (9) 

From the first part of this inequality it follows that r^ has 
a finite vipper limit ^ Jf*. This upper limit is at the same 
time the limit which Un approaches for /.At = 0, as can be 
inferred' from the fact (proved in §31, e)\ that if IT' be a 
partition derived from 11 by subdivision, then f'nS^ Un. 
Hence it follows, according to §31, c) and d), that T'^n ap- 
proaches the same limit as U^ ; therefore we obtain, on 
account of (U), and remembering the equations (77) and (SO) 

of §31 : 

J** = J* , (10) 

/. e., we have the result that Hilhert-OsgoocVs definition 
leads for the generaJized integral to the same value as 
Weierstrass^s defiii it ion. 

Hence it follows, according to §31, 6), that /or an -ordi- 
nary'" curve tlie generalized integral coincides with tite 
ordinarij definite integral. 

§15. hilbeet's construction 
We are now prepared to apply Hilbeet's method to the 
integral' Jf. 

Accordingly we consider the totality of all reetifiablc 
curves S which can be drawn in the region jRo fi'om the 
point ^° to the point A^. The corresponding values of the 
integral Jf have a positive' lower limit. We propose to 

1 Compare J. I, No. 107. 

2 On account of (10) we may use the symbol Jt instead of JJ*. 
^According to {o). 
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prove that under the assumptions A)-D) enumerated in 
§43, fJiere exists at least one rectifidble curve Sq drawn in 
l&ofrom A° to A^ for which the integral Jf actually reaches 
its lower limit. 

«) Construction of the point A^ : We consider the totality 
of ordinary curves JH {A^A^) which can be drawn in the region 
iRo from J.° to A^, and denote the lower limit iiAPA^) of the 
corresponding values of the integral Jhj K- 

i {A'A^) = K . 

We can then select' an infinite sequence of curves 

61,62, •••.6., ■••, 

belonging to M{A'^A^) such that the corresponding sequence 
of values of the integral J, which we denote by 

Jit Jit '■■,"••, ■ ■ ■ , 

approaches K as limit : 

LJy=K 

V—cx> 

On the curve (S^ there exists^ one and but one point Al such that 
These points Al are infinite in number;^ they lie in the finite* 

1 Compare Jordan's definition of "point limite,' loc. cii.. No. 20, and an acalo- 
gous remark in E. II A, p. 14. 

2 Since F is positive along (J^, the integral J taken along the curve dj, from A^ to 
avariable pointP,increases continually as Pdescribes the curve dj, from A^ to A ; 
hence it passes through every value between and Jy once and but once. 

3 They need not all be distinct; the conclusion holds even if there are only a 
finite number of distinct points among them. For in this case an infinitude of the 
points A^ must coincide with at least one of the distinct points ; this point has then 
the properties of the point A^ . 

*The existence of the accumulation point A^ can also be proved ivithout making 
use of fhefiniteness of Bq. From (1) it follows that 

Zm 

Hence if we select G>J„iv = l, 2, 3,- - •), which is always possible since L J^ is 

finite, the points Af, lie in the interior of the circle (A , G/2m), and therefore have 
an accumulation point. 
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closed region Uj, ; hence there must exist at least one 
point A^ in So such that every vicinity of A^ contains an 
infinitude of the points Al. Moreover, we can select a sub- 
sequence I S^^ \ of the sequence \ S^ | such that 

Z. Ai = Ai . 

1 = 00 "A.- 

h) Hilberfs loiimn conco-nhu) the point A^ : We con- 
sider next the totality of curves 

iKA'Ai) . 

Then the fundamental lemma holds that the lower limit of 
the corresponding values of the integral J is ^K: 

i {A"Ai) = I i {A' A') = IK (11) 

Proof: We denote by 6^ the curve made up of the arc 
A'^A-' of the curve S„ and of the straight line Al A^; the 
latter lies entirely in 58o since 5Ro is convex. 

According to (2a) the integral ./ taken along the straight 
line Al A^- is at most equal to M\AlA"^\ . Therefore 

k=vz "t 

since 

/.I J, =iK and L\Al Ai\=0 . 

Hence it follows from the characteristic properties of the 

lower limit that 

i{A''Ai)^iK . 

In the same way we prove that 

i{AiA^)^\K . 

But, on the other hand, according to (6) : 

i{A'Ai) + i{AiA')^i{A'>A') . 

The three inequalities are compatible only if separately: 
/ (AM5) = \ K and / {A:'A^) =\K . 
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c) The 2'oiids A^/^'\- Repeating the process of section a) 
with the points A'' and A^ we obtain a new point, A^, lying in 
the region Sq ^i^^l having the characteristic property that 

/ (A'Ai) - i (AiAi) = -I i {A^A^) ^\K . 

In like manner we derive from the two points A^ and A^ a 
point, A^, satisfying the relation 

/ {A^A^) = i {AiA') - \ i {AiA') = \K . 

By an indefinite repetition of this process we obtain an 
infinite set of points 

g = 0,l,2,-.-,2" , 

«=0, 1, 2, ••• 

all lying in the region Uq ^^^ having the characteristic 

property that / 9. i+in 

i (a2".A 2" ) = \„ K . (12) 

More generally 

^ ^ i{A^A^') = {r"-T')K , (13) 

if '-g_ "-ll 

^ — 2"' ' 2"" ' 

where n', n" are integers, q', q" odd integers, and 

5t'<t"^1 . 
For, reducing t' and t" to the same denominator 

'' 2" ' ^ 2" ' 

we obtain, according to (6) and (12), 

/ —\ Z^\ I — ^^\ n 

i \A''Ai^) ^ V i Ka^^'A !"■ ) =^K , 

/x=0 



i \A 2" A') :^ N i {A'^'^A 2" ^ = = — ^^ ^ ^ 



§45] Hilbert's Existence Theorem 257 

whence g. , ± lu:. / Hi: x 

But on the other hand, we have, on account of ((>), 

K = / (aU') ^ ;• ( A"A2") + / (a2" a''^"' ) + i (a '2" AV . 

The two inequalities are compatible only if in each of the 
above three formulae the equality sign holds, which proves 
(13). 

From (2) and (13) follows the important inequality 

|A^A-|^(T"-r')^^, (14) 

where [A'^'A''' | denotes again the distance between the two 
points A^', A''". 

Let us now denote by 

the rectangular co-ordinates of the point A\ t being one of 
the fractions g/2™ considered above. Then 

l.r(T')-.r(r")|^|A--A^'i , k (O - ;/ (r") | ^ | AO- | , 

and therefore on account of (14) 



|.x.(r')-a-(T")|^(r"-r')^, 
\y{r')-y{r"}\^(r"-r')^- 



(15) 



(?) The reiiiainimj points of Hilbcrfs currc: The mean- 
ing of the two functions x{f), !j(i), which so far have been 
defined only for values of t of the set 

q ) g = 0,l,2,---,2"-l , 



^-'2"^' „=0,1,2, 
can now be extended to all values of / in the interval 

as follows: 

From the inequalities (15) we infer by means of the gen- 
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eral criterion' for the existence of a limit, that if the inde- 
pendent variable t approaches in the set S any particular 
value t^a of the interval (01), then the functions sr(f), y(t) 
approach determinate finite limits. In symbols, the limits^ 

L x (t) and L ij {t) 

tis t\s 

t = n t=n 

exist, and are finite. 

Moreover, if a itself belongs to the set S, then 

L.x{t) = .r{a\ , Ly{t)^y{a) . (16) 

t\s t\a 

If a does not belong to the set S, we define, according to 
Hilbert, the functions x(t) and. jj(t) for t=^a by tJie equa- 
tions (iO). 

The two functions sc{t), y(t) thus defined for the whole 
interval (01) are continuous and "o/ limited variation."^ 
For, the two inequalities (15), which have been proved for 
values t' <^t" of tJie set S, can easily be shown to hold for 
any two values t' <t" of the interval (01), by considering 
two sequences \tI} and Jt^'^ belonging to the set S and 
such that 

Lrl — t', L t'/ = t" . 



= X) 



From the inequalities (15) thus extended, it follows at once 
that the two functions x{t), y{t) are continuous and "of 
limited variation." 

1 Compare E. II A, p. IM. 

-The notation according to E. H. Moore, Transactions of the American Mathe- 
matical Society, Vol. I (1900), p, 500. 

3 Compare J. I, No. 67. Let /(<) be finite in tlie interval («o<i), and let 
n: to<n<-2 •<-r„_i</i 

be a partition of this interval. If then the upper limit of the sum 
«— I 



2 



I/(t^+i) -/(t^) I , (to= t„, ,•„ = t,) 



for all possible partitions n is finite,/(i) is said to be "of limited variation." 
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Hence the curve i',, defiiietl by the two cciuatiuns 

-■ .'• = .M/) , !/ = //(/), 0^/ = l (17) 

is continuous and has a finitt> length,' /. r., it is a rccfljidhir 
ciirrc. As / increases from to 1 the point (.r, //) describes 
the curve i.;, from the point A° to the point .1' ]\b)re()veT, 
the nirrc Sq ^"^"^ eniireJij In flic rvijion Kq, sinci' l8o is cloncil. 

i^-K). PROPERTIES OP HILBERt's CURVE 

It remains now to prove that the curve Sg actually mini- 
mizes the integral J* and has the further properties stated 
in §48. 

(i) Minimizing pi-opcrfji of Hilberfs curve: The funda- 
mental equation (13) which has been proved for values 
t', t" of the set S only, can easily be extended" to any two 
values f <t" of the interval (01) : 

i{A''A'") = {f"-f')K . (13a) 

But from (13a) it follows immediately that tlw gon^ralizcd 
integriil 

1 Compare J. I, Xci> 103, 110. 

2 For the proof, we introduce the same two seqiiencos -J rj, j . ] t,; [- as above. 
Then wo have, on account of (li), 

iu''A'''") + i{A''''A'') + i{A'''A'")^nA' a'" I . 

Passing to tlie limit v^x we obtain, on account of (he continuity of tlu^ functions 
x(t),lj(t]. 

and therefore, on account of ^3), 

i/(.4''.-l'"M = , L i{A^'' a'")=Q . 
Moreover 

on account of (1.3). Thus wo obtain 

l(A''A'")^^t■■-^■^K . 

And by the method employed in proving (13) we finally show that the inciuality sign 
is impossible. 
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taken along Hilbeet's curve Sq is finite and that its value 
is equal to i(A'^A^). 

For let n be any partition of the interval (01) : 

n : T„ = < T, < Tj • ■ ■ < T„_i < 1 = T„ . 

Then we obtain, according to (13a), 

11—1 
Su=^i (A^''A"-+') = A- = ,• {A" A') . 

Hence also the upper limit of the values of S^ is equal to 
K, that is J* ( 4^0^! )=i(^ A'A^ ) ( 18 ) 

From the definition of the symbol i[A'^A'^) as lower limit 
it follows now that if S be any ordinary curve drawn in Sq 
from ^4° to A'^, then 

J*(A»A')^J.(A"A>) . 

■Moreover, if £ be any rectifiable curve drawn in jRo 
from A^ to A^, and e any preassigned positive quantity, we 
can always find, according to §44, a), an ordinary curve 6 
of il(^o^i) such that 

|Jf(A»A')- Jg(A''A')|<e . 

Hence it follows that 

J* {AW) ^ J* {A" A') (19) 

This proves the theorem enunciated at the beginning of this 
section : 

If the conditions A)-D) enumerated in §45 are fulfilled, 
then there alivays exists at least one rectifiable curve join- 
ing the two points 4° and A^ and hjing entirely in the region 
So, which furnishes for the integral 

J — } Fix, y, x', y')dt , 

generalized, an absolute minimum tvith respect to the totality 
of rectifiable curves which can be drawn in l&ofrom A^ to A^. 
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h) Aitalijfic cluiracfcr of Hilberft^ ciiitc: Let T' denote 
the totality of those values of / in the interval (01) which 
furnish points of the curve Sq in the interior of the region 
So) ^" the totality of those which furnish points of 2q on 
the boundary of ffi,,. From the continuity of Sq it follows 
that every point' t' of T' is an inner' point of T' . Hence 
an interval (a/S) contained in (01) and containing f in its 
interior can be determined such that all points in the inte- 
rior of (a/3) belong to T', whereas the end-points belong to 
T" except when they coincide with the points or 1. The 
set T' consists, therefore, of a finite or infinite number of 
such intervals (a/3) which do not overlap. According to a 
theorem of Cantor's," the totality of these intervals is 
numerable, so that we may denote them by 

The curve Sq consists, therefore, either of a finite number or 
of a numerable infinitude of interior arcs separated by points 
of the boundary of So 

We are going to prove, according to Hilbert, that each 
interior arc of Sq is an arc of an extremal of class* C". 

For let P{t) be a point of Hilbert' s curve Sq in the 
interior of the region ®o- Then according to §28, e) a 
circle (P, o-) can be constructed' about F such that any two 
points P', P" in the interior of the circle can be joined by 
an extremal (S of class C" which lies entirely in the region 
So and which furnishes a smaller value for the integral J 
than any other ordinary curve which can be drawn in So 
from P' to P". 

1 Except the end-points of the interval (01) in case they should belong to T: 

2 Compare J. I, No. 22. ^ Maihematische Annalen, Vol. XX, p. 118. 
*From our aslumption C) it follows according to §6, c) that every arc of an 

extremal of class C which lies in Ko, is ipso f ado also of class C". 

6 Let d be a positive quantity, taken so small that the circle (P, e) lies in the 
interior of B„, and let p, be defined for the region 3So as in §28, e). Then choose for 
CT the smaller of the two quantities d/3 and PiyS. 
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On account of the continuity of the functions ./■ (t) , y {t) 
there exists a vicinity (t — ^, / + S) of t such that the arc of 
the curve Sq corresponding to the interval' {t — S, / + S) lies 
wholly in the interior of the circle (P, a). Let Pi(^i) and 
Pzifs) be two points of this arc {fx<t^, 
and denote by ©2 the minimizing ex- 
__a. tremal joining Pi and P3. 

We propose to prove fhcd the arc 
PiP^ of Hilbeet's curve Sq is identi- 
cftl irith the e.rtremal ©2- 

Consider any point P-iih) oi the arc 
P1P3 of So and denote by ®3, ®i the 
minimizing extremals joining Pj, P2 and Po, P3 respectively. 
Then it follows from the minimizing properties of the 
extremals ®i, So, (S3 and from (13a) that 

J<,^{P,P,) = i{P,P,) = {f^ -U)K , 
J,, {P,P,) = i {P,P,) = (t, -U)K , 
J,^ (P,P,) = / (P,P,) = {f, -f,)K ; 
hence, adding: 

J,^{P,P,) = J<,^{P,P,) + J,^(P,P,) . 

The extremal ©2 furnishes therefore the same value for 
the integral J as the curve made up of the two arcs ©3 and 
@i. But this is in contradiction to the minimizing prop- 
erty of @2 unless the compound curve (S3, (Sj coincides with 
©2- Therefore the point P2 must be a point of @2 j moreover 

J,, iP,P2) = '■ (P1P2) = (<2 -ti)K . 

Conversely, every point of the extremal ®2 belongs at the 
same time to the arc P1P3 of Sq. For, let P4 be any point 
of @2 between Pi and P3, and let 

u = J^^{P,P,) . 
Then 



'Or (0, 5), or (1 - S, 1) in case P coincides with the point -4 or A . 
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0< ^(< J,,XP,P:;)= (/,-/,) A' 

Hence if we define f^ ])y the relation 

/4 lies between f^ and fg and is therefore the parameter of 
some point P4 of Sq between I\ and P3. The point Pj be- 
longs therefore also to @2 and we have 

J., (P, P.) = (^ -~fdK = J^., (P, Pd ■ 

Hence it follows that P4 must coincide with P4 since J'' is 
positive along @2- 

Prom the relation between /^ and the quantity 11 (which 
may be taken as the parameter on (So), it follows, moreover, 
that the points are ordered on both arcs in the same manner, 
which completes the proof that the arc P1P3 of i?,, is iden- 
tical with the extremal Go. 

Hence it follows that Hilbert's curve Sq is of class C" 
and satisfies Euler's differential equation in the vicinity 
of every interior point P, and therefore every interior arc of 
So is indeed an arc of an extremal of class C ' . 

From the assumption B) that F is always positive it fol- 
lows finally that Hilbert's curve 2q can have no iimltipln 
points. 



ADDENDA 

P. 58, 1. 5: In order to justify the terms "next greater," "next 
smaller," it must be shown that an integral it of a homogeneous 
linear differential equation of the second order 

dSi . dit 

can have only a fnife number of zeros in an interval (a 6) in 
which p and q are continuous. 

Proof: According to the existence theorem (compare footnote 
1, p. 50), M is of class C" in (ab). Suppose it. had an infinitude of 
zeros in (a b); then there would exist in (ab) at least one accumu- 
lation point (compare footnote 1, p. 178) for these zeros. Now 
either h(c)=|=0; then a vicinity of c can be assigned in which 
v( (a-) =1= . Or else « (c) = ; then n ' (c) =t= (compare footnote 3, 
p. 58), and 

„(c+l,)=h{H'{c) + {h)) ■ 

hence a vicinity of c can be assigned in which c is the only zero of 

It (x) . In both cases we reach therefore a contradiction with the 

assumption that c is an accumulation-point. 

The same lemma has to be used, p. 108, 1. 6 up; p. 135, 1. 13; 

p. 200, 1. i; p. 221, 1. 1. 

P. 59, 1. 11. Simpler as follows: v 

Choose a-2 so that .x\ < X2 < x^ and at the same time Xi < Xi (the 

quantity introduced on p. 55). Then A(a-, Xj) and A(a', ,ro) are two 

hnearly independent integrals of (9). Applying Sturm's theorem 

to these two fimctions we obtain the result that 

A(ir, .ro)=t=0 in (.<■„, x^) . 

P. 62, 1. 6. Simpler proof: <Pyix, 7o) and A(,c, x^) are integrals 
of Jaoobi's differential equation; both vanish for x — Xo without 
being identically zero. Hence they can differ only by a constant 
factor. Compare footnote 2, p. 58, and footnote 1, p. 137. 

P. 81, 1. 18. From what has been proved in the first paragraph 
of p. 81, it follows that B^ is indeed a region in the specific sense 

of §2, a). 

° 265 
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P. 83, 1.13. .Add: 

d) The Field -Inteyral for the set of extremals through the. 
point A. 

Let P(a"2, y-i) be any point in the field ^^ formed by the set of 
extremals through the point A{Xf,, 2/5), and let 72 = '/'(-J^'2, 2/2) be the 
value of 7 for the unique extremal of the field which passes through 
this point P Then the integral J taken along this extremal 

(S2: y = 4>(ji^, 72) 

from the point A to the point P is a single-valued function of 
■r-!. Ill which we denote by J{x-i, y^. Its value is 



F[x,<i>{x,y.^, ^Jx, yj)) 



dx 



where it is understood that 72 is replaced by its expression 'I' (xj , t/2) 
in terms of X2 and 2/2 ■ 

The partial derivatives of -/(a"2, 2/2) with respect to X2 and 2/2 
have the following values : 

— i^^l^M ^F{x2,y2, P2) - P2Fy- (a-2 , 2/2 , P2) , 

''' {15a) 

SJjx,, 2/2) _ 



82/2 



= F„.{x.,, y2,P2) 



where 2h denotes the slope of the extremal 62 at the point P- 
For 

dJ{x,, 2/2) _ „N I 8 



P (a-2 , 2/2 ' -P2) + 5^ J (^i/<^v + Fv4^) dx , 



0X2 ^<^2 •^^5 

If we transform the integral as in §20, c), and make use of (12) we 
obtain (15a). 

In many respects it would have been preferable first to prove 
the formulae (15a) and to make use of them in the demonstration of 
Weiebstbass's theorem. 

Compare the analogous formulae (44) in §37, and the still more 
general formulae (14) in §34. 

P. 142, 11. 4 and 5. After e insert: -\-2imr where ni is an integer. 



Addenda -_)c,7 

P. 151, 1. 14. Add: This result is due to Erdmann; compare 
Jounialfih- Mathniiatik, Vol. LXXXII (1S77), p. 29. 

t i/"-^^^'!:^' '^^'«™STRAss himself gives tlu'. couditiou in the 
following- slightly diflTereut form: 

+ 

Let S, and S, denote j;he numerical values of th.^ angl(^s which 
the directions 2T,, q, and/-,, <},,, respectively make with the diivcrion 
Pi, qi^ so measured that S.^ and 5^ are ^ w. Then 

_ + 

sin 8, : sin 8, = E (..■, . y, ; /,, ,q:,;p„ q,) : 

E(.*'2, !/,; p,, <],; p.-,, q.,) . ((Ua) 

This form of the condition follows immediately from (64). For on 
account of (48) equation (64) may be written 

PiF^. (.)•,, ,y2,p2, qi) + q^Fji. {.v., , y, , pi , yj) = 

PiK- {JC2 , 2/2 , P2 , i) + q^F^. (.<■., , y, , p. , q,) . 
But ^ 

Jh = I [sin 82P2 + sin Sjl'a] 

ih = I [sin 82 ^2 + sin 82^2] , 

where / is a factor of proportionality. Substituting these values in 
the last equation, we obtain (64a). 

P. 169, 1. 7, and p. 175, 1. 15. Instead of "region" read "domain.' 
Compare § 2, a). 

P. 169, 1. 8. Instead of: "of the set," read: "to the set." 
P. 172, 1. 13. Add reference to Kneser, Lehrbuch, p. 48. 
P. 178, 1. 18. After " abgeschlossen " add the reference: E. I, 
p. 195. 

P. 180, 1. 18. Add: Hence it follows that *t is a region in the 
specific sense of §2, a). 

P. 182, 1. 7, and p. 185, 11. 4 and 6. The image of a region l)y a 
transformation of the kind here considered is again a region. 
Hence 3, E^, SJ^ are indeed regions. 

P. 200, 1. 7. Add: fi is therefore identical with the quantity des- 
ignated on p. 155 by ti,'. The use of the notation U in the present 
discussion is justified by the fact that in Kxeser's theory the con- 
jugate point appears as a special case of the focal point correspond- 
ing ,to the case when the transversal J degenerates into the point ^1. 
P. 246, 1. 1. HiLBERT has published the details of his proof of 
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Dirichlet's principle in the Festschrift zur Feier des 150-jahrigen 
Bestehens der konigl. Gesellschaft der Wissenschaften zu Gottin- 
gen 1901, and in the Mathematische Annalen, Vol. LIX (1904), p. 
161. 

P. 246, 1. 2. I had at my disposal a set of notes of this course 
for which I am indebted to Professor J. I. Hutchinson. 

P. 247, 1. 17. After "numerable" add the reference: E. I, A, 
p. 186. 

P. 253, 1. 17. After "result" add: due to Osgood; see the ref- 
erence on p. 248, footnote. 
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[The uumbers ri'for to the pukos, 

ABSOLtlTB MAXIMI'M, MINIMUM, 10. 
ACCDMDLATION-POINT, of a set of points, 

Admissible curves, 9, 11, 104, 121, 206. 

Amplitude, of a vector, 9. 

Bliss's condition, for the case of two 
variable eud-poiiits, 113. 

Boundary conditions: along segment 
of boundary, 43, 149; at point.s of tran- 
sition, 42, 150, 267 ; when miuimizing 
curve has one point in common with 
boundary, 1.52, 267. 

Boundary, of set of points, 5. 

Brachistochrone, 126, 13.), 146; determi- 
nation of constants, 12S , ; case of one 
variable end-point, 106,. 

Catenoid (see Surface of revolution of 
minimum area). 

Circle, notation tor, 9. 

Class C,C',C" D,D ■. . : functions 

of, 7 ; curves of , S, 116 ; curves of class 
K, 161. 

Closed : region, 5 ; set of points, 178, 267. 

Conjugate points, 60; for the case of 
parameter-representation, 13.i; for iso- 
perimetric problems, 221 ; geometrical 
interpretation, 63, 137; case where the 
two end-points are conjugate, 65i, 204. 

Connected set of points, 5. 

Continuous functions: definitions and 
theorems on: existence of maximum 
and minimum, 13*, JSOg ; sign, 21, ; uni- 
form continuity, 8O3; continuity of com- 
pound functions, 21 3; integrability, 12o. 

Continuum, .5. 

Convex region, 247. 

Co-ORDIN.VTES : agreement concerning 
positive direction of axes, S. 

Corner: defined, 8, 117; corner-condi- 
tions, 38, 126, 210. 

Critical point, 109j. 

Curves : (o) representable in form 
w = /(.'c),8; of class C, C',. . D',S; (li) 
in parameter -representation, 11.5.,: of 
class C, C", 116: ordinary, 117 ; retrular, 
117; rectifiable, IIB.; of class K, 161; 
Jordan curves, ISO. 

Curvilinear co-ordinates: ingeneral, 
181 ; Knesor's, 184. 

Definite integrals; theorems on; in- 
tegrable functions, 12.,, 89™; first mcau- 
value theorem, 244; connection with 
indefinite integral, 89, ; integration by 
parts, 20, ; differentiation with respect 
to a parameter, I63. 

Derivatives: notation, 6, 7; progres- 
sive and regressive, 7, ; reversion of the 
order of ditferentiation in partial de- 
rivatives of higher order, I83. 



the subscripts to the footnotes.] 
Differenthl kcjuvtions: existenc- 

theorem, 2S,; drijendeuco of thr> Ki.||. 
iTiil uitegnil upon the consl.mts ol' in- 
tegration, .543; upon parameters, 71., 

Discontinuous solutions, ;J6, 12.5, 209, 
Distance: between two points, nota- 
tion, 9. 
Domain, 5. 

End-points, variable (see Variable end- 
points). 
Envelope: of a set of plane curves in 
general, 62,, 1374 ; of a set of extremals, 
62 ; theorem on the envelope of a set of 
geodesies, 166; extension of this the- 
orem to extremals, 174; case when the 
envelope has cusps, 201 ; case when the 
envelope degenerates into a point, 204. 
Equilibrium, of cord suspended at its 

two extremities, 211, 231, 241. 
Equivalent problems, 183, 197, 228, 
Erdmann's corner condition, 38. 
Euler's (differential) equation, 22; 
Du Bois-Eeymond's proof of, 23; Hu- 
bert's proof of, 24; Weierstrasss form 
of, 123: assumptions concerning its 
general integral, 54, 130; cases of re- 
duction of order, 26,, 29. 
Euler's isoperimetric rule, 21(i. 
Evolute, of plane curve, I743. 
Existence theorem: for a minimum 
"im Kleinen," 146; for a minimum "im 
Grossen," 245; for differential eijua- 
tions, 28; in particular for linear dif- 
ferential equations, 50. 
Extraordinary vanishing of the E- 

function, 142. 
Extremal: defined, 27, 12,3, 209; con- 
struction of extremal through given 
point in given direction, 28, 124; set of 
extremals through given point, 60; set 
of extrenials cut transversely by 11 
given curve, 111 ; construction of ex- 
tremal through two points, sufficiently 
near to each other, 146; problems with 
given extremals, .30. 
ExTREMUM: defined 10 (compare Mini- 
mum, Maximum). 
Field: defined, 79: theorem concernini: 
existence of, 79; applied to set of ex- 
tremals through -4,82; improper, 83.. ; 
for ease of parameter-representation, 
144, 176; for isoperimetric problems, 
241 ; field-integral, 266. 
First necess.vky condition (seeEuler s 

dittereiitial equation). 
First v.vriation : defined, 17; vanishing 
of the, IS; transformation by integra- 
tion by parts, 20, 22; for case of 
variable end-points, 102, ; for case of 
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parameter-representation, 122, 123; for 

isoperimetric problems, 209. 
Focal point: of a transverse curve on 

aa extremal: defined, 109; equation 

for its determination, according to 

Bliss, 10'^, 155 ; according' to Kneser, 200 ; 

geometrical interpretation, 111, 156; 

case "where end-point B coincides with 

focal point, 204. 
Fourth necessaky condition (see 

under Weierstrass). 
Free variation, points of, 41. 
Function E{x,y; p,p): defined_34, 75 ; 

relation between E (a*, y; p, p ) and 

Fv'y'f 76; geometrical interpretation 

of this relation, 77. 
Function E^ {x^ y ; p, p), 76. 

Function E(a:, :y;p, g; p, g): defined, 
138; homogeneity properties, 140; rela- 
tion between .E-f unction and F-i. 141; 
ordinary and extraordinary vanishing, 
142; Kneser's geometrical interpreta- 
tion, 195. 

Function Ej (x, y\ p, g; p, g ), 145. 

Function .Fi, 121. 

Function F., 132. 

FUNBAMENTAIi LEMMA, of the Calculus 

of Variations, 20. 

Generalized integral, 157, 248 (com- 
pare Intugral taken along a curve). 

Geodesic curvature, 129. 

Geodesic distance, 176. 

Geodesic parallel co-ordinates, 164. 

Geodesics, 128, 146, 155; Gauss's theo- 
rems on, 164,165; theorem on the en- 
velope of a set of, 166. 

Hilbert's: construction, 253; existence 
theorem, 245 ; invariant integral, 92, 195. 

Homogeneity condition, 119 ; conse- 
quences of, 120. 
Implicit functions, theorem on, SSs. 

Improper: field, 833; maximum, mini- 
mum, 11. 

In a domain, use of the word explained, 
5,6. 

Infinitesimal, 6. 
.Inner point, 5. 

Integrability condition, 29. 

Integrable functions, theorems on, 
126, 893. 

Integral, taken along a curve, defini- 
tion and notation, 8; for case of par- 
ameter-representation, 117 ; condition 
for invariance under parameter-repre- 
sentation, 119; extension to curves 
without a tangent, (a) Weierstrass's, 
157, (6) Hilbert-Osgood's, 248, 

Integration, by parts, 20, 20i. 

Interval, defined, 5. 

Invariance, of E and F^, 183. 

Isoperimetric constant, 209; Mayer's 
theorem for case of discontinuous solu- 
tions, 209,. 



Isoperimetric problems: in general. 
206-44; special, 4, 210, 229, 23H; with 
variable end-points, 1132. 

Jacobian, 572. 

Jacobi's condition, 67; proofs of its 
necessity, 65i, 66; Weierstrass's form 
of, 135; Kneser's form of, 136; for case 
of one variable end-point, 109, 155, 200; 
for isoperimetric problems, 225, 226. 

Jacobi's : criterion, 60, 135 ; differential 
equation, 49, 133; theorem concerning 
the integration of Jacobi's differential 
equation, 54, 135; transformation of 
the second variation, 51. 

Jordan curve, 180. 

Kneser's: theory, 164-205; curvilinear 
co-ordinates, 184; suflficient conditions, 
187; theorem on transversals, 172. 

Lagrange's differential equation, 
223. 

Legendee's condition, 47; Weier- 
strass's form of, 133; for isoperimetric 
problems, 217; Legendre's differential 
equation, 46. 

Length op a curve: Jordan's defini- 
tion, 157i ; Peano's definition, 2493. 

Limit : definition and notation, 7^ ; uni- 
form convergence to a, 19i; criterion 
for the existence of, 258i. 

Limited variation, functions of, 2583. 

Limit : lower and upper, 83, IO2 ; attained 
by continuous function, 184, SO3. 

Limit-point (see Accumulation-point), 

LindelOf's construction, 64. 

Linear differential e9uations of 
the second order: existence theo- 
rem, 50i ; Abel's theorem, 683 ; Sturm's 
theorem, 583. 

Lower limit, 83, IO2. 

Maximum (see Minimum). 

Mayer's law of reciprocity for isoperi- 
metric problems, 229, 244i. 

Mean-value theorem, first, for definite 
integrals, 24*. 

.Minimum: of a continuous function, IS*, 
8O2 ; of a definite integral, absolute and 
relative, 10; proper and improper, 11; 
weak and strong, 69, 70; for case of 
parameter-representation, 121 ; semi- 
strong in case of isoperimetric prob- 
lems, 244 ; existence of a minimum " im 
Kleinen," 146; Hilbert's a-priori exis- 
tence proof of a minimum "im Gros- 
sen," 245-63. 

Neighborhood of a curve, 10; neigh- 
borhood(p) of a curve, 13, 121. 

Neighboring curve, 14^. 

Numerable set of points, 261, 268. 

One-sided variations (see also Boun- 
dary conditions) : analytic expression 
for, 42, 148; necessary conditions for a 
minimum with respect to, 42, 149; suf- 
ficient conditions, 42. 

Open region, 5. 

Ordinary curves, defined, 117. 
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Ordinary vanishing of the E-func- 
TioN, lia, 2lili. 

Osgood's thuorkm concorninK a chav- 
aoteristic pcopiuty of a strong mini- 
raum, 190. 

Parameter representation, curves in, 
115. 

Parameter-transformation, 116. 

Partial derivativks (see Derivatives). 

Partial variation, o! a curve, .37. 

PoiNT-Bv-poiNT variation, of a curve, 
■11. 

Point of a set, 12,. 

Positively homogeneous, 119. 

Progressive derivative, 7,. 

Proper minimum, 11. 

Rectifiable curves, 116„ 250i, 2r>lj, 
'l~ii.., 251 3 (compare Length). 

Region : defined, 5 ; open, "> ; closed, 5. 

Regressive deeivati-s-e, 7,. 

Regular curves, 117; functions, 21 3; 
problems, 29, 40, 97, 125. 

Relative maximum ok minimum, 10, IO4. 

Second necessary condition (see Le- 
gendre's condition). 

Second variation, 44-67; Legendre's 
transformation of, 46; Jacobi's trans- 
formation of, 51; for case of variable 
end-points, 102, ; Wi-i<M-strass's trans- 
formation of, lor case of parameter- 
representation, 131 ; for case of variable 
end-points in parameter-representa- 
tion, 102, ir)5; for isoperimetric prob- 
lems, 216-25. 

Semi-strong extremum, 244; sufficient 
conditions for, 244. 

Set of points : definition, lOi ; inner 
point of, 5 ; boundary point of, 5 ; accu- 
mulation points of, nSi ; closed, 178, 
267; numerable, 261, 268; upper and 
lower limits of one-dimensional set, 3,, 
lOa; connected, 5; continuum, 5. 

Sign of scjuare roots, agreement con- 
cerning, 2,. 

Slope restrictions, 101,. 

Solid of revolution, of minimum re- 
sistance, 73i, 1423. 

Strong extremum: defined. 70; suffi- 
cient conditions for (.see Sufficient con- 
ditions). 

Strong vakiatipx, 72. 

Sturm's theorem, on homogeneous lin- 
ear diffi^reutial equations of the second 
order, 5S.j. 

Substitution symbol, 5, 6. 

Sufficiency proof, for geodesies, 165. 

Sufficient conditions for weak mini- 
mum, 70. 

Sufficient conditions for strong 
minimum: when x independent vari- 
able, in terms of E-tunction, 9.1; in 
terms of Fu ii\ ^6; for one-sided varia- 
tions 42, ; in case of one movable enrt- 
point, 109; in case of two movable 
end-points, 113o. 



Sufficient conditions for strong 
minimum: foi- case of paramctnr-rciiro- 
sontation, \\'ri('rstrass's, 143-46; oxleii- 
sion to curves without a tanwi'iit, 
Weiei'strass's proof, IIH, Osgood's 
proof, 192; Kuosrr's suilicient coiuii- 
tions for case of one movaljle end- 
point, 1S7; for isoperimetric ijroblems, 
Weierstrass's, 2.S7, 24.3. 

Surface of revolution of minimum 
AREA, 1, 27, 48, 64, 97, 15:!. 

Taylor's theorem, 14,. 

Third necessary condition (see Ja- 
cobi's condition). 

Third variation, 59,. 

Total differential, 253. 

Total variation, 14. 

Transverse : curve transverse to an ex- 
tremal, 106 ; condition of transversality, 
36, 106; in parameter-representation, 
155 ; for isoperimetric problems, 210. 

Transversal: to set of extremals, 168; 
degenerate, 169; Kneser's theorem on 
transversals, 172^ 

Unfree variation, points of, 41. 

Uniform continuity, 80,. 

Uniform convergence, to a limit, 19,. 

Upper limit, 83, 10,. 

Variable end-points: general expres- 
sion of first variation for case of, 102, ; 
of second variation, 102, ; one end-point 
fixed, the other movable on given curve. 



treated (a.) by the method of diiieren- 
tial calculus, 102-113, (fc) by Kneser's 
method, 164-205 (for details see Trans- 



versality, Focal point. Sufficient con- 
ditions) ; case when both end-points 
movable on given curves, 113. 

Variation: of a curve, 14,; total, 14; 
definition for first, second, etc., 16: 
special variation of type er?, 15 ; of type 
co(a:, e),]8; for case of parameter-repre- 
sentation, 122, 122, ; weak and strong, 72. 

Varied curve, 14,. 

Vicinity (S) of a point, *. 

Weak extremum : defined, 69 ; sufficient 
condition for, 70. 

Weak variations, 72. 

Wbierstrass's : construction, 84, 144, 
234; corner-condition, 126; E-function,. 
35, 138 ; form of Euler's equation, 123, of 
Legendre's condition, 133, of Jacobi's 
criterion, 135; fourth necessary condi- 
tion, 75, 138, 233; lemma on a special 
class of variations, 33, 1.39; transforma- 
tion of second variation, 131. 

Weierstrass's sufficient iONDITIONS, 
95, 96, 143; extension to curves without 
a tangent, 161; for isoperimetric prob- 
lems, 237, 243. 

Weierstrass's theorem (expression of 
A J in terms of the E-function), S9, 1 W; 
Hubert's proof of, 91 ; for cat-e of vari- 
able end-points, 189, 194, 195; for iso- 
perimetric problems, 237. 

Wronskian determinant, .57,. 

Zermelo's theorem, on the envelope of 
a set of extremals, 174. 



